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CKPBITASI CUMMETPHS 16D OCHUJLISATOPA
N ETO 9D KYJIOHOBCKOI'O AHAJIOTA

AnHoTtanms. [Ipencrasiena kBagpatuyHas anredpa Xana QH(3) kak anredpa CKpbITOH CUMMETPHUH [IJIs1 OIPEIeSICHHO-
ro Kj1acca TOYHO PEeIlaeMbIX MOTEHINAIOB, 0000MIAIOINX COOTBETCTBEHHO 16D OCLMIIIATOP U €ro MO OTHOLIEHHIO K Ipe-
obpaszoBanuto I'ypsuna 9D kynonosckuit ananor Ha ociose SU(1,1) @ SU(1,1). Obcyxnaercss pa3pelinMocTb ypaBHEHUS
Hlpenunrepa mis 9THX 3aja4 METOJOM pa3ieieHUs MEPEMEHHBIX B CHEepPUUIECKUX U MapabOoIMYecKuX (IIMINHAPHUSCKIX)
koopauHaTax. [lokazaHo, 4To K0P PUIIMEHTH NEPEKPHITHS MEX/y BOJHOBBIMU (DYHKIUSIMHU B 3THX KOOPJMHATAX COBIAJa-
10T ¢ kKoappunuentamu Knebma — lNoprana st SU(1,1) anre0psr.

KuaroueBsle cioBa: kBajparndnas anredpa Xana QH(3), 9D kynornoBckas cuctema, 16D rapMoHnYecKnil OCIHUILISTOD,
npeobpasoBanue ['ypuna, ckpsitas cummerpust, SU(1,1) ® SU(1,1)
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HIDDEN SYMMETRY OF THE 16D OSCILLATOR AND ITS 9D COULOMB ANALOGUE

Abstract. We present the quadratic Hahn algebra OQH(3) as an algebra of the hidden symmetry for a certain class of exactly
solvable potentials, generalizing the 16D oscillator and its 9D coulomb analogue to the generalized version of the Hurwitz
transformation based on SU(1,1) @ SU(1,1). The solvability of the Schrodinger equation of these problems by the variables
separation method are discussed in spherical and parabolic (cylindrical) coordinates. The overlap coefficients between wave
functions in these coordinates are shown to coincide with the Clebsch — Gordan coefficients for the SU(1,1) algebra.
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Beenenue. OcuuiiATop M KyJIOHOBCKAsi CUCTEMA SIBJISIIOTCS IEPBBIMU SIPKUMH MPEICTaBUTEISIMU
TOYHO PELIaeMbIX MOAEJIEH, KOTOPBIE IIO3BOJIIOT CTPOUTH HA MX OCHOBE Pa3IMYHbIE IPUOINKEHHbIE Me-
TOJbI WJIX YTOUHSAThH I'PaHUIIBI IPUMEHUMOCTH HOBBIX. OKa3aJioCh, 4TO B OIIPECIICHHBIX PA3MEPHOCTSIX
CBOUX TMPOCTPAHCTB JaHHBIC MOJETHU SBISIIOTCS AyaTbHBIMHU uepe3 mpeobpaszosanue ['ypeuma [1-2].
B HOopMupoBaHHBIX anredpax ¢ AeleHueM 00CyKaaeMble B HacTOsIIeH pabore 16-MepHBIN TapMOHUYe-
CKMI OCHUIUIATOP U 9-MepHas KyJIOHOBCKas CUCTEMa OTPa)KaloT MOCIEIHUN BOZMOKHBIN BapHaHT pe-
anusamuu npeobpasosanuu I'ypeuna R'® — R’ (paccnoenne Xondpa S — S*). B nukie pa6or [3-8]
TIIATENBHO MPOpadOTaHbl MHOTHE BOIPOCHI TIOCJIEAHEr0 cliydast pacciaoeHus: Xomda, HO TOJIBKO AJis
H30TPOIHOTO OCUMIIISITOPA.

C npyroii CTOpOHBI, OCHMJIIISITOP U KYJIOHOBCKAs CHCTEMa UMEIOT PEILICHUE B Pa3IMYHBIX CHCTEMax
KOOPIMHAT, YTO OTPa)KaeT HAJIMYUE ONPEAETICHHBIX OEepaTopoB CUMMETpUU. HacTo gaHHbIE oneparo-
pbl popMupyIOT CBOIO airedpy Tak Ha3bIBA€MOM CKPBITON CUMMETpPHUH. |15 cHCTEeMaTHYeCKOro Mouc-
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Ka TaKMX ONepaTopoB ObLIN HUCIOJIB30BAHBI pa3iudHble oaxoabl [9-21]. B yacTHOCTH, HOBBIN OOLIMIA
noaxon k cucremam, obnamaromum SU(L1) @ SU(1,1) auHamMudeckoit cuMMeTpueH, ObLI MPEIIIOKEeH
B [22]. ABTOp yKa3aHHOH padoTsl A. C. JKegaHoB Takke pacCMOTpeNl KOHKPETHYIO peau3aiuio Ipe-
JIOKEHHON a0CTPaKTHOW CXEMBI IJIs CIACAYIOINX TPEXMEPHBIX KOJIbLEOOpa3HbIX MOTEHLUATIOB: 0000-
IIEHHOT'O KyJIOHA

H,=H,-Z+— q _ 4 )
r r (I+cos®) r°(1-cos0)
nu OCHI/IHHSITOpa
0)21"2 g g
Hy=H,+——+—5 52 ®)

2 x> +y: oz

2

p

roe H, = 7 €CTh TaMUJIETOHUAH CBOOOHOTO JIBUKEHUS.

Lenbto HacTosmel paboTsl sBngercs o0oOmenue pesynsratoB A. C. XKenanosa [22] Ha ciayuait
MPOCTPAHCTB pa3MepHOCTH 16 U 9 ISt TApMOHUYECKOT'O OCIUIUISITOPA U KYJTOHOBCKOH CHCTEMBI COOT-
BETCTBEHHO.

Taxxe OTMETHM, YTO €CTh TpaHc(hopManus BHIIIIEYKa3aHHOTO MOIX0/1a HA MHOTOMEPHBIN CITydaid
B paMKax TeH30pHOro mpoussenerus SU(1,1) nnm craBiero MOZHBIM B TIOCIIEHEE BPEMSI KOMMYTaHT-
HOTO TIOAXO0/1a B CMBICIIE TBOHCTBEHHOCTH X0y [23-27].

Cratbst OpraHu30BaHa CIeIyIOmMHUM 00pa3oMm. B pasmene 1 HamoMuHAETCS MPABUIIO CIOKECHUS ajl-
reop SU(1,1) u npoOsieMa CKpbITOW CHUMMETPHUH JJIsl CUCTEM, 00JIaatolIiX TaKOH JMHAMUYECKON CHM-
MeTpHel B cooTBeTCTBUU C [22]. B pa3aenax 2 u 3 gaeTcst KOHKpETHasl peaju3anusl BhIIICYTIOMSHY-
TOW aOCTPaKTHOM CXEMbI OJHOTHITHOW CKPBITOM CHMMETPHH B paMKax anreOpbl XaHa, MPUBOJSIIAS
K OIPEJEIEHHOMY KJIACCY TOUHO PEIIaeMbIX MOTEHI[MAaJI0B COOTBETCTBEHHO AJIsl 16-MEpHOT0 OCIIUILIIS-
TOpa U 9-MepHOIl KyJIOHOBCKOW CUCTEMBI. B 3aKkiIt04eHNH MPUBEAECHO KPAaTKOE U3JI0KEHUE PE3yJIbTaTOB
1 BO3MOXXHBIX TIEPCIIEKTHB.

1. AGcTpakTHasi TUHAMHYecKasi cucTema, cBs3anHas ¢ SU(1,1)® SU(1,1). B navane 3T0-
ro pasaena KpaTKo HAaIlOMHHM OCHOBHBEIE ocoOeHHOCTH anreOpsl JIm SU(1,1). OHa mMmeeT omnepaTtopsl
Jy»J,,J_, KOTOpBIE MOAUUHSIOTCA CIEIYOUMM KOMMYTallHOHHBIM COOTHOUIEHHSIM:

[Jo.J. =205 [J..J,]=2J, ©))
a ee onepartop Kazumupa onpenensercs Tak:
O=J;-J.J_ —-J,=rMA-1). @)
JI71st TIpeaCTaBIeHNUS TIONOKUTENBHOM TUCKPETHOH cepuu D' 3Toit anreGpsl MeeM
Jo|nA)=(n+1)|n,1);
J_|m\) = Jn(n+2=1)|n-1,1);
J,|mA) = Jn+D(n+20) [n+1,1), Q)

rae A > 0 — mapameTp npeacrasiaenus; n=0,1,2... .
Tenepb paccMOTpPUM CIIOKEHHE JIBYX HENpHUBOAUMBIX mpeactaBieHuid SU(1,1), niug KoTopeIX Ha-
yasipHble onepatopsl Kasumupa npunumarot snadenus QP = (A =1), B=1,2, u3anuuem

J =0 g, I =0+ I 6)

v 2 v
C CymepHHIeKcoM, 0003HAYAIONINM, Ha KaKoil u3 Byx daktopos B SU(1,1)®* onepatop meiicTByerT.
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HetpynHo yOennThesl, 4TO HOBbIE ONEpaTOphl (6) TakKe yAOBIETBOPSIOT KOMMYTAI[HOHHBIM COOT-
HouteHusM (3). CBsi3HBIIH 6a3uc |n12,l12> OIpeAenAeTCs TakK:

J(()m |n12,7\.12> =(n, + 7\'12)|n1277‘12>;
Q(m |n12,7\.12> =, (A, - 1)|n12>7¥12>- (7

Tpu pasnosxennn ko3dduuunents Knebma — Fopmana (KKT) C!, . 3anuceiBarotcs B Bujie

n=N
; — Jha
|]’;\'12> - z Cn,}»l;N—n,Xz
n=0

nA ) ®|N —n,k,), ®)

rie A, =A,+A,+p; N=j+p;p=0,12.... SBuoe Boipaxenue miga KKI' B TepMuHax monuHOMOB
XaHa MOXHO HalTH B padore [22]:

-n —p 2A 420, +p-1
2 ;1. )

C/le =hw .F
-N 2M,

n,A;N-n,L, n''p3

OueBu THO, uTO ramunbronnan H =J{'> ob6nanaet nunamuueckoit cummetpueit SU(1,1) @ SU(1,1),
U €r0 CIeKTP €=1, + 1, + A, + A, BBIPOXKJICH. DTO 03HAYAET, YTO CYIIECTBYIOT HHTETPAJIbI JIBIKCHUS,
KoMMyTHpYIonie ¢ H. TpUBHANBHBIA MPUMEp TAaKUX WHTETPATOB JJISI BO3MOXKHBIX KOMOWHAIIMN W3
HauanbHbIX onepatopos (J,J7,J8, JP) MOKHO IPEemTOKUTh Cleay o1

K, =J" - J; (10)
K,=0"=0"+0% +2J"JP —JOJ> - gOJ. (11)

CKpBITas CHMMETpHs Halero raMuisTonuana H =J{'” o3HauaeT cymecTBOBaHHE HEKOTOPOH all-
reOpsl, cocTaBleHHON u3 uHTerpanoB K, K,. CornacHo pabore [22] Takas anreOpa sBIseTCs KBajapa-
TUYHOH anreOpoit Xana QH(3) mpu KOMMYTaIllHOHHBIX COOTHOIICHHUSX

[K,[K,.K,]|=2K,K K, - K;K, - K K} =2(K K, + K,K,) +4e(Q" - 0?); (12)

[[K1 K, 1K, ] =2K,K,K, - KK, - K,K} =-2K —4K, +2&" + 40" + 0?). 13)

Takum oOpa3om, nuaroHanau3anus oneparopa K; COOTBETCTBYET, C OJHON CTOPOHBI, BBIOOPY HECBSI-
3aHHOTO Oasmca |nl,ll>®|n2,k2> B npoctpancTee npsmoit cymmnbr SU(1,1) @ SU(1,1), a ¢ apyroit —
K pa3/eJIEHUIO NIEPEMEHHBIX B HUIMHAPUUECKUX KOOPAMHATaX. AHAJOIMYHO JHaroHaJIM3anus onepa-
Topa K, COOTBETCTBYET, C OJHOI CTOPOHBI, BBIOOPY CBA3HOrO Oasuca |n12,klz> B IIPOCTPAHCTBE MPSIMOI
cymmel SU(1,1) @ SU(L,1), a ¢ npyroit — 11 pa3zaeneHus NEpeMEHHbBIX B CPEPUUESCKUX KOOPAHHATAX.
[lepexpbiTus Mex1y COOCTBEHHBIMU COCTOSHUSIMH onepatopoB K, v K, (W11 BOJIHOBBIMH (DyHKLIHSMH
B 9THX CHCTEMax KOOpIWHAT) MOTYyT ObITh 3anmucanbl B TepmuHax KKI' mns SU(1,1) nunu noamHOMOB
Xana (7).

2. 16-MepubIii ociiuaaaTOp. B Havane sToro pasaena OyaemM paccMaTpuBaTh MOAETb CHHTYJISIPHO-
r'0 OCIHILIATOpPA s TF06Oro 3HAYCH s pasMepHocTH N mpoctpancTsa R

A 1 ¢ o o
HD(X)=|-— +—x,x, + O=E“D=4ZD
20x,0x, 2 XX,
1501071
N rw  C o e
H,®(%) = {H(; + }D =[ Ay v () o =4z0, (14)
XX

TJIC TIO TTape TMOBTOPSFOIIIMXCS WHIIEKCOB & BEACTCS CYMMUpOBaHue OT 1 10 V.
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Baenem BMecTO JIeKapTOBBIX KOOPAUHAT (X,_; v )= (X,X,,...,Xy) B HPOCTPAHCTBE R" runepcdepn-
4eckne KoopauHaTsl — (¢, v 1)) =(¢,,9,,...,¢, ) — runepchepuyeckue yrisl, r-runeppaguyc:
Xy =7rcos(dy,);

Xy_p =rsin(§y_)cos(d,_,);

(15)
x, =rsin(¢y_;)sin(y_,)...sin(¢,)cos(¢,);
x =rsin(¢,_,)sin(dy_,)...sin(¢,)sin(¢,).

Hcnons3ys anzany, @(x)=D(r,9,,0,,...,05,) = R(r)Q($), ypaBuenue lllpennnrepa ans Hamei
MoJiesid N-MEpHOT0 CHHTYJISIpHOTO ocumuiigaTopa (14) MOKHO mepenucarh B TEPMUHAX €0 OTIAENbHBIX
ypaBHEHUH JIsl TUTIEppainyca #* ¥ YTIOBBIX IEPEMEHHBIX ¢ CIETYIOINUM 00pa3oM:

{ lel i(ﬂ‘ —j+(2E"" _otry-L tzc}a(r):o; (16)
' or or r
[132 - P]Q(q)) =0, (17)

rne P=L(L+ N—2) — KOHCTaHTa pa3/JelieHUs U TaKKe COOCTBEHHOE 3HAUCHHE orepaTopa KBajpara
orepaTopa OpOUTAIBLHOTO YTIIOBOTO MOMEHTA KOJIMYECTBA JBUKCHHS HIIH BPAIICHUS I (17).

®dukcanusa KBaHTOBOI'O yKcia L MO3BOJISIET CBECTH 3a7auy K OAHOMEPHOWU. DTO, B CBOIO OYEpEllb,
03HauaeT, 4To (AKTHYECKH CHMMETpPHs 3aJaud IIOJIHOCTBHIO OIPEAEINSIeTCS PaJHabHON YacThIO
unu ypasHeHueM (16). Takum oOpa3om, €ro pelieHrne WJIM BOJIHOBasS (YHKIHUS ISl HAIIEH MOJIEIH
N-MEpHOT0 CHHTYJISIPHOT'O OCHHJLIIATOPA OyA€T UMETh CIEAYIOIIHIA BHI:

(1)}”2

O(X) =R, (NAY=C,r'e * |F, [—n;L + %;Wz )9(4», (18)
rne L'(L'+ N—-2)=L(L+ N —2)+2c, adHepreTHYECKUH CIEKTP OMPEACITNUTCS BRIPAKECHIEM
E’ =20 n+£+ﬁ . (19)
2 4

Tenepr mepeBeneM Bce Ha s3bIK omeparopoB SU(1,1) n gaauM CIeAYIOMYI0 X peaTu3aluio s
JI060r0 3HaYeHHs pasMepHocTH N mpocTpaHcTa R :

1 2 2
JO: _ a +(D—xkxk+— 5 legxkxk_-]();
4o Ox,0x, 4 20x,x, 2
i & N . N(N-4) c¢-I?
J,==|x,—+—|; J,=J +i),; = + . 20
2 2["axk 2} c=Sixi 0 16 2 20)

HeTpynHo 3aMeTUTh, 4TO, BEIOMpAsi B KaueCTBE raMHJIBTOHHAHA ﬁo omnepaTop 2m.J,, MBI I10JIy4aeM
BBIILIEPACCMOTPEHHYIO MOJIENIb CUHTYJISIPHOT'O OCLHMIUISTOPA, KOTOpast 00001aeT MoJeb H30TPOIHOTO
ocumiATopa [3]. Ormerum, uto npu N =1 u N = 2 BOCIpOU3BOJUM pPE3YJIBTAT, IPEACTABICHHBIN B [22].

OnHako MpH UCHONB30BAHNH OIIPEeNICHHOT0 3HaYeHus oneparopa Kasumupa Q daxtuuecku npo-
UCXOANUT (UKCAMsi KBAHTOBOrO 4yHcia L A yII0BOH YacTH, YTO MO3BOJSET CBECTH 3a/ady K OIHO-
MmepHoi. [loaToMy 1151 paananbHOi YacTH NOCIIE BBIIIOIHEHNS KaJIMOPOBOYHOI0 Ipeo0pa3oBaHus
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(mst ycTpaHeHUS YiIeHa ¢ TPOU3BOIHOM 10 paanualibHON mepeMeHHoH ) orepatopsl SU(1,1) mpeodpasy-
IOTCS K CIEAYIOIEMY BHY:

5 1 2 ~ ~ ~
J, = _—8—2+9r2+i2 s Jo=J 2y
4o or- 4 20r B

o1y

_z
Il
e
~N
(3]
|
=
Rl
|
[ ~.
—
~
|
+
| —
L

rie

_AL(L+N-2)+8c+(N-D(N-3)
n .

CormacHO TpenpIayIeMy pas3fielry, s TOTO YTOoObI KBajapaTudHas anreOpa Xanma QH(3) Oplia
CKpBITOW anreOpoil CHMMETPHH, JIOJKHBI OBITh BBITIONIHEHBI J[BA YCIOBHUS. BO-TIEpBBIX, Pe3yIbTUPY-
IONIMI TaMUJIBTOHHAH JIOJDKEH OBITh CYMMOM JIByX HCXOMHBIX. BO-BTOPBIX, Ka)IbIi U3 UCXOIHBIX I'a-
MUJIBTOHUAHOB JOJIKEeH uMeTh cummetputo SU(1,1).

Takum 00pa3oM, BeIlICONMCAaHHAS peanu3aius onepaTopoB SU(1,1) st m000ro 3HaUSHUS pa3mep-
Hoctu N npocTpancTBa R” 1103BONAET NPENCTaBATE pesynLTpr}omHH raMHJIbTOHUAH H B IIPOCTpaH-
ctBe R"™'® pasmepnoctd N = 16 B BuE CyMMBI JBYX HCXOIHBIX Hﬁ, B=1,2, xaxaplii U3 KOTOPBIX
nMeeT uckoMyto anredpy cummerpun SU(1,1) B panuaibHOM EPEMEHHOM 7 A1 CBOETO 3HAYCHUS pas3-
MEpHOCTH N IPOCTPAHCTBA R™. Tak kaK BO3MOXHbIC HEIKBUBAJICHTHBIC 3HAUCHHUS Pa3OMEHUs YMCIIa
N = 16 Ha nonoxurenpubie yucna N;, N, (1. e. N=16= N, + N, ) U3BeCTHBI — BCETO § nap:

(N, =1,N,=15),(N,=2,N,=14), (N, =3, N,=13), (N, =4, N, = 12),
(N, =5, Ny = 11), (N, = 6, Ny = 10), (N, = 7, N, = 9), (N, = 8, N, = 8)
uma (N, = s,N, = 16 — s), rae s = 1,8, To moiry4aeM OZHOTHIIHYIO CKPBITYIO CHMMETPHUIO B paMKax KBa-
JIpaTHIHOM anreOpsl XaHa i1 16-MepHOT0 IPOCTPAHCTBA B paMKax ONpeAesIeHHOTo Kiiacca (8 BapruaH-

TOB) TOYHO PEIIAEMBIX MOTEHIUAJIOB CHUHIYJISAPHOTO OCLMJUIATOPA CBOETO MPOCTPAHCTBA COOTBET-
CTBEHHO pa3MepHOCTH N| U N,:

H,®=(H, +H,)®=20[J +J |®=

1 & o’ ¢
=20 —— +—xx +—— D+
4o ox,0x, 4 20x,x,
2 2
10| -2 0 + 2 xx +—2 |0 (22)

do Ox;0x, 4 T ex x|

rJie euie pa3 oopaTM BHUMaHUE, YTO 110 Mape TMOBTOPSIIOMIUXCS HHIECKCOB i 110 IEKaPTOBBIM KOOP/AHHA-
TaM (x,_, y ) = (X;,..., Xy ) B IEPBOM TaMUIBTOHHAHE BEACTCS CyMMHpPOBaHHe OT 1 110 N; B IPOCTpaHCTBE
R™ 110 mape MOBTOPSIIOIIMXCS HHICKCOB j 1O IEKAPTOBBIM KOOPIHHATAM (X, vs116) = (Xy 150005 %) BO
BTOPOM raMUJIBTOHUAHE BeleTcsl cymmuposanue ot N, + 1 1o N = 16 B mpocTpaHcTBe R" . HanomunwM,
9T0 (X,_116) = (X}, X;5. .., X4 ) — AEKAPTOBEI KOOPIMHATEI B TPOCTPAHCTBE R'.

Ecnu Bce mepenucaTh TOJNBKO JIJIsl paIiaIbHON YaCcTH, TO Mbl (PaKTUYECKH MOJTy4aeM raMUIbTOHHU-
aH CHHTYJISIPHOTO OCHUJUISITOPA B IBYX U3MEPEHUSIX:
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2 2
_1 —(a—+— +0)2(r12+r22)+%+% , (23)

TIe

(NB _l)(NB _3)

2gy =Ly (Ly+ Ny —2)+ .

, B=12,
¥ He 3a0bIBaeM, YTO KaXIOMY H3MEPCHHUIO 3 COOTBETCTBYET €r0 Ny-MEPHBIH THIICPPAHYC 7.

B 3akirouenne yTOYHWM, UTO MMapaMETPhl COOTBETCTBYIOIICH KBaApaTHIHONW anreOpsl XaHa Kak
anre6psl ckpoiToit cummeTpun ((12)—(13)) HETpyaHO B KaXKI0M KOHKPETHOM BapHaHTE HAWTH 110 (op-
mynam (19)—(20). Taxke moguepKHEM, YTO OTpaHUYEHNE B PAa3MEPHOCTH MPOCTPAHCTBA YUCIOM 16 Ha-
KJIaJIBIBAET TOJBKO IENIb JAHHOW pabOTHI, XOTs 00001IeHIe 715 JIF000T0 3HaUeHUs N UMEeeT MeCTO.

3. 9D KyJIOHOBCKHIi aHAJIOT 10 OTHOIIEHUIO K NMpeodpa3oBanuio I'ypeuna nas 16D ocumiis-
topa. Cornacuo [3] npeo6paszosanue I'ypsuna R'® — R’ koTopoe cBA3bIBAaET ONMpeeNeHHBIM 00pa-
30M 9D mpoctpancTBo R’ 1exapToBbIX KoopauHart ( ( Vue19) = (V15 V55-4,¥ ) ) € 16D mpocrpancTBoM R'
JIEKapTOBBIX KOOPAMHAT (X,_; 16) = (M, 5,8,15) = (Myse--5Mg> &y, &g ) MOIKHO 3aMCATE CIEAYIOUMM 00-
pazom:

Yu - 2(Fp )stnsét’ Yo = (ntnt - E.:tat )7 (24)

T/Ie SBHBIN BUJ MaTPHI] l“}1 naH B [3].

[locne mpumeneHusi npeoOpazoBanusi ['ypBuma (24) Kk ypaBHeHHIO 16-MEpHOTO H30TPOITHOTO
rapMoHH4eckoro ocumistopa (popmyna (14) mpu N = 16 u ¢ = 0 unu B [3]) momy4aeMm ypaBHEHHE
peaunrepa ans 9-MepHOH KyI0HOBCKOM 3a1a4uu B SO(8) MOHOMOIBEHOM T0JI€ (Tak Ha3biBaemas MICZ-
Kemnnepa npoGiiema) B aTOMHBIX euHUTAX (m =e = h = 1) [6-8]:

A JS-r Z

HO=-—+"——= _Z |O=EO, (25)
2 4r(r+y,) r

rae J=L+ Q — OIICPAaTOPhI MTOJIHOTI'O, Op6PITaJ'ILHOFO " U30CIHMHOBOI'O YIJIOBOI'O MOMCHTA KOJIMYCCTBA

JnBUxKeHus; A — oneparop Jlamiaca — beapsTpaMu B 1I€BATUMEPHOM MTPOCTPAHCTBE R’
2

®

OtmeruM, 9To B ypaBHeHUsX (14) u (25) ponu E =—— wu Z nomensunck. [lepemennsie £ u Z
CTaHOBSITCSI OTPULATEILHBIM YUCIIOM, KOTOPOE 0003HaYaeT COOTBETCTBEHHO YHEPTHUIO CBSI3aHHBIX CO-
CTOSIHUH, U MapaMeTpoM, OMPEEIISIONINM 3HaUCHUE «3apsifia» B KYJIOHOBCKOM MoTeHIuajne. FiMeHHO
noaromy 9D KyJOHOBCKas CUCTEMa paccMaTpuBaeTcsd Kak aHajior 16D ocruiuisiTopa Mo OTHOIIEHHUIO
K mpeobpazosanuio ['ypsuua.

Beenem napabonuueckue KOOpAUHATHI HA cepe S; B COOTBETCTBUHU ¢ paboTamu [7—8]:

u—v

J’9:2;

¥y =~uv cos(,);

(26)

¥, =~uvsin(9,)....sin(9, ) cos(9, );
¥, =uvsin(Q,)...sin(9,)sin(, );

u-+v
=
2

b
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I71e ICBATH ), — ICKApTOBBI KOOPAMHATHI B rUNEPIIapadoInyecKuX KOOpAHHATAX: (¢ ) = (Pg, Dy,..., 0 ) —
runeprapaboInuecKue yribl 1 napaboanueckue KOOPJHHATHI U, V ¢ 00JacThI0 3HaueHui oT 0 10 .
VY4uTBIBast 3TH ONpEAEICHUS, MBI ITOJy4aeM MOJIe3HbIE OTHOLICHUSI:

r=y»y =nn,+&&; y,>Mmmn, -&%);

2nxns=r+y95u; 2(26‘&5,:1"—)/95\/. (27)

Celiuac CTAHOBUTCSI YMECTHBIM HAIlOMHUTB, YTO pPaHEe MOJENIb C MOTCHLHAJIOM I'apMOHHYE-
CKOro ocumjiaTopa ¥ (x,x,) HaMu ObuIa 0000IIEHA O MOAENH C MOTEHIUAIOM CHHIYJISPHOIO OC-
miaropa Ve (x,x,) =V (x,x,)+V (x,x,) WIM, APYTMMH CIOBaMH, IpH aJJUTHBHOH J00aBKe
A= V,ﬁl (xx,)+ V]\Z (x,Xx;) K TaMHJIBTOHHAHy oCLUUILIATOpa (14) momy4uM alAUTHBHELA wieH A/r B ra-
MUJIBTOHMAHE KYJOHOBCKOM CHUCTEeMBI mocie npeobpazosanus ['ypeuna (25). Hanbonee mpocTo 310
YBUJIETH, BBITIOJIHUB 3aMeny Z — Z — A B ¢opmyinax (14), (25). M3 Bcex BapuaHTOB pacuieruieHust 16D
npocrpanctea RY™'® ma monnpocrpanctea R" u RY (N =16=N, + N,), KOTOpOe ONpENeseT SB-
HBI{ BHJI CHHIYJISIPHBIX 4ICHOB Vy (x,X,), Vy (X;X;) B rumepnapaboin4eckux KoOpAMHaraX, Hanbo-
Jiee UJIeaIbHBIM 3/I€Ch BBITVIAMT CHMMETPHYHBIH BapuaHT N, = N, =8. B HeM cOrnacHoO MOCIeIHUM
JBYM COOTHOIIEHUSIM B (27), a Tak)ke paHee MOJIyUYEHHBIM PE3yJIbTaTaM B MaJOpa3MEpHBIX paccioe-
Huax Xorda [28—32] anauTUBHBIN wieH A/r GyHKITMOHAIBHO MO00CH BTOPOMY WIECHY B (25) 1 mMeeT
CIEAYIOIINI BUI:

A:ll:Vc (xx )+Vc (x X ):I =l C] + cz :l 201 " 202 _ 4 ﬁ+c_2
N =8 XXy N,=8\ XX, ) | = _ - ’
ror rinmn, ¢&¢g, rlr+y, r—=y, u+viu v

Omneparop Jlamnaca — benprpamu A B runepnapaboInyecKux KOOpAUHATAX UMEET BH/I
2
N T AT S RN
u+v|u ou ou v’ Ov ov uv

Uro0b! pa3ienuTs IepeMeHHbIe, BOTHOBAs (PyHKITUS TENeph BRIOMPAETCS CIACTYIONINM 00pa3oM:

D, V) = 1V, 9g50-+ P> 9o -5 9 ) = U @)V (V). 9).

Takum o6pasom, ypaBHenue Llpenunrepa Haeil ysxe 0600menHoit MICZ-kemyiepoBCKOi CHCTEMBI
B rumnepnapadoiInyecKux KOOpANHATaX MOXKHO NEpenncarb B TepMUHAX pa3[e/ICHHbIX YpaBHEHUH Iie-
PEMEHHBIX U, V U YTIOBBIX MIEPEMEHHBIX (O, ¢'):

[%i(u4ij_J(J+6)+4cl+Z+Eu_T U =0; 28)
u> Ou Ou u 2
{%i(v4i)_L(L+6)+4c2+Z+Ev+T_V(V):O; 9
v ov\ Ov v 2 |
[ ]2 = +6)|Q6,)=0; (30)
[ 22 = L(L+6) |0(4,9) =0, 31)

rne 7 — mocTosTHHAs pa3JielieHu ], G B=1,2 — KOHCTaHTHI B HAIIUX AJAUTUBHBIX JOOaBKaX VJ\‘,'1 (x,x,)
c
u Vy (x;x;), T. €. MapaMeTpsl NOTCHIHAA CHHIYISIPHOTO OCLHILIATOPA (22).
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Permenust (28) u (29) 3aar0Tcst runepreoMeTpUIeCKUMHU TOJTUHOMAMU:
JZEu
U, )=C, 0" = | F(=n;4+J W-2Eu);

3E
V) =Cov* e 2 F(=m34+ L'N=2EV),

rae J'(J'+6)=J(J+6)+4c; L'(L'+6)=L(L+6)+4c,.

JpyrumMu ciioBaMu, Mbl HMEEM aHAJOTMYHYEO CUTYAIUIO 110 CKPBITOM CHMMETPUH KaK IIPH PaccMo-
TPEHUU MOJICNIA CHHTYIISIPHOTO OCIUJUISTOpPA B MPEABIAYIIEM pa3jelie: Ipu (puKcay KBaHTOBBIX YH-
cen J, L yriosoit yactu (ypaBaenus (30)—(31)), 3a1a4a cTaHOBUTCS OTHOMEPHOU. MICXOMHBIN TaMHITBTO-
HUAH MOXHO MPEJICTABUTH B BUJIC CyMMBI JIBYX MOYTH HUJACHTUYHBIX C TOYHOCTBIO JI0 MePeOOO3HAUCH I
TaMUJIBTOHHAHOB B Mapa0OIWYeCKUX KOOPAMHATAX U, V COOTBETCTBEHHO (ypaBHeHUd (28)—(29)) n um
OyZIeT OnpeAensAThCS CKPhITas CAMMETPUS 3a7a9H.

Jns manHOTO 000CHOBAHUS MPEJCTABUM CIEAYIONTYI0 peanusaruto omneparopos SU(1,1):

1|1 0(.0) g

Jy=—| ——| z, —
0 2y zg 0z, b 0z, Zg

E
+EZB s Ji=vz =y

Jy=ilz-2v2 ) g =g 5, (32)

Zp

e g, =J(J+6)+4c; g, =L(L+6)+4c,; E=-2y; z,=u; z,=v; B=12.

Takum 00pa3om, BeIETpUBEACHHBIC (HOPMYITHI (32) TIO3BOJISIOT MPEACTABUTD UCXOMHBIA TaMUITb-
ToHHaH 9-MepHOU 0600meHHo MICZ-kermiepoBoil CUCTEMbI B BUJE CYMMBI JABYX T'aMHJIETOHUAHOB
B MapaboJInYecKUX KOOPANHATAX U, V, KaXIbIi U3 KOTOPBIX BBIPAXKaeTCsl 4epe3 onepaTop J, 1 COOTBET-
CTBEHHO MMeeT UCcKoMYo anredpy cummerpun SU(1,1). YriioBast yacth GUKCUPYETCsi CBOUMHU XOPOILIO
M3BECTHBIMH KBAHTOBBIMU YHCIIAMHU.

3akouenue. [IpencraBnena kBagparnyHas anredpa Xana QH(3) kak anreOpa CKpbITOH cHMMe-
TPHH AJIS ONPEIEIICHHOr0 KJlacca TOYHO PelIaeMbIX IOTEHIIHAI0B, 0000MIalonIX COOTBETCTBEHHO 16D
OCLMIUIATOP U ero 9D KyJOHOBCKMH aHaJIOr MO OTHOLICHHIO K ImpeoOpa3zoBaHuio ['ypBuIla Ha OCHO-
Be SU(L1)® SU(1,1). Obcyxnaetcs paspemmumocts ypaBHeHus lllpeauHrepa miist 3TUX 3a1a4 MeTO-
JIOM pa3JIeNIeHusI TIEPEMEHHBIX B C(epHUECKUX U MapaboNnyYecKuX (MUIUHIPUUECKUX) KOOPIMHATAX.
IToka3zano, 4To K03 GUIHEHTH HEPEKPBITUS MEKY BOJIHOBBIMHU (DyHKLIHUSIMH B 3TUX KOOPAMHATAX CO-
BIamaroT ¢ koddurmentamu Knedma — I'opmana ms SU(1,1) anreOpsrl.
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