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OINMMCAHUE CBOBOJHON KBAHTOBO-MEXAHHUYECKON YACTHUIIbI
B NIPOCTPAHCTBE JIOBAHEBCKOI'O HA OCHOBE MHTETPAJIBHOI'O YPABHEHU A

Annoranusi. KBaHTOBO-MexaHMYecKas 3ajavya O JBM)KCHMH CBOOOIHONM YacTHIBI B TPEXMEPHOM IIPOCTPAHCTBE
Jlo6Ga4eBCKOro MHTEPHPETHPYETCSl KaK paccessHUe MpocTpaHcTBOM. KBaHTOBBIN Cilyyail paccMarpuBaeTcsi Ha OCHOBE HH-
TErpajbHOrO ypaBHEHUs, BbIBeAeHHOro u3 ypasueHus IlIpenunrepa. Pabora mpomomkaeT paccMorpennyio B [1] 3amaqy,
HCCIICZIOBAaHHYIO B paMKaX KJIaCCHYECKOH MEXaHHMKH W Ha OCHOBE pelieHus ypaBHeHus llpenuHrepa B KBa3uIEKapTOBBIX
KoopiuHaTax. B mpennaraeMoM HcCIe€IOBaHUU TAaK)Ke MCIOJIB3YETCsl KBa3HMEKapTOBA CHCTEMa KOOPJMHAT, OHAKO IOCIe
paseseHUs IEPEMEHHBIX U151 IBHKCHHSI BIIOJIb OCH CHMMETPUH OpUC(hEepBl, COBITIAIAIOLICIH C OCHIO Z, BBIBOAUTCS HHTEPalib-
HOE ypaBHEHHE. YCTaHABIMBACTCS CBSI3b AMILIUTY/bl PACCESHUS C AHAINTUICCKUMHU GQYHKIHUIMUA. METO TOCIIeI0BATEb-
HBIX IPUOIMIKEHHH M KOHEYHO-PAa3HOCTHBIA METO PEIICHHS OTYYSHHOTO YPAaBHEHHUS IIPEIaraloTCs.

KuroueBbie cioBa: JobaueBCKOro mpocTpaHCcTBO, opuchepa, koopauHatel, llpeauHrepa ypaBHeHUE, paccessHUE, aM-
IUINTY/1a PACCEsSHUS, AaHAIUTHYCCKOE MTPEACTABICHHIE, METO/, HTEPALIUH, KOHCUHBIC PA3HOCTH

Jast uurupoBanusi. Kypoukun, F0. A. Onucanue cBOOOAHONW KBaHTOBO-MEXaHHYECKON YACTHUIBI B MPOCTPAHCTBE
JlobaueBckoro Ha ocHoBe uHTerpansHoro ypasuenus / FO. A. Kypoukun // Bec. Hau. akan. naByk Bemapyci. Cep. ¢i3.-mar.
HaByK. — 2019. — T. 55, Ne 3. — C. 319-324. https://doi.org/10.29235/1561-2430-2019-55-3-319-324

Yu. A. Kurochkin

B. I Stepanov Institute of Physics of the National Academy of Sciences of Belarus, Minsk, Belarus

DESCRIPTION OF A FREE QUANTUM-MECHANICAL PARTICLE
IN THE LOBACHEVSKY SPACE BASED ON THE INTEGRAL EQUATION

Abstract. The quantum mechanical problem of the motion of a free particle in the three-dimensional Lobachevsky space is
interpreted as space scattering. The quantum case is considered on the basis of the integral equation derived from the
Schrodinger equation. The work continues the problem considered in [1] studied within the framework of classical mechanics
and on the basis of solving the Schrédinger equation in quasi-Cartesian coordinates. The proposed article also uses a quasi-Car-
tesian coordinate system; however after the separation of variables, the integral equation is derived for the motion along the
axis of symmetry horosphere axis coinciding with the z axis. The relationship between the scattering amplitude and the analy-
tical functions is established. The iteration method and finite differences for solution of the integral equation are proposed.

Keywords: Lobachevsky space, horosphere, coordinates, Schrodinger equation, scattering, scattering amplitude, analy-
tical presentation, method, iterations, finite differences
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BBenenmne. B pabdote [1] mBmkeHHe KIaCCHISCKOW U KBAHTOBO-MEXaHUICCKOW CBOOOTHOM YaCTHITBI
B TPEXMEpPHOM IpocTpaHcTBe JI00aueBCKOTO HHTEPIPETUPOBAIOCH KAK paccessHhe caMUM TPOCTpaH-
ctBoM. [Ipu 3TOM peleHre KBaHTOBO-MEXaHUUECKON 3a]1a4l OCHOBBIBAJIOCH HA TOYHOM PELLIECHUU YPaB-
Henus llpennHarepa B KOHQHUTYpAIMOHHOM MPOCTPAHCTBE B KBA3HIEKAPTOBBIX KOOPAWHATAX, CYIIE-
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CTBEHHO CBSI3aHHBIX ¢ opuchepamu [2]. Huxe Ta ske KBaHTOBO-MEXaHHUYecKasl 3a/1a4a OyJeT peleHa
C MOMOLBIO 00BIYHOr0 Pyphe-npeodpa3oBaHUs HCXOIHOI'O YPaBHEHU .

OtmetuM, 4TO Yame Bcero noj npeoOpasoBanuem dypbe B npoctpancTse JlobaueBckoro moHu-
MaroT mpeodpaszoBanue lllammpo [3] nnu npeodbpazosanme [envpanga — ['paeBa [4], uto, hakTHUECKH,
OITHO H TO ke (cM. Takxe [5]). Hamu OyaeT ucnons3oBaHo 00BIIHOE TIpeobpa3oBanne Oyphwe, 4TO MPH-
BOJIUT B KOHEUHOM HTOre K (JOPMYJIUPOBKE OZHOMEPHOIO MHTErPajIbHOIO YPABHEHUS AJIsS COCTaBILA-
IOlIel UMITYJIbCa BJIOJIb OCH CUMMETPHUU OpHuc(EphI Mocie pa3/ieieHus] TIepeMEeHHBIX. YUUTBIBAs 3Ha-
YUTCIIBbHOC YIIO6CTBO HCIOJIb30BaHUA WHTCIPAJIBHBIX ypaBHeHI/Iﬁ B TCOPpUU paCCCiIHUsA, TaKUX Kak,
Harnpumep, ypasaenue Jlunnmana — llIBunrepa (cM. Hamp. [6]), ypaBHenue Jlorynosa — TaBxenunaze —
Kanpimesckoro [7] u [pyrux, 0c000€ BHUMaHUE YACIUM aHAJIU3Y JBHIKCHUSI YaCTHUIIbI B IIPOCTPAHCTBE
JlobaueBcKOro Ha OCHOBE MOYYEHHOTO0 HUKE HHTETPAJILHOTO YPaBHEHU .

OTMeTHM Takke, YTO 3a/1a4a O PACIPOCTPAHEHHH SIEKTPOMATHUTHBIX BOJH M YaCTHII paccMaTpu-
Banach B paborax [8—10], B KoTOphIX ObLI ycTaHOBJIEH 3P (EKT «3epKasiay — OTPaKCHUs BOJIH U YaCTHIL
IIPU ONPEEICHHBIX YCIOBHUX pacrpocTpaHeHus. DPGeKT 0ObICHIETCS TeM, UTO B HAIIPaBJICHUH pac-
IIPOCTPAaHEHUs BOJH (YACTHI) MPOCTPAHCTBO UMUTHPYET HEOXHOPOAHYIO Cpey, TOPMO3SLIYIO X pac-
IIPOCTPAHEHHUE U B KOHEYHOM UTOTE MPUBOASIIEE K OCTAHOBKE U OTPA’KEHUIO BOJIH.

KBanToBO-MexaHnueckasi 3aaa4a. BbIBoJ HHTerpaJIbHOIO ypaBHeHHs. PaccMoTpuM JBUXKEHUE
CBOOOIHOM KBAHTOBO-MEXaHHUYECKON YaCTHIIBI B TPEXMEPHOM MpocTpaHcTBe JlobaueBCKOro kak pacce-
saue. J{1s aToro, ctaprys ot ypaBHenus [lpenuHrepa B Ka3uaekapToBBIX KOOpAHHATaX Ha opucdepe,
chopMynHpyeM 3a1auy Al HHTETPaJIbHOTO YPaBHCHHUSL.

Vpasuenue lllpenuHrepa B KBa3HIEKapTOBBIX KOOpIWHATAaX TPEXMEPHOro mpoctpancrsa Jloda-
YEeBCKOr0, 3a1aBaeMbIX OECKOHEUHO MaJIbIM HHTEPBAIOM

di* =p*[e ™ (dx* +dy?)+dz°], (1)
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3neck BBeneHbl 0003HaueHus Y (7,,z) = x(r,o)w(z).
VYpasuenue (7) s HAIIMX 1eNeld yI00HO TPEICTaBUTh B CICAYIOIIEM BUJIE:

de_zd_W—(kz—l)W:—kfezzw (®)
dz? dz ’

HJIK B PE3YJIbTATC CTAHAAPTHOTO HpeO6pa3OBaHI/I$I IIOCJIC UCKIIIOUYCHU A nepBoﬁ HpOH3BOHHOﬁ
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B ypasHeHuu (9), Oyaem uMeTh
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VYpaBuenue (10) mo3BoiseT MPOaHAIM3UPOBATh YCJIOBUS BO3HUKHOBEHHUS CBS3aHHBIX COCTOS-
HUW (CYIIECTBOBAaHUS IUCKPETHOTO CIEKTpa) B pacIIMpEHHOM mIpocTpaHCTBe JloOadeBcKoro, a Tak-
JK€ OIHUCaTh paccestHue Imoj| AeicTBrHEM (h()EeKTUBHOIO MOTEHIIHANA, BOSHUKAIOIIETO B MPOCTPAHCTBE

Jlo6a4eBCKOro, MOHMMAEMOro KaK M3MEHEHHME p_. 3aBUCUMOCTb p. = k* -k, %e* orz Cclenyer,
B YaCTHOCTH, U3 pelIeHUs ypaBHeHus | amunbprona — SlkoOu, mpuBenerHoro B [1].
Hns coydas paccesaus ypasaenue (10) mpumMet BuI

2 0~ v '
Bpe) = 8(ps k)b b [ )= (i
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AHaJIN3 HHTErPAJIBHOT0 YPABHEHHS U ero peleHus. Kak M3BeCTHO, CBsI3aHHbIE COCTOSHUS OIpe-
JICJISIIOTCS TIOTFOCAMU BOJTHOBOM (DYHKIIUU B KOMILJIEKCHOM TJIOCKOCTH 3HAYCHU P., COOTBETCTBYIOIIUX
OTPULIATEIBHBIM 3HAYEHUSIM PHEpPruu. B naHHOM ciydae NMpeAbIHTErpaIbHOE BBIpaKEHHE BO BTOPOM
cimaraeMoM (opmynsl (11) onpenensiet pynkuuto I'puna ypasuenus (9), U3 Hero BUAHO, YTO UMEET Me-
CTO TOJIIOC ITPH 3HAUEHUSX SHEPTUH

2 2
p=1Pe (12)
2mp2

U3 Boipaxenus (12) BuaHO, 4TO £ MOXET MPUHUMATh OTPHUIIATENEHBIC 3HAYCHUSI TOJIBKO B TPO-
CTPAHCTBE MOJOKHUTEIHHON KPUBU3HBI, YTO PEATH3yeMO JIUIIb B MHUMOM MpocTpancTBe JlobaueBckoro
(B TpexMepHOM TIpocTpaHcTBe [e-CurTepa).

PasBuBaembIi moaAXoa NpUMEHHUM K OIIMCAHUIO JBUKCHUSA KBAHTBO-MEXaHUYECKOU HqaCTHUIbI
B JIaHHOM MPOCTPAHCTBE MPH aHAJOTMYHBIX HadaIbHBIX ycinoBusax. JloctaTouno B (1) mpousBecTu 3a-

MeHY p? - —p?. Vcrnonb3oBanue JIPYTUX METOJIOB TIOATBEPIKIaeT HAIIMUNE TUCKPETHON YaCcTH CIIeK-
Tpa COCTOSHUI B MHUMOM ITpocTpaHcTBe JIoOaueBCKoro HeCMOTpPst HA HEKOMIAKTHOCTh JJAHHOTO TIPO-
CTpaAHCTBA.

3agady paccesHuUs, HCTIONB3Ys ypaBHeHuE (11), Oymem pemats MeTogoM utepanuid. s aToro moa-
CTaBUM HCXOJHYIO IIJIOCKYIO BOJIHY &(p, —K), COOTBETCTBYIOILYIO HYJIEBOMY IPUOINKEHHIO BO BTO-
poe craraemoe, 1 oJIy9uM 1epBoe (OOPHOBCKOE) MPHOIHKEHHE
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k2 1
pzz—k2 K—pz—2i.

O(p-)=08(p: —x)+ (13)

OTMeTHM, 9TO 37€Ch K — MOJYJIb BOJTHOBOTO BEKTOPA IJIOCKOW BOJHEI, YIOBJICTBOPSIOIICH YpaBHE-
Huto (9) 0e3 nmpaBoii yactu, najaromiei u3 0eckonedHocTU. [IpuHUMaeM — JTaHHbBIA BOJIHOBOW BEKTOP K
HAIIPaBJIEH BJOJb OCH z IIyYKa KJIACCUYECKOW 3aJa4yd. MaTpUUHBIN 3JIE€MEHT aMILUIMTY/Ibl PACCESHUS
B BeIpakeHuH (13) paBeH

1
M = 14
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ITocnenyroiiue utepauuu Ja0T HYJIEBOM BKIal.
AHaJIMTHYECKOe MpeACcTaB/ieHHe aMIIMTYAbl paccesinusi. Kak mssectno [11], nnst gyHkuumy,
YIOBJIETBOPSIONIEH YCIOBUIO KBAApaTUUHON HHTETpUPYEMOCTH Ha BCEH YHMCIIOBOI OoCH

[ o(p)| dp. <,

HUMECT MCCTO aHAJIUTUYCCKOC IIPCACTABIICHUC

fe) = [ HEDE
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Torma naTerpan B Beipaxkennu (10), oueBUIHO, SABISIETCS YaCTHBIM ciydaeM uHTerpania (15), a co-
OTBETCTBYIOIIAasl aHAJUTHYecKas (QPyHKIMS B JAaHHOM CiIydyae UMeEeT MOCTOSHHOEe ((PMKCHpOBaHHOE)
3HaUEHHE MHUMOM 9acTH apryMmenTa, T. €. Imz =2i. C yuetoMm ckazanHoro ypasHenue (10) mpuauma-
eT BH]

ﬂlzﬂpz +2i). (16)
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Beipaxenue (16) yno0HO pemiars, MCIIOIb3ys KOHEYHbIE Pa3HOCTH. JlelicTBUTENbHO, TpuMeM p_= 0,
TOrZ1a TOJIY YHM

21'ClkJ_

0(0) = ———f(20). 17)

Bynem cunrtars ¢(0) 3a7aHHBIM FPAaHUYHBIM 3HAYCHUEM U OyZEeM CABUTATh JEHCTBUTEIBHYIO YacTh
apryMeHTa Ha MaJlyl0 KOHEUHYI0 BelIn4uHy 0, 6 < 1. [lanee paccMOTpUM ceqyIOMUH 1Iar, Korna

2TClkJ_

o(5 )——zf(5+2l)

Pasnarast f(8+ 2i) B psin Teiinopa, o 8 ¢ yuetom cootHomennii Ko — Pumana nmomydum, 4to

S(3+20) = f(20),

2mkl
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[Ipomomxkast uTepanuu, 1erko yOeauThCs, 4TO
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g2
Gnd) = — AL f(2i), (19)

n28% —k?

r7ie n — 1enoe yucio, HoMep urepanun. 3ameHuB B (18) f(2i), cormacuo gopmyne (17) okoHUATEIBHO
IIOJTy YUM

k2
P(nd) = ————=(0).
@(nd) n282+k2<p( )

TakuMm 00pa3oM, pacCMOTpPEeHa KBAaHTOBO-MEXaHUYeCcKas 3a/1a49a O JIBM)KEHUH CBOOOIHON YaCTHIIBI
B TPEXMEPHOM MpOCcTpaHCcTBe JIoGaueBCKOro, MHTEPIPETHPYEMOM KaK paccesHue. 3aaada UCCIeyeTcs
Ha OCHOBE WHTETPAIBLHOTO YpaBHEHMUS, BhIBeeHHOTo U3 ypaBHeHus [llpenmnarepa. Pabora mpomomxa-
er Hadatoe B [1] mccrmenoBaHue, OMHAKO, B OTIIMYME OT HETO, B IAHHOM BAapHAaHTE TIOCIE pa3esieHUs
MEPEMEHHBIX ISl TBUKECHUS BIOJIb OCH CHMMETPHH OpUC(Ephl, COBIAJIAIONICH C OCBIO Z, BBIBOJUTCS
WHTETrpabHOE YpaBHEHUE. YCTAHABIUBACTCS CBSI3b aMIUIUTY bl PACCESIHHS C aHATUTUYCCKUMH (PyHK-
nusMu. PaccMoTpeHsl 1Ba MeTo/1a pellIeHn s BEIBEAEHHOTO YPaBHEHUS: METO/ [TOCIEI0BATENbHBIX MTPH-
ONMMKEHUH W KOHEYHO-Pa3HOCTHBIN MeTo. [IpeanaraeMplil moaxo/ MiIaHUPyeTCsl UCTIONB30BaTh B (Hu-
3MKE YaCTHUI[ U1 KOCMOJIOTHH.
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