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KACII-CUHTI'YJIAPHOCTDb TPAEKTOPHUU BJIOXOBCKOI'O BEKTOPA KYBUTA
BO BHEIIHEM HEPUOANYECKOM CBETOBOM I10JIE

AnHoTanus. MccnenoBana KBaHTOBasl TMHAMMKA JIBYXYPOBHEBOW KBAaHTOBO-MEXaHUUYECKON CUCTEMBI, TIOJBEPKEHHON
BHEITHEMY MOHOXPOMAaTHYECKOMY BO3JEHCTBHIO BHE PAaMOK IMPUOIMKEHU Bpalnatoeiics Bonuel. [loka3aHno, uTo nmpu ycio-
BHH TOYHOTI'O PE30HAHCA HA TPAEKTOPHIX BEKTOPOB brioxa Mpu pa3nuyHbIX HAYaIbHBIX YCIOBUSAX MPOSBISIOTCS 0COOBIE TOU-
KH1, KOTOPbIE KIACCUYUIUPYIOTCS KaK KACI-CUHTYJIApHOCTH. OOHAPYKEHO, 4TO B TAKMX TOYKAX MIHOBEHHAs OCh BPAIICHMUS,
OTHOCHUTCIIBHO KOTOpOﬁ IIPOUCXOAUT Bpall€CHUE BEKTOPaA BJ'[OX&, MCHSACT HAllPpaBJCHUEC HA IPOTUBOIIOJIOXKHOE, U IPOUCXOAUT
ocTaHOBKa JBUkeHUs. [Ipu HeHyneBOll yacTOTHON paccTpolike KacH-CUHTYJISIPHOCTH Hcue3aroT. UMCIeHHbIH aHalu3 0co-
OeHHOCTeH TpaekTopuil BekTopa bioxa 6e3 mpuOIrKeHns Bpallaronelicsl BOJIHBI JOMOJHEH HCCIIeI0BaHHEM, OCHOBAHHBIM
Ha Hcnosb30BaHuK MeTooB Proke. B paMkax JaHHOTO 1TOX0/a MOJTYUYESHBI U IPOaHAIU3UPOBAHEI PEKYPPEHTHBIE COOTHO-
IIEHUS JUISl CHeKTPaIbHBIX KOMIIOHSHT aMILTUTY BeposiTHOCTel. HalijeHo aHamnTHIecKoe BEIpakeHHeE JIJIS IBYX 3HAUCHHH
KBa3MUAPHEPTUH ¢ TOYHOCTBHIO IO YETBEPTOTO IOPSIIKA IO BEJIMYHHE YHEPrUy B3auMoeicTeus. [TokazaHo, 4To 1uIst moiryde-
HUSI CHHTYJISIPHOTO TTOBEICHUS TPAEKTOPHH BekTopa bioxa H0CTaTOYHO OrpaHHMYUTHCS YETHIPEMS CHEKTPaIbHBIMA FapMo-
HUKaMU B pa3iokeHnn Omuoke. [loxydeHHbIe pe3ynbTaThl BasKHBI IS JOCTHIKEHUS] TOYHOCTH IIPH BBHIMOIHEHHH KOTE€PEHT-
HBIX IPeoOpa30BaHM ¢ IBYXYPOBHEBBIMHU CHCTEMaMH B CITydasiX, KOT/[a IPUOIIKEHNE BPAI[AfOMIeiicsl BOTHBI HE TPUMEHUMO.

KuroueBble c10Ba: KyOouT, mpuOIMKEHNE BPALIAIOIIEHCs BOIHBL, BeKTOp bioxa, oTcTpoiika oT pe3oHaHca, MeToabl dioke
1 HEMPEPHIBHBIX ApoOeii, MaTpHIIa BOTIOLHH
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CUSP-SINGULARITY OF THE TRAJECTORY OF THE QUBIT’S BLOCH VECTOR
UNDER AN EXTERNAL PERIODIC LIGHT FIELD

Abstract. The quantum dynamics of a two-level quantum-mechanical system subjected to the external monochromatic
action beyond the rotating wave approximation was investigated. It was shown that under the condition of exact resonance
on the trajectories of the Bloch vectors, special points are manifested under different initial conditions. These points are clas-
sified as cusps singularities. It is revealed that at such points, the instantaneous rotation axis, relative to which the Bloch vec-
tor rotates, reverses its direction. There is a movement stop. For a nonzero frequency detuning, the cusp singularities vanish.
A numerical analysis of the singularities of the trajectories of the Bloch vector without rotating wave approximation was sup-
plemented by a study based on the use of the Floquet methods. Within the framework of this approach, recurrence relations
for the spectral components of the probability amplitudes were obtained and analyzed. An analytic expression was found for
the two values of quasi-energies within a fourth order of magnitude in the interaction energy. It was shown that to obtain
a singular behavior of the trajectories of the Bloch vector, it is sufficient to confine by four spectral harmonics in the Floquet
expansion. The results obtained are important for achieving the accuracy when performing coherent transformations with
two-level systems in the cases where the rotating wave approximation is inapplicable.

Keywords: qubit, rotating wave approximation, Bloch vector, off-tuning from resonance, Floquet and continued-fraction
methods, evolution matrix, dipole transition operator
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st onucanusi KOrepeHTHON AMHAMUKH JIByXYPOBHEBOH cucTeMbl (KyOuTa) Oosee 70 yeT Hazan
BBeJIeHa Mojiesib Paou [1]. OHa mUPOKO UCTIONB3yeTCs MTPH PACCMOTPEHUU KYOUTOB Pa3INIHON IIPUPO-
Jbl, BKJIIOUAsl OJMHOYHbIE aTOMBI U MOHBI B JIOBYILIKAX, epexonsl J)ko3edcona, CBEpXIpOBOASILIUE KY-
outel u ap. [1]. OmHa U3 TPOCTEHIITUX PACTIPOCTPAHEHHBIX MOJICIICH B KBAHTOBOM (PM3HKE — OTHOMOIO-
Bas CIIMH-0030HHAsI MOZEIb, COCTOSAILIAS U3 IBYXYPOBHEBOI CUCTEMBI, CBSI3aHHON ¢ KBAHTOBBIM T'apMO-
HUYECKUM OCHMJUIATOPOM. B KBaHTOBOM ONTHKE OHA OMUCHIBAET aTOM, B3aUMOJIEUCTBYIOIINI C MOAOU
3JIEKTPOMarHUTHOrO NoJis [2]. B ciyyae kiiaccnyeckoro ornucaHus Mojis 3Ta CUCTeMa CBOJUTCS K MOJie-
mu Pabu. JIns paccMoTpeHus AMHAMUKY B3aUMOJICHCTBHSI KyOHUTa C TI0JIEM ITUPOKO TPUMEHSIETCS TTPHU-
onmxenue Bpamtaromeiics Boiusl (I1BB) [2, 3], koTopoe ocHOBaHO Ha MpeHeOpeKeHUH ObICTPO OCLIMII-
JUPYIOIMMH 4YJ€HaMU B raMHJIBTOHHAaHe B3auMojeucTBus [4]. B Hacrosmeil pabore paccMOTpeHBI
0coOEHHOCTH TpaeKTopuil Ha cdepe bioxa, K KOTOPHIM NMPUBOAUT OTKA3 OT MPHUOIMKEHUS BpaLIao-
uieiicst BOMHbI [5—7] B 3aBUCUMOCTH OT PE30HAHCHOM PacCTPOMKH M BEIUYUHBI B3aUMOACHCTBUS. AHa-
JIU3 TIPOBOJIUTCS YHUCIICHHO U C UCTIOIb30BaHUEM MeTo/10B DIIOKe W HeMpephIBHEIX apobeii [8, 9]. Tlo-
Ka3aHo, YTO HEJAaBHO INpe/ICKa3aHHbIe CHHTYISPHOCTH TPAEKTOPUN OJIOXOBCKOTO BekTopa [7] aus ciy-
yasi TOUHOI'0 PE30HAHCA UCYE3AI0T IPU HAJIMYNHU YaCTOTHON pacCTPOMKH.

JIByXypOBHEBasi KBAHTOBO-MEXaHHYECKask CUCTeMa C BEKTOPOM cocTostHUA | W(¢) >= C(¢)|1>+Co(£)]2 >
¥ TAMIJIETOHMAHOM B3auMoeiicTaust H = f[o + I}, rie ﬁo =hog |1><1|n V(t) =vp(H)|1><2]+vy(8)]2><1],
V12 (¢) = V12 cos(wt), L 12" =V, OHCHIBACTCS BpeMeHHBIM ypaBHeHueM Lllpeaunrepa mist aMIuinTyxn
BepositHOcTeH [10, 11]:

Ci(x) = =iBcos(at)Ca (1),

1
C» (1) = —ifcos(at)Ci (1) —iC, (1), @

IJIe 0. — OTHOMICHHME YaCTOTHI BHENIHETO MOJIS K 4aCTOTe Tepexoza (0. = 0/m ), 6e3pasMepHbIi napamMeTp
B3aUMOJICHCTBUS 3 €CTh OTHOIICHME DHEPTMM BO3MYMIEHHUS V,, K COOCTBEHHOH JHEPTUM CHCTEMBI
(B=v12/ho0) n 1=t — 6e3pasmMepHOE BPeMsL.

,Z[J'IS[ HarjigaHoro mnpeacTaBJICHUA KBaHTOBOM JUHAMUKHN HCIIOJB3YIOTCA KOMIIOHCHTBI BEKTOpPa
biioxa B cucreMe oTCUeTa, BPALLAIOIIEHCS C YaCTOTOM I0JIsL BOKPYT OCH Z,

x=Re(C1(1) C(e™), y=Im(C1(1)' (™), z=(| P -IC@P)2. @

CornacHo ypaBHEHUSIM JIBHXKEHHUS JUIS KOMIIOHEHT BEKTOpa bioxa R = xe, + ye ) + ze; (e, — opThI
JIEKapTOBOI CHCTEMBI KOOPAMHAT),

x =—zBsin(2at) + y(1—a),
¥ = zP[1+ cos(2at)] - x(1 - o), 3
z = xPBsin(2at) — yP[1+ cos(2at)],

BEeKTOp R BpamaeTcs BOKpYT MTHOBEHHOH ocH (puc. 1):
Ng(1)= %{BU +cos(2ar)]e +Bsin2ar)e, +(1- e}, )
T

C YTJIOBOM CKOPOCTBIO BpateHus {2(t), U3MEHSoIeicst BO BpeMEHHU Kak

Q1) =282[1 + cos(207)] + (1 - ) . )

CornacHo cooTHoueHusIM (3)—(5) B MOMEHTBI BpEMEHH T = g + mk (k =0,1,2, ) MIpH TOYHOM pe-

30HaHce (00 = 1) MTHOBEHHAsl OCh BpAIIeHUsI U3MEHSET CBOM 3HAK (TOYKM OCTAHOBKH), B Pe3yJbTare
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Puc. 1. DBonronnu MrHOBEHHO#H ocH BpaleHus IV, (T), OTHOCUTETHHO
KOTOPOH IIPONCXOANT BpallleHne BekTopa bioxa Ha mpomexyTke
t=[0, n/o] nnsg =1 (a), 0,99 (b), 0,65 (c) u p=0,13;

Touka 4 — HavanbHas (T = 0), U1t B 3HaUeHNE KOMITOHEHTHI ([V, R-ey)
MIPUHAMAET MaKCUMaJIbHOE 3HaueHHe, 11 C — MUHIMAaJIbHOE

Fig. 1. Evolution of the instantaneous rotation axis /V,(t) relative

to which the Bloch vector rotates on the interval t = [0, 7/a] for a =1 (a),
0.99 (b), 0.65 (c) and = 0.13; point 4 — initial (t = 0), for B the value

1 of the component (V. 2°€,) takes the maximum value, for C — the minimum

Yero Ha TPACKTOPUHU TOSBIISIIOTCS CHHTYIISIPHBIC TOUYKH — KacH-CHHTYIsSpHOCTH (puc. 2, a) [7, 12].
OnHako HaJIMYKe YaCTOTHOHN paccTpoiku (o # 1) MPUBOAUT K MCUE3HOBEHHIO TAKUX CHHTYIAPHOCTEN
(puc. 2, b—d): ucye3aroT TOYKH OCTAaHOBKH.

Tak xKak raMUJIBTOHHAH paccMaTPUBAaEMON CUCTEMBI SIBISICTCS TIEPHOANYECKON BYHKIUEH, TO A
pewenus ypaBHenuii (1) npumennma teopema dioke [8, 9], coraacHo KOTOPOii perieHue MOKHO UCKATh
B BHJIE

Cin(m=e"o (1), (=12), )

IJIe L — TaK Ha3bIBaeMble KBasudHepruu [13, 14], KoTopble COBMECTHO ¢ YacTOTaMH TapMOHHUK OIIpeIe-
JISIIOT YaCTOThI CHEKTPaJbHbIX JIMHUM U3Jy4aeMoro CBeTa, a (pm(t) — mepuogndeckue (GyHKIIUH C TIe-
puoxoM 2m/o:

o0

Q=Y cja(we™. (7)

n=—0

[Toncrapmsis (6) B (1), momydaeMm peKyppeHTHBIC COOTHOIICHHS ISl CIIEKTPAIbHBIX KOMIIOHCHT
¢, (W c, (1), KOTOpBIE B CIIy4ae TOYHOTO pe3oHaHca (o= 1) MMEIOT BHJL

i =—P(Copat +Coni1)/2(n+ 1), (8a)
can =—[B(cip-t +Clps) +2¢2,1/2(n+ ). (86)



Beci HanprsinansHaii akagpmii HaByk benapyci. Cepbist dizika-maramaTerunbix HaByk. 2018. T. 54, Ne 1. C. 62-68 65

0.5

Puc. 2. DBoutonus BekTopos biioxa (x,y,z) 6e3 mpuOiIKeHns Bpalaromeics: BOJHEI [15] co 3HaYeHUSAMU o
1 (a), 0,95 (b), 0,65 (c), 0,5 (d) u npu 3HAYCHUH TapamMeTpa B3aumoeiicTus B, paroro 0,13,
Ha BPEeMEHHBIX TpoMeskyTKax [0; 48,31] ¢ HaguaIbHBIMHU YCIIOBUSIME

C1(0) =1/42, C2(0) =1/N2 (1); C1(0)=0,26, C2(0)=0,97 (2); C1(0) =1, C2(0)=0 (3);
C1(0)=0,26, C5(0) = -0,97 (4); C1(0) =—-1/32, C2(0)=1/v2(5)

Fig. 2. Evolution of the Bloch vectors (x,y,z) without rotating wave approximation [15] with the values of a:
1 (a), 0.95 (b), 0.65 (¢), 0.5 (d) and with the value of the interaction parameter 3, equal to 0.13,
on time intervals [0, 48.31] with the initial conditions

C1(0)=1/2, C2(0) =1/2(1); €1(0)=0.26, C2(0)=0.97 (2); C1(0) =1, C2(0)=0 (3);
C1(0)=0.26, C5(0) =—0.97 (4); C1(0) =—-1//2, C2(0)=1/N2(5)

CoorHorerns (8) CBOAATCS K TPEXUICHHOMY PEKYPPEHTHOMY COOTHOIICHHIO ISl KOMIIOHCHTHI C, !
2 2
Nu+n (B )C2,n = _ﬁ (02,n—2 +Vv u+nC2,n+2 )3 (9)

JIEMOHCTPUPYIOIIEMY, YTO U3 BCEX KOIGPuunenTos c, psna Oypbe (7) MOKHO OCTABUTH TOJIBKO YET-
HbIE KOO(POHULUUEHTEI ¢ 42, (p =0,1,2 ...). B coorHomenuu (9) BBeIcHBI 0003HAYECHUS:

Nu(B?) =8B +1u(0) & =20/(+1), Mu(0)=—4(n’ -1, (10)
v =(pn=1)/(n+1). (11)
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OTHOLICHHE ABYX COCCAHNX KOMIIOHEHT €, , U C, (X n=Cons2/ cz’,,) Y/I0BJIETBOPSIET yOBIBAIOIIEMY

Xy :_Bz/(np+n+2 +Vu+n+2B2Xn+2) (12)
" BO3pacTarouieMy

Xy :_(Bzvp+n)71(nu+n +B2/Xn72) (13)

PEKYPPEHTHBIM COOTHOLIECHUSIM, KOTOPbIE 9KBUBAJICHTHBI APYT APYTY U KOTOPBIE MOXKHO NPEICTaBUTh
B BUJIE CJICAYIOLINX HEIIPEPBIBHBIX APOOEH:

2
X, =- - (14)
Nu+n+2 — Vyrrns2P
n 4 Vu+n+4B4
+n+
g Nu+n+6 —---
4
1 A% )
Xn :_—Z[n;,Hn - wen B 4 ] (15)
Vu+nB _ Vu+n—4B
Nu+n-2 2
Npwond — Vu+n—6B
Nyen6 =

3Ha4YeHNs LEHTPAJILHOTO JJIEMEHTa X, MOMYYECHHBIE U3 YOBIBAIOIIMX M BO3PACTAIONIHMX HEMPEPBIB-
HBIX apoOeit (14), (15), nomxubl coBnaaars. OOpbIBas APoOH HAa HEKOTOPBIX UYJICHAX M MPUpPABHUBAS
MOTYYaroIMecs IPH 9TOM JBa 3HAYCHUS LEHTPAJIBHOTO 3JEMEHTa, MPUXOAUM K YPaBHEHHIO IS Ha-
XOXKJICHHS KBa3udHepruid. Tak, mpy ydeTe TOIBKO BTOPOTO TOPsIKa B HEMIPEPHIBHBIX Apobsx (14), (15),

MOJTy4YaeTcsl CIeAYIOIee ypaBHEHHE JIs1 KBa3UIHEPT Hil:

4 4
VB = nw_\’wzﬁ Tlu_v“_zﬁ , (16)
Nu+4 Np-2

VYuuThIBas MaJIOCTh 3HaUYCHHs napameTpa 3, ypaBHeHue (16) ¢ TOYHOCTBIO IO YWICHOB mopsiaka [3*
MPUHUMAET BUJ

N4 (0N 12 (0 (0N 12 (0) + B[E paa 2 (0N (0)M -2 (0) +
N4 (0)€2M L (0N 2 (0) + M4 (0N 42 (0)€ M -2 (0) + M psa (O 2 (0N (0)E 2 | +
B [E a8 2N (0N 12 (0) + & a2 (006N 12 (0) + E a2 (0N (0)E 2 + (17)
4 (08428 1M p-2.(0) + M a (0)E s (0 2 +Myea (OMu2 (008 8 2 —
N2 (M (V-2 = Vo (0N -2 (0) = vy psa (0M2(0)] =0.
PeH_IeHI/Ie ITOCJICAHET O ypaBHeHI/ISI C BLI6paHHOI71 TOYHOCTBKO JA€T cneuyloume KOpHI/II

p=m+p,_,(m=-3,-11), (18)
w, . =+p/2(1+B2/128)+p>/16.

st yrouHeHust HalIEHHBIX 3HAYE€HU I KBa3UIHEPTU MOKHO BOCIIOJIb30BATHCSA YUCICHHBIM pelie-
HHUEM PACCMOTPEHHOTO BBINIC aJITOPUTMA. YBEIWUYCHUE KOIUYCCTBA WJICHOB, OCTABISIEMBIX B HEIpe-
PBIBHBIX IpO0SX, MPUBOAUT K YBEIMUYEHUIO KOTH4ecTBa KopHe (18) 6e3 u3MeHEeHUs UX CTPYKTYPHI.

HaiinenHubie 3Hau€HUsA |L U1 COOTBETCTBYIOILIHE cj’n(u), noJicTaByieHHbIE B (6), (7), MalOT peuicHUs
ypaBHenuit (1). BeiOupas u3 HEX JBa JUHEHHO HE3aBHCUMBIX, MOXHO MOJMY4HTh o0mIee perieHue (1),
yznosieTsopsomee HadaabHbiM ycnousam 1is C (0) u C,(0),

C (1) = A,C jyy (1) + 42C juy (1), (19)

B kauecTBe JIMHEHHO HE3aBUCHMBIX BEIOMPAIOTCS PEIICHNUS, COOTBETCTBYIONINE KOPHSM [y o =—1+ i, _
B (18).
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Puc. 3. CpaBHeHue sBoIrONMHU BekTopa biioxa Ha ocHoBe MeTo0B DIoke (M1aaKue TMHUN) U IIPU YUCIEHHOM pacdeTe (TOYKH)
C pa3IMYHBIMU HAYaJIbHBIMH YCIOBUSIMU:

C1(0) =12, C2(0) =12 (1); €1(0)=0,26, C5(0)=0,97 (2); C1(0) =1, C2(0) =0 (3);
C1(0)=0,26, C»(0)=—0,97 (4); C1(0) =—1/2, C»(0) =1/42 (5)
npH 3HAYEHMAX TapaMeTpa B3aumozeictaus B, pasoro 0,001 (p, = 0,000500063 u p_=—-0,000499938) (a)
m 0,13 (n, = 0,0660648 m u_=—0,0639523) (b)
Fig. 3. Comparison of the Bloch vector evolution on the basis of the Floquet methods (smooth lines)
and in numerical calculations (points), at different initial conditions

C1(0) =1/42, C2(0) =1/N2 (1); C1(0)=0.26, C5(0)=0.97 (2); C1(0) =1, C2(0) =0 (3);
C1(0) = 0.26, C5(0) =—0.97 (4); C1(0)=—1/42, C2(0) =1/42 (5)

at the values of the interaction parameter 3 equal to 0.001 (p, = 0.000500063 and p_=—0.000499938) (a)
and 0.13 (n, = 0.0660648 and p=—0.0639523) (b)

B xadecTBe nmpumepa, JeMOHCTPUPYIOMIETO TOYHOCTHh MeTo1a DIIoKe [IJIsT OTMCAHUS SIBIICHUS KacIl-
CHUHTYIAPHOCTH TPAEKTOPUA OJIOXOBCKOTO BEKTOPA, HA PHC. 3 MPUBEICHO COMOCTABICHUE TPACKTOPHIA,
MOJYUYCHHBIX Pa3HBIMH MeTolaMu. [Ipuuem Jiisi omucaHusl XOpOIed TOYHOCTH JOCTATOYHO OTrpaHU-
YHUTBCS TOIBKO TPEMs M YCTBIPbMs FapMOHHKaMH B pasnoxenun Dioke: {c, ,; ¢, ; ¢,,} s CZH(T)
v e, e 3¢ 3¢ ) s Cm(T)- Puc. 3 nemoHCTpUpYyeT, 4TO UCMONIb30BaHUE MeTO10B DJioke obecreuu-
BaeT JIOCTAaTOYHYIO TOYHOCTH JUUIS ONMCAHUA SBJIEHUS KacCH-CUHTYISPHOCTH [12] TpaexkTopuii 010X0B-
CKOT'0 BEKTOpa.

B 3axmtouenue B HacTosmeil paboTe MpoBeAEHO UcCIeJOBAHNE BOSHUKHOBEHU S KaCI-CUHTYJISIPHO-
CTEH Ha TPaeKTOPUAX BEKTOpoB biioxa KyOuTa BO BHEIIHEM NMEPHOANIECKOM BO3MYILEHUH — 3P QeKTa,
MMEIOIIEeT0 3HAYCHHE JIJISI METOJIOB YIIPABJICHUS COCTOSTHHSIMU KBAHTOBBIX CHCTEM, B CMBICIIE JIOCTHKE-

v s
HHUSA TOYHOCTH IMOJYYa€MbIX COCTOSAHUUA, HAIIPUMED ITPH UCITIOJIB30BAHN N 5- " TT-UMITYJIbCOB. BBIHBHGHO,

4TO IIpyu MPUMCHCHHUU MCTOJ0B ®dnoke JAOCTATOYHO OI'PAHUYHUTHCA UCTHIPbMSA TapMOHUKAMU 1JI 11Oy~
YCHHS YAOBJICTBOPUTCIILHOI'O COTJIaCUus C YUCJIICHHBIM PACYCTOM 0COOCHHOCTEH TpaeKTOpHﬁ. HpOI/IC-
XOOUT UCUE3HOBCHHUEC KaCH—CI/IHFy.TIHpHOCTel\/’I IIpU yBCJINYCHUU YacCTOTHOM paCCTpOﬁKH OT PE30HAaHCA.
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