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O ABHOM PEHIEHMNHA OJHOI'O BUJA NHTEI'PAJIBHOI'O YPABHEHU A BOJIBTEPPA
HA CUMMETPUYHOM OTPE3KE C CYMMAPHO-PASHOCTHBIM AJ1POM

MHorue 3afa4u TEOPHH M NMPAKTHUKU CBOASTCSA K PEIICHUIO MHTETPANBHBIX YPaBHEHHH NEPBOTO POAA CO «CIAOBIM»
SAJIPOM, T. €. C SAPOM, 0OpaIaoIUMCcs B OECKOHEUHOCTh MHTETPHPYEMOTo MOpsAIKa MPH COBMAaJEHUM apryMEeHTOB. YCrex
HCCIIE/IOBAHMS TAKHMX 3a/1a4 YacTO 3aBUCUT OT PELICHHs COOTBETCTBYIOIIETO 33aJja4e ypaBHEHUS B siBHOI popme. B HekoTo-
PBIX CiIyyasix yJaeTcsl HOJIYUYUTh Takoe pelleHue. B naHHOI cTaThe paccMaTpUBaeTCs HA CHMMETPHYHOM OTpE3Ke ypaBHe-
HHUE TIePBOTO pojia C SIAPOM, MPEACTABIISIONIUM KBaJIpaTHBIH KOPEHb U3 APOOHO-TMHEHHONW (QyHKIUH. YUUTHIBAass CHMMET-
pUIO 3aJaHUS yPABHEHUs, YAAeTCA CBECTH €ro K PaBHOCUIJIBHOM cCUCTEMe JIByX yPaBHEHHUH, Ka)KJl0€ U3 KOTOPBIX CBOAMUTCA
K PeIICHHUIO ypaBHEHUs! AOeist U ero 0000mmeHnii. Penenne BEIMNUCHIBaeTCS B IBHOU (hopMe ¥ MPUBOISATCS IPUMEPHI.

Kniouesvle cnosa: nHTErpanbHOe ypaBHEHUE IEPBOIO PoJa, ypaBHEHHE THIIA Bonbreppa, 1poOHO-nHuHeHHAs QyHKINS,
sBHasl popMa pelIeHys ypaBHEHUsI, KJIACC PEIICHHH, CHMMETpHs, ypaBHeHHEe AGers
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EXPLICIT SOLUTION OF ONE-TYPE INTEGRAL VOLTERRA EQUATION
ON THE SYMMETRIC INTERVAL WITH A SUM-DIFFERENCE KERNEL

Many problems in the theory and practice are reduced to solving the first-kind integral equations with a “weak” kernel,
i. e. the kernel goes to the infinity of integrable order when arguments are matching. The success of investigation of such
problems often depends on the solution of the explicit equation corresponding to the problem. In some cases, it is possible
to get such a solution. In our case, we consider the first-kind equation with a kernel, which represents the square root
of a fractional-linear function, on a symmetric interval. Given the equation symmetry, this equation can be reduced
to an equivalent two-equation system, each of which is reduced to the Abel equation solution and its generalizations.
The solution is written in explicit form. The examples are presented.

Keywords: first-kind integral equation, Volterra equation, fractional-linear function, explicit equation solution, solutions
class, symmetry, Abel equation

HdanuM 31ech B IBHOH (opMe pellleHHe HHTErPalbHOTO YpaBHEHUS BUA

a(x) | /i—:(p(t)dt+b(x)]c /iti(p(t)dtz (%), (1)

T/ie IEPEMEHHBIE X U { U3MEHSIOTCS Ha OTPE3Ke [—1,1], a(x), b(x) — 3aJ]aHHbIC HA 3TOM OTpe3Ke Iud-
depeHuupyemMble GYHKIUH, yIOBICTBOPSIONINE YCIOBUIO

a() = B P a(cx)=b(x)b(=x) 20. @
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Be3 orpanuueHns oOmHOCTH OyjeM cumTarh, uTo X > 0. Pemenne ypaBueHus @(x) GyaeM HCKaTh
B Kyacce QyHKIHMH, 06eCeunBaIoMX CyleCTBOBAHNE MHTErPAIoB KaK HecOOCTBEHHEIX. JIIs 9TOro
JIOCTATOUHO JOMYCTUTH Il HCKOMOTO pEllleHHs] 0OpallleHue B OECKOHEYHOCTh MOPSAKA MEHBIIETO Y5
Ha KOHIAaX oTpe3ka [—1,1]. Heo6X0MuMbIM YCIOBHEM CYIIECTBOBAHMS TAKOTO PENICHHs SBISETCS MPEJl-
CTaBJIeHHE CBOGOJHOrO wieHa ypashenns B Bute f(x)=xf"(x), rue f"(x) — anddepenumpyemas
dyuxmusa. TIpu cienaHHBIX NPEIToNoKEeHNSIX ypaBHEHHE HMeeT eUHCTBEHHOE pereHne. M3moxum
CXeMy HAXO0XICHUA peHIeHI/ISI HpI/IBe)IeHHOFO ypaBHeHI/ISI.

[pernoaokKumM, 9TO PEIICHHE YPAaBHEHHS CYIIECTBYET, T. ¢. paBeHCTBO (1) Beimomusiercs. Toraa
B CI/IHy I/IMeIOH_[eI‘/'ICﬂ 31E€Ch CI/IMMeTpI/II/I JOJIZ2KHO BBIIIOJIHATHCA TAKXKE paBeHCTBO, HOJIleeHHoe B pe3yJ]I)-
TaTe MOJICTAHOBKH —X B UCXONHOE ypaBHeHue (1) BMecTo X, T. €.

) | | == o(0)di+ b [ [ Z Lo (e)ar = (),

—-x—t

WJINA, YTO TO K€ CAMOE,
T x+t T x—t
- = o(t)dt+ b(- “—o(t)dt =—f (—x).
o0 [0 bon | o(dr=—r ()

3anuiiem IMOJIYUYCHHBIC paBECHCTBA B BUJC CUCTCMBbI

a(x) | /i—:(p(t)dt+b(x)]f /i—_:(p(t)dtz 7(x).
b(-) | /;‘—:w(t)dwa(—x)f i—t;(p(t)dtz— 1 (=),

nu3 KOTOpOﬁ Haxoaum

F )+ 29D 1 (),

St a0 f(x)+b@) f(-x) a(-)

_Ix xH‘P(t)dt— a(x)a(—x)-b(x)b(-x)  A(x) A(x)

o @ ()0 (x)at) b
,'[x x—t(p(t)dt_ a(x)a(—x)—b(x)b(—x)_ A(x)f( ) A(x)f( )

CKH&I[I)IBEDI " BbIUUTAad NOJYYCHHBIC PaBCHCTBA, IIPUJIEM K HOBOM CHUCTEME

[ [ = o)
[ = o,

rmue

(=x) = b(=x) b(x)—a(x) *

fi(x) =220 () + 2R () = 7 (),

1( ) A(xl ( ) bA(x) ( ) 1 o
a(—x)— (_x)f*(x)— (x)—a(x)f*(_x)’
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(—x) +b(—x) a(x)+ b(x) X
f xza—fx+—f—x =xf7 (x),
2( ) A(x) ( ) A(x) ( ) 2( ) w
N _a(=x)+b(—x) .« B a(x)+b(x) .« 3
/2 (x)_ A(x) A (x) A(x) f ( x)’

KOTOPYIO 3aITHIIIEM B BUJE IBYX YPaBHEHUH, YIOOHBIX IS PEIICHUS

To()+e(—t) 1

g x2—t? . _2xf(X),

Q)

Takum o0pa3om, ucxoaHoe ypaBHeHnue (1) cBeIoCh K cUcTeMe JABYX ypaBHEHHI (5), KOTOpasi paBHO-
cuibHa ypaBHeHuto (1), Tak kak ot ypaBHeHus (1) nerko nepeiitu k cucreme (5), 1 HA000poT. Pemenus
YpaBHEHUI CHCTEMBI (5) MOXHO HAalTH, CBOIA MX K ypaBHeHUsiM Alens [1, § 54; 2, rn. 1, § 2], u nomy-
YUTh TAKUM 00pa30M pelieHne ypaBHEHUS

u(t)dt

sz(x)

O =

o popmyie

)= 24 LOE
T dx xz—tz‘

[Tpumensist 3Ty GpopMyity, 3anMIIeM HOCIEAOBATEIbHO PEILICHHS ypaBHEHUH cucteMsl (5):

o(—x)+o(x)= Tcdx \/M
X" —t 6)

o(-0)-0(x)=L2 4] LU 4

nxdxom

Berunrtas u3 TMEPBOIro paBCHCTBA BTOPOE, a4 3aTEM CKJIaJbIBasd UX, IMMOJIYYHUM JIBC q)OpMy.HbI

d f1() t 1 dxl‘fz(l‘)dt
(p(x) 2Tt(dx£ w22 xdxg\/XZ_tZ ’ )
oo L[dia(dr 1 d g ()d
(p( x)_Zn(dxj 2 t2+xdx£,1x2_t2 ' @®

[lepBast GpyHKIMS sBIIsIeTCS pelieHueM ypaBHeHust (1), a Bropasi — pelieHueM ypaBHEHHUSI

a(x) | ;C—J_r;(p(—t)dwrb(x) [ /i—:(p(—t)dt: 7). )
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KOTOpoe OyneMm HasblBaTh conymcmeyiowum ypasHenuto (1). JlelicTBUTENbHO, MEHSISI IEPEMEHHYIO ¢
HHTErpupoBaHus Ha — B ypaBHeHuH (1), monyuum ypaBHenue (9):

a(x);[ i—j(p(—t)d(—t)+b(x)3[ i—:(p(—t)d(—t)za(x)_jx /z—:(p(—t)dt+
b(x) | x—Jr;(p(—t)dtzf(x).
SN x-

dopmyiel (7) u (8) MOXKHO 3amucaTh B APYrou Gpopme, CBOJS HEMOCPEJACTBCHHO YPABHCHHUS CHCTEMBI
(5) x pemenwuto ypaBaeHus Adens [1, § 54]:

1 () = (1) =5 (x)+ 5 )

(xz—tz) x2—1? “l 1o

3amMeTHM, 9YTO MOKHO TOJIYYUTh U APyTHe (GOPMYIBI, OTINYAIOIINECS OT MOJYYeHHBIX 3/1eCh, JJIs Ha-
XOXJICHUS PEIICHUH KaK UCXOIHOTO, TaK M COMYTCTBYIOIIETO €My YPaBHCHHIA.

Peminm ypaBHenue
T x—t T x+t 5
3 — d — dt=3 .
_jx,/x+tcp(t) t+__|.x‘/x_t(p(t) t=3x+x

ITo hopmymnam (2), (3), (4) HaxoauM A(x) =38,

2(3x+x2)—2(—3x+x2) zgx - 4(3x+x2)+4(—3x+2x2) 2

8 2 8

Si(x) =

o ¢popmyse (7) onpenensieM pelieHue

o(x) [ A fi(t)de ldjtfz() J
SRl _g2 xdvpdy? 2

(361 it 1dJ-2tdt J:ii()_ii[x3):i_2x’
" on 3

2dx04/x 42 xdonx 42 4r dx X7 dx

TaK KakK
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IIposepka. Mmeem

(———tjdt j x”(i—gtjdt:
it 1w Svx 4t =«

X X
=ij / Lt ——[ Xl j X+t alt—g X =
4r x+t x+t 4 ° —t T Vx—t

—X
= i+i Ttx—é U 2z x| =3x+x2,
4t 4n n\ 2 b 2

TaK Kak

Fta |,
j tdt——gx2
)jc =T 2
x—t 2

—X

3aMeTuM, 4TO B paboTe [3] MpUBOAMTCS B SIBHOM (oOpMe pelIeHHe MHTErPalibHOTO YpaBHEHHUS
Bosbreppa mepBoro pojia ¢ AApoM /X —f/X+¢ ¥ CO BHyTPEHHUMH KOI(QDUIIMEHTAMH HA CHMMETPUY-
HOM OTpE3Ke.
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