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HUnemumym mamemamuxu Hayuonanvnoti akaoemuu nayk bearapycu, Munck, benapyco

O MPUBJINKEHHBIX ®OPMYJIAX JIJIS1 BBIYMUCJIIEHUA OJHOI'O KJIACCA
OYHKIHNOHAJIOB OT IYACCOHOBCKOI'O ITPOLECCA

JlanHas paboTa MOCBAIIEHA TOCTPOSHUIO MPUOIIKEHHBIX (YOPMYJT ISl BRIYUCICHHUS] MAaTEMaTHUECKOTO OKMaHUS He-
JTUHEHHBIX (YHKIMOHAJIOB OT cioydaifHbIX mporeccos. [Ipenmonaraercs, 9To paccMaTpiuBaeMble CIydaiHbIe MTPOIECCHI J0-
MyCKAlOT XaOTHYECKHE PA3JIOKEHUs MO KPATHBIM ITyaCCOHOBCKMM CTOXAaCTUYECKHMM HHTerpanam. Mcmomb3yercst moaxon,
OCHOBAHHBII1 Ha TPEOOBAHMM TOUHOCTH NPUOIMIKEHHBIX (GOPMYII 115 PYHKIMOHAIBHBIX MHOTOYJICHOB TPEThEH CTENEHH OT
TpaekTopuii nmpouecca. [Ipumenenue GpopmyI paccMaTpuBaeMOro THIIA CBSA3aHO C UX HCIOJIb30BAHHEM B Ka4ECTBE HIIEMEH-
TapHBIX IPU HOCTPOCHUHU COCTABHBIX (POPMYII, CXOMSIIUKCS K TOYHBIM 3HAYCHUSIM OXKHJIAHUH, a TAaK)Ke B Ka4eCTBE alIpo-
KCHUMalUi MaTeMaTHYeCKUX OKMIAHUN Ha MaJOM BPEMEHHOM IIPOMEXYTKe. B ciyuae pasnoxeHust B OCCKOHEUHBIH psij
paccMaTpHBarOTCs ANMPOKCHMAIIOHHO TOUHBIE (POPMYITBI, B KOTOPBIX UCIIOIB3YeTCsl KOHEUHBIH OTPE30K Xa0THUECKOTO pas-
JIOXKEHHSL.

Kniouesvle cnosa: GpyHKIIMOHAIBI OT CIydaifHBIX IIPOLECCOB, MaTEMAaTHUCCKUE OXKHIAHUS, IPHOIMKEHHBIE ()OPMYIIBI,
KpaTHbIE ITyaCCOHOBCKHE CTOXaCTUYECKHE HHTETPAJIBI, XaOTUIECKHE PA3IIOKECHUS.

A. D. Egorov

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus
APPROXIMATE FORMULAS FOR EVALUATION OF ONE-CLASS FUNCTIONALS OF THE POISSON PROCESS

This work is devoted to the construction of approximate formulas for calculation of mathematical expectation of nonlinear
functionals defined along the trajectories of random processes. Computation of mathematical expectation of functionals
of random processes by the quadrature method is the task that depends heavily on a form in which the process is given. A lot
of functional quadrature formulas are built in the cases where the characteristic functional of the process is known in explicit
form. Some results are obtained in the cases where the process is the solution of the stochastic differential Itd6 equation.
Recently, the author has proposed the approach to an approximate evaluation of mathematical expectation of a class of non-
linear random functionals based on the use of the Wiener chaos expansion. The article uses chaos expansion with respect
to multiple Poisson — Ito integrals to construct functional quadrature formulas for calculating nonlinear functionals of
the stochastic process defined on the probability space generated by the Poisson process. The formula is exact for the third-
degree symmetric functional polynomial, so the product formula of multiple Poisson — Ito integrals is used for construction.

Keywords: functionals of random processes, mathematical expectations, approximate formulas, multiple stochastic
Poisson stochastic integrals, chaotic expansions.

Brenenue. [TocTpoenue kBagpaTypHBIX GOPMYJ 7151 BEIYUCICHUS MaTeMaTHUECKUX OXKUIAHIH He-
JUHEWHBIX (PYHKIMOHAIOB OT CIIYYaiHBIX MPOLECCOB SBISETCS aKTYalbHBIM HAPABICHUEM HCCIIEI0-
BaHUH B CHITY OOJBIIOTO Pa3HOOOpa3usl CIOCOOO0B 3aJaHMsl CITYyUYaiHBIX MTPOILECCOB, BOSHUKAIOIIUX MTPH
pEelIeHnH 3a/1a4 CTOXaCTUYeCKOro aHanu3a. [Ipy 3ToM yacTo KOHEUHOMEpHBIE paclpeiesieHus mpoLec-
ca HE U3BECTHBI, KaK 3TO UMEET MECTO, HAIIPUMED, MPH BHIYMCICHUN OKUAaHUN (PYHKIIMOHAJIOB OT pe-
HICHUH CTOXAaCTHUYECKHMX YpaBHEHUH. B ykazaHHBIX cllydasiX mpH MOCTPOSHUH NPUOIMKEHHBIX (op-
MYJI UCTIOJIB3YIOTCS IPYTHE XapaKTePUCTUKH IIPOLECCa, €CIIM OHM 3a1aHbl MM UX MOXKHO HalTH, TaKue
KaK XapakTepucTH4YecKHe (yHKIIMOHAJIbI, CMELIAHHbIE MOMEHTBI, CHEKTpalibHble PYHKIMH U 1p. [1-6].
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B [7] nony4ensl u uccienoBanbl NpUOIMKEHHBIE (POPMYIIBI, B KOTOPBIX HCIIOJIb30BAHBI PA3JIOKCHHUS
HCXOJTHOTO TIpoliecca B xaockl Bunepa. Hacrosmas pabota mocBsineHa MoCTPOSHUIO TPUOIIHIKEHHBIX
(hopMyIT 111 BBIYHUCICHHUS] MATEMaTHYECKOTO OKHUJIAHWS HETMHEHHBIX (PYHKIIMOHAJIOB OT CIy4YalHBIX
MIPOIIECCOB, 33JJaHHBIX XaOTHYECKUM DPa3JIOKEHHEM IT0 KPaTHBIM ITyaCCOHOBCKMM HHTerpanam. Mc-
TTOJTB3YETCS TIOJX0, OCHOBAHHBIN Ha TPpeOOBAaHWHM TOYHOCTH MPHOIMIKEHHBIX GOPMYIT I (PYHKITHO-
HaJIbHBIX MHOTOYJICHOB TPEThEW CTENCHH OT TPAEKTOPHIA IpoIiecca.

PaccmoTpuM ciyvaiinbiil niporecce X, ¢ € [O,T ], T < o0, KOTOPBIH SIBAAETCSI KBaJIpaTUYHO UHTETPU-
pPyeMbIM (QYHKIIMOHAJIOM OT IyaCCOHOBCKOTO TpoIlecca W, TAKUM 00pa3oMm, JOIMyCKaeT pa3lioKeHUe
10 KPAaTHBIM CTOXaCTHYECKUM HHTETpaiam [8—11]:

E_"'Ix’”(tl’ t)dP(tl) dP(t,,)E
[ xen(tr,costy)dP(ty)--dP (1), 0

[o.7]"

rae P, — IEHTPUPOBaHHbIM MyacCOHOBCKMM mporecc. He orpannyuBas 0OIHOCTH, MBI MOJIATAEM HH-
TEHCHBHOCTD ITyaCCOHOBCKOT'O TIpoIiecca paBHOU enuHuIE. MimeroT mecto ¢popmysr [11]

2(nAm) ; L
I n(gn)= 2 X AT L (4067 ). @

r=0  r<2i<2(rannm) 1 1 r—1I

rae f, ®; " g, 0003HaAYAET CUMMETPU3AIUIO DYHKIHU:

fn ®{_l gm(ur—i+1,---aui;---aun,vi+1;---avm): J. fn(M],...,ur_i,ur_l'+1,...,ui,uj+1,...,un)><
[O’T]r*l

x&m (ul,-"aur—isur—i+la'-"uisvi+13-"’vm)dul '“dur—l's

E[In (fn)lm (gm )] =3 ,mn! j fn (ul,...,un)gn (ul,...,un)dul ~eduy; 3)
017"

ko3 duinentsi f,, g, sBasitorcs kouctantamu u Lo (/o) Zo(go) = f0go,

E[X[Xs]zz J x,,,,(ul,...,un)xs,,,(ul,...,u,,)dm---du,,. @)
n=0 n
[0.7]

OcHoBHBIE pe3yabTaThl. [IJisl MOCTPOCHUS MPUOIHIKCHHOH HOPMYITbI, TOUYHOH JTsl PyHKIIHOHAIb-
HBIX MHOTOYJICHOB TPETHEN CTEMEHH OT X, TIPEIBAPUTENLHO TIOTYYUM, MCIIONb3Yys paBeHCTBa (2)—(3),
SIBHOE BBIPAKEHUE ISl MOMEHTA

0 2n/\m) .
n m 1
E[XyXpXis]= X X > A(n+m=r)! x
n,m=0 r=0 r<2i<2(ranam) 1 l r—=li
r—i

X I (xtl,n,i ®i xtz,m,i)xt3,n+m—r,idur—i+l "'dunsdviﬂ "'dvma (5)

[0 T]I‘l‘#”l*l'
A Mbl MNOJNOKWUIHNA  Xg pn; = Xip,n,i (ul,...,u,,), Xto,mi = Xto,m,i (uls---auiavi+1a--~avm)s Xtz n+m-rji =
:xt3,n+m7r,i(urfiJrl:---aunaViJrl:---an)

3aM6TI/IM, 4YTO B MHTCIrpalic B HpaBOfI qacTu (5) 3HAaK CUMMETpHU3allu B TCH30PHOM ITPOU3BCACHUN
OTCYTCTBYCT, T. €. YKAa3aHHYIO B (1) CUMMCTPHU3ALIU0 HC HYXXHO BBIIIOJHATH, TAK KaK Mbl UMECM IIO

3HAKOM MHTErpaja yMHOKEHHE HA CHMMETPUYECKYI0 QYHKIMIO X 3 pim—r i (u,_m ey Vidd e e s Vi )

N
[MpuBenem sBHBIN B (5) AJIst caydast th =>1, (x,j,n ), N=2; j=12,3:
n=0
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3
E[Xu X0, X3 =X0,0%0,0%5.0 + Xn0 2 k0 [ Xy (st ) Xy (0ot ) duy - duy +
k=1 k
[0.7]

3
+ X402 k! I X1k (ul,...,uk)xm,k (ul,...,uk )dul---duk +
k=1 [O,T]k

3
+ X43,0 Z k! I X1,k (ul,...,uk )xtz,k (ul,. L Ug )du1 ---duk +
k=1 [O,T]k
+ I X,1 (u1 )xu,] (u1 )x,3,1 (u] )du1 +2 I X1, (u1 )x,z,l (uz)xt3’2 (u1,u2)du1du2 +
[0.7] [0.7]?
+2 J X122 (ul,uz)xtz,l (ul)xg,] (ug)dulduz +2 j Xn1 (ul)xlz,z (ul,uz)xm,l(uz)dulduz +
[o.r]? [o.1]*
+4 [ x(un)xe 2 (uun ) xp 0 (un,un ) durduy +4 [ xg o (ur,u2)xe (1) Xes.0 (w112 ) duyduy +
[0.7]? [o.r]?
+ 4 j Xn 2 (ul,uz)xtz,z (ul,uz)x&] (uz)dulduz +2 j Xy (ul,uz)xtz,z (ul,uz)x&z (ul,uz)dulduz +
0.7 [0.7]?
+ 8 j Xy (ul,uz)xtz,z (ul,u3)xt3,2 (uz,u3)du1du2du3.
[o.1]’
Hwuxe B popMyIUpOBKE TEOPEMBI HCIIOIB3YOTCS CUMMETPUYECKUE (PYHKIIMOHAIBHBIC MHOTOYJIC-
HBI, KOTOPBIC B OOIIIEM CITy4ae HMEIOT BH/T

n

T T k
P( ) Fo-f-ZI IFk(tlw--atk)Hthdtl"'dtka
=lo 0 J=1

rae Fy (tl,...,tk)— cuMMeTpudeckas GyHKIHs, F( = const, ¥ TPEANOIaraeTcs, YT0 HHTErPajibl CyIIe-
CTBYIOT JI IOYTH BCEX TpaeKTOpI/Iﬁ Impomnecca. J%K! YCJ'IOBI/Iﬁ CUMMCTPHUYHOCTH CJICAYECT, UTO
n g 12

T
Py (F)= Fo+2k'££ £Fk(t1, ot HlXt iy --diy.
J

Teopewma. [lycmo gynkyuu x; (tl yeesly ) 6 pasnooiceruu (1) ougpgepernyupyemvl no t, xg (tl,. coln ) #0,
Xr (tl,. oty ) #0. Tozoa umeem mecmo cnedyrouas npuOIUNCEHHASE POPMYILA, MOYHAS ONsL CUMMEMPU-
HECKUX (PYHKYUOHATBHBLY MHO20UNEHO8 mpembetli cmenenu om X () :

2(nAm)

E|:F( )i| z z Z Cn,m,r,i X
n,m=0 r=0 r<2i<2(ransm)
2
XZ Ay I Jn,m,r,i(F)dul cedu i duy i dugdvigg - dvy, +
k=1 [0,T]n+m_i

o | AF(b,;ip,;l/z(u)x.,,,(u)jp(u)dwF(o)(l—B), ©
=0 o]
20e

nm”—z'[ j( ][ jn+m M, T (F)=AF (cix1 (),

Tummnmanm (F) = iAF{ckxz (-)[g( = (S)B 10, (5))ds + ;‘; ((2)) AF (e (1)),

Tumronn (F)= iAF[ckxz 0(&[28 )D I.p(s))ds + % (7 ;AF(ckxz(-)),
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0 1(s) ] 2 x(v)
Jn’m’r’i(F)__ggAF(Ckxz(')[GSsz(S) a[xz T)D o) ()15 (0) s~

(
(
] l[T ds+

+ZE;;1AF{CMZ ()[%(2((2)]} 1o, ]( ))ds+
Pl (0) x3(7) ckx2 () 8 ocmansnwix ciyuasnx;
x2(0) x2 (T)AF( ) o v

AF(£)=3(F(f)=F(=f))s AF(1) =5 (P4 F(=1). 31(0) =i (1),

X2 (1) =X (Utsee s i Vietseo sV )s X3(8) = X pimer (Wrielseeoslln s Victsee s Vin )5

A4, ¢, k = 1,2,3 — xoncmanmol, onpedensemvie us ypasueruti Ajcy + Arcy =0, Alc]3 +Azc% =1;

Pn (u) =P (ul,...,un)— NPOU3BONbHASL KEAOPAMUYUHO UHMe2pupyemas pyuxyus, b , n =
o0

=0,1,2 —sewe-
cmeennvle uucaa, B= Y b,, du=duy---du,.
n=0

Jloka3aTeAbCTBO TEOPEMBI MPOU3BOIUTCS HEIMOCPEICTBCHHBIM BBIYHCIICHHEM IIPAaBOU U Je-
Boil wacteil dopmynsr (6) mns GyHKIHOHAIOB F(X(,))z const, F(X(,)) =X, F(X(.))z XuXty,
F (X (,)) =X, X, Xy IlpuBeneM 18 MILTIOCTPALMK J0KA3aTENbCTBA TOJIBKO BBIYUCIEHUE AlIIPOKCH-

MHPYIOIIEro BeipaxkeHus (7) 1ist MoHOMA F (X (.)) =Xy X, Xy, 151 <13

T min(#],£2,£3)

Jomri(F)== ] g Acixs yz(zz)xz(@)g[“ (S)Ji[”“)]dsdr_

max(11,£2,13)

-2 (0) ? Acixz(tl)xz(fz)xz(t3)§(X3 S)st+
S{ X

X2 (0) max(#1,12,t3)
(T) min(#1,£2,¢3)

=

3
2(T

=

5 ol x
Acixa(t)x2(22)x2(23)—
Os| x

~
—_ O

0
x;(o) (T)/\Ckxz(fl)xz(tz)xz(t3)—

><
/—\

~
~

><

=3 [xl )x3 E?-M(ﬁ)xz(tz)“ (t3)J+

)

+ | Xolt )X\t )x2(23 (0 X3(
st 202
(0 (

(0) (xz(n)xz(tz)xz(tz) iz (;g —x2(t1)x2(22)x3 (t3)] +

~—

7)

7 —x2(t1)x2(22)x3 (13 )]—

5

~~—

ck

=

+Ck

3 X3 (T) X1 (0)
x1(t1)x2(22)x2(23) —x2(t1)x2(22)x2(23) +
)Cz( ) X2 (0)
0
+c; 2((0)) Z (i)xz(h)xz(tz)xz(h) =cpx| (11)x2(12)x3(23).
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B kauecTBe BO3MOXHOW 001aCTH MPUMEHEHHS IOy YSHHON TPUOIIHIKEHHON (hOPMYIIBI MOXKHO yKa-
3aTh Ha BBIYHCICHHE MAaTEMaTUYECKUX OKUJAHWUN HEIWHEHHBIX (DYyHKIIMOHAJOB OT PEIIeHUH CTOXa-
CTUYECKUX YPaBHEHUH IO IMyaCCOHOBCKOMY TIPOIECCY B CIydasx, Koraa KodphuueHTHbIe QyHKIIHH
XaO0THYECKOTO Pa3JIOKEHUS PEIICHHS HaXOASTCS B SIBHOM BHUJIE, JINOO MOTYT OBITH ITOJIYYEHBI C HCIIOIb-
30BaHUEM CTOXACTHYECKUX TTPOU3BOIHBIX COOTBETCTBYIOIMIKMX MOPSIKOB (CM., Hamp., [12—14]).

YucsaenHble pe3yabTarhl. [[puBeeM YUCIEHHBINA IPUMED, HILTIOCTPUPYIOIIUNA TPUMEHEHHE TTOJTY-
4yeHHOU (opmyIbl. [TycTh

E[F(X(.))] =E[(1+M,)4J,
e
X =1 (x1)+12(x2),
xt,l(”):ftz (u), xio(ur,uz)=fi () fi(u2), fi(u)=1+tu.

Tak kak B cuity (2) MOXKHO B IAHHOM CIIydac IPEACTABHTH /,(x, ) B BHC

1 () =(10 () = 1 (£2) - £2 )

0

X, = zftz(u)dP(u)+(11(ft))2 —]l(ftz)—iftz(u)du =[1(f,2)—1f,2(u)du
E[(HM,)“]zéo(iJcmmE [zf,(u)dP(u)]zm [1—xiff (u)duj4_m, ®)

T 2m
rae E (I fi(u)dP (u)] MOXET ObITh BHIUMCIIEHO M3 COOTHOMmEH s [11]:
0

n—1

£l ([ |- 51w L] | o

k=0

Pesynbrarel Beramcnenuit mo dopmynam (8)—(9) n mpubmmkenHon Gopmyne (6) ¢ mapamerpaMu
A, =1/3,4,=1/6,c,=1,c,=2,A=1/n!, T= 1,0 npusenens! B Tabnuue.

t 0,1 0,3 0,5 0,7 0,9
(8)-(9) 1,0731 1,08266 1,1281 1,19603 1,29623
©) 1,05272 1,07953 1,12356 1,20483 1,27923

[IpuBeneHHBIC YHCIICHHBIE PE3YIIBTaThl TOKA3bIBAIOT XapaKTePHYIO st (GOpMYI, TOUHBIX JUIsS QyHK-
[UOHAIBHBIX MHOTOUYJICHOB TPEThEH CTEMEHU OT IMPOIEecca, TOYHOCTh alllPOKCUMAIMH B 3aJJaAHHOM
BpeMEHHOM HHTepBasie. [1o mpuunHe OBICTPOro pocta 3HAYCHUH MOMEHTOB B Clly4ae KpaTHBIX MHTe-
r'paJioB MO MyaCCOHOBCKOMY IpOIecCy mapaMeTp A ObUT B3AT paBHBIM 1/n!. 13 Tabmuisl BUJHO mocTe-
NEHHOE YMEHBIIEHHE TOYHOCTH MPUOIMKEHHOH (HOPMYJIBI C POCTOM #, TEM HE MEHEE OHa OCTAeTCS
YIOBJICTBOPUTEIBHON MpH 3HaYCHMSX ¢ B mpenenax orpeska [0,1], 4To mo3BosisleT MCMOIB30BATH €€
B COCTaBHBIX popmyinax [1-3].
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