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OcuoBHoe cBoiictBo Y (z+1)—y"(z) = nponseonubix M (z) = %ln I'(z),n=0,1,2,... obobuiaercss Ha
zZ

ciIyyall mpOM3BOIHBIX ApoOHOro mopsiaka otT InI'(z). IlonmydenHoe CBOMCTBO B CBOIO ouepenp 0000IIaeTcs 10 perieHus

aZ

ypaBuenus F(z+1)—F(z)=e™T(o+ D)—7.rae Rea >0, |a|<1. IlomyyeHHblil pe3yasTaT IPUMEHACTCS LS CyMMHPO-
z

Ll n
BaHHSA pAJIOB BUAA Y. (a”R(n),Tne R(n) — panuoHanbHas GyHKIHS OT HHIEKCA CyMMUPOBAHHSL.
Kniouegvie cnosa: monuramMmma-QyHKIUs, CYMMUPOBaHUE PsZIOB, MHTerpanbHas ¢popmyna Komn, neprogudeckuii ana-
nor siapa Ko, pyskuuu ['ypsuna.
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vati )y —
“— for the derivatives y'"(z) = n
in the case of fractional derivatives of the function InI'(z). The property obtained is then generalized to the solution of the
z

equation F(z+1)—F(z)=e™T (o + 1)% , where Rea >0, |a|<1. The result obtained is applied to summation of series

The basic property ™ (z +1)—y™(z) = InT(z), n=0,1,2,... is generalized

of the form Zfzoa"R(n), where R(n) is the rational function of summation index.
Keiwords: polygamma-function, summation of series, Cauchy integral formula, periodic analog of the Cauchy kernel,
Hurwitz functions.

1. Honueamma-gynrxyusimu Ha3sIBAIOTCS MTPOU3BOAHBIC PA3TUIHBIX TOPSIKOB OT GpyHKIHH InI'(z).

B wactnHocTh, nicu-¢pyHkums y(z) = d—ln I'(z) na3piBaeTcs Takxe OuraMma-QyHKLIHUCH, a ee TPOU3BOAHBIC
'z

v'(2),y"(2),y"(2), v (2),...

— TpUraMma-, TeTparamma-, IeHTaraMMa-, rekcaramma-, ... (pyHKIUsIMH COOTBETCTBEHHO [1, c. 84—85].
OHU XOPOIIO M3YYeHBI, TA0YTUPOBAHBI U 00JIAJJAI0T MHOTHMH CBOMCTBAMH, CPEIU KOTOPBIX BBIJCIIUM
creayomiee:

o
n n (_ 1) n:
v+ -y (@) ==, n=0,12,... (1)
z
9TO CBOMCTBO CUUTAEM OCHOBHBIM, TaK KaK C €ro IOMOIIbIO, HAIIPUMEDP, CYMMbI JTIFOOBIX CXOOAInUX-
o0
Csl psIIOB BUJAA 1 = Z R(n), rne R(n) — paunonanbHas pyHKIMS OT HHACKCA CYMMHUPOBAHUS 71, BBIpaXKa-
n=0
I0TCS B IBHOM BH/JIE Yepe3 MoTuraMma-(QyHKIUH.
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XKemast 0600muTH cBOMCTBO (1), cTAHEM MCKaTh aHAIUTHYECKYIO ITpH Rez > 0 dyHKIMIO w(“)(z),
YJIOBIICTBOPSIIOIIYIO CIENYIOMEMY (DYyHKIIMOHATBHOMY YPaBHEHUIO:

o o e™I(a+1
YOzl —y @ () = L@ED @)
z

rae Rea >0, mpuaem \|/(°‘)(z) — 0 ipu Rez — +o0. OueBmano, uto ecnu a=0,1,2,..., To (2) mepexo-
it B ().
Urob6b1 HAWTH (QYyHKIHIO \y(a)(z), 3amanum mapametp A €(0,1) u Oymem cuuTaTh cHadaja, 4TO

A<Rez<A+1. Ilpumenum k QyHKIUU uHTerpainpuy ¢opmyny Komu B monoce

o+l
z 2mit

de
eZm'r _ e2m’z

[M=I1"uodll= {k <Rez<A+ 1}, HCIOJIb3Ys eproAndecKkuil anaior siapa Komm . Torma

noJIyuum

1 1 de2nir

a+l ; j }
z 21ti ol Toc+1 (627511: _eZTtlz)

1 (me A—ioo J deZm’r

Ta+1 (62151‘5 _eZth)

1 A+1+io0 deZm"c 1 A+ioo deZm"t

27

+ ]
Atl—ico  A+ioo

2mi Htl—ioo Tcx-f—l (e2m'r _e2mz) 27 Ao Tcx-f—l (e2mr _e2mz)

Tak kak nmogsIHTErpaIbHbIN TuddepeHranr MepoMopdeH MONEPEMEHHON T B TPaBOil MOy TIIOCKO-
CTH, TO HOCJICAHUE UHTETPAJIBI MOKHO BBIYUCIUTE C IOMOIIBIO BEIUETOB. MiMeem

1 A+ioo deZﬂ:i‘r

oy f(a+12),

: j j o+l
21t )i Ta+1 (eZTEl‘E _eZTClZ) n=0(z n I’l)

rie C(oc+1,z) — obobmennas n3era-pyHkmus Pumana (byukmus ['ypsuma; [2, c. 1087, dbopmyna
9.521.1]). AHaOTUYHO BBHIYUCIISIETCSA U APYTON HHTETpa:

1 Altico deZm’r ~ 1 A+ico deZnir ~
) i iz\ i +1 ; N
2mi k+1—ioo’ta+l(ezmt—ezmz) 27 k—ioo(‘t+l)a (eZTtlt_Ganz)
& 1
T )
o+l
n=0(z+1+n)

O06pa3oBaB pa3HOCTH 3HAUEHUH MOCIEAHUX BYX UHTETPAJIOB, TOTYYUM

~C(a+Lz+1)+¢(a+1,z)=

ZOH—] ’
YMHOKHM 3TO paBEHCTBO Ha e™r (oc + 1), HailaeM
oL
e (a+1)g (o +1z+1) =™ (0 +1,2) =$. 3)

z

Tak xak mpaBble 9acTu paBeHCTB (2) U (3) COBMANAOT, TO M3 HUX HAXOIUM
v (2) =™ (0 +1) G (0 +1,2) + £(2),
rae f (z) — HEKOTOpas aHAIMTHYecKast QYHKIUS, IEPUOMYECKAsi ¢ OCHOBHBIM TieproioM 1. [Tockonbky

\y(a)(z) —>0u C(a + l,z) — 0npu Rez — 4+, TO f(z) = (0. TakuM 00pa3oM, OKOHUATEILHO HMEEM
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\y(a)(z)=em(a+])l"(oc+l)§(oc+l,z). @)

Ota popMyna B JOCTYIHBIX HAM UCTOYHUKAX (Hamp., [1-3] u 1p.) HE BCTpeyanach.
2. Paccmotpum Teneps Oonee oOiiee, yeM (2), ypaBHEHUE

z
a

a+l
z

F(z+1)-F(z)=e™T (o +1) , 5)
rie 0<|al<l,Rea>0. Pemum ero c¢ mnomompi wuHTerpaipHOH Gopmynsl Komu B moioce
I=IT" Uall ={A<Rez<A+1}. Tlpu z € IT" umeem:

a’ 1 a Ide2n:i‘r 1 A+l+icc  A—ioo a rde2m't
ZOt+1 _Z_ﬂ:iai[_[ Toc+1 (eZni‘r _eZm'z) _2_7ti

o+l 2mit 2mizy
Atl—ioo  A+ioo T (e —e )
1 A+1+io0 atdeh:i‘r 1 A+ico deZTci‘r

27 i T (6 it _, mz) 2 " (e T, mz)

Tak Kak HOABIHTErpaJIbHBIN 1 PepeHnan MepoMopeH 1o EPEeMEHHO T B TpaBOi MOy IIIIOCKO-
CTH U CTPEMHTCS K HYIIO IpU ReT — +00, TO MOCiIeIHNEe HHTErPajibl MOKHO BBIUYUCIUTE C IIOMOILIBIO
BBIUETOB. MIMeem:

1 A+ico ardeZm'r 0 an+z

g T I T X e
2mi ) ioo ToH—l (6211'11: _e2mz) n:O(Z+I’l)

—az®(a,a+1,z),

1 A+1+ic0 a‘cdeZm‘r ~ 1 A+ioo ar+1d62mr ~
21 tlion ,ca+1 (eZm‘r _ e2mz) 27 3 oo (’C + l)cx+1 (eanr _ e2mz)
0 an+1+z 0 an+z

)on+l =— )a+1 =—az(I)(a,oc+1,z+1),

n=0(z+1+n n=1(n+z

rze CD(a,a+1,z) — o6o6menne gynkuuu ['ypsuna [2, c. 1089, dopmyna 9.550]. OTcrona Haxogum

z

—azq)(a, a+lz+ 1) + (D(a,a + l,z) = CpaBHUB 3TO PaBEHCTBO C (5), MOTy4YrM

Zot+l :
F(2)=e™“Dr(a+1)a’D(a,a+1,2). (6)

Taxum o06pa3om, ypaBHeHHe (5) permieHo.
B kauecTBe MPUIOKEHUST OTMETUM, YTO HUCIOJIb30BaHUE (PYHKIMH (6) TIO3BOJISET BEIYUCISITH CYM-
MbI BCEBO3MOXKHBIX CXOJISIIUXCS PSIIOB BUA

0

2. R(n)-a", (7)

n=0
rne 0 </ a <1, a R(n) — pauronanbHast pyHKIHS OT HHAEKCa CYMMUPOBaHUs 1. J{J1st 3TOro HaJo cHadaja
Pa3IoKHUTh PalMOHANBHYIO (QyHKIMIO R(1) HA CyMMY MPOCTEHIINX palMOHAIBHBIX IpoOei. 3aTem
B COOTBETCTBUH C ATHM INPEACTABUTH Psif (7) B BHJIE CYMMBI PSIIOB TaKOTO K€ THIIA, TA€ BMECTO R(n)
CTOUT TMpPOCTEUIasi paroHaibHas QYHKIUs. Takue psijibl CYMMHUPYIOTCSI HEITOCPEICTBEHHO C ITOMO-
uipto pyukuu (6), rue ®(a,o +1,z) — 00odmenue Gpyukuu ['ypeura.

B i (12n+5)a”
KauecTBe MPHMEpa POCYMMUpYeM pan 2, Qi) (nt2)

7. CHauana pas3noXuM paluoHallb-
HY0 Jp0o0b Ha TIPOCTEHIIIHE
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2n+5 1 1
2n+1)2(Gn+2)> ( 1}2 [ 2]2'
n+— n+=

B pesyabraTe noayyum

2 1
§ (29 zzasq{a,z,gj—azq{a,z,l}
w0 2n+1)*(3n+2) 3 2

rae ®(a,a,z) — 0606menne pyHknuu ['ypBura.
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