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ON ONE GENERALIZATION OF THE HERMITE QUADRATURE FORMULA

Abstract. In this paper we propose a new approach to the construction of quadrature formulas of interpolation rational 
type on an interval. In the introduction, a brief analysis of the results on the topic of the research is carried out. Most attention 
is paid to the works of mathematicians of the Belarusian school on approximation theory – Gauss, Lobatto, and Radau quad-
rature formulas with nodes at the zeros of the rational Chebyshev – Markov fractions. Rational fractions on the segment, gen-
eralizing the classical orthogonal Jacobi polynomials with one weight, are defined, and some of their properties are described. 
One of the main results of this paper consists in constructing quadrature formulas with nodes at zeros of the introduced 
rational fractions, calculating their coefficients in an explicit form, and estimating the remainder. This result is preceded by 
some auxiliary statements describing the properties of special rational functions. Classical methods of mathematical analysis, 
approximation theory, and the theory of functions of a complex variable are used for proof. In the conclusion a numerical 
analysis of the efficiency of the constructed quadrature formulas is carried out. Meanwhile, the choice of the parameters on 
which the nodes of the quadrature formulas depend is made in several standard ways. The obtained results can be applied for 
further research of rational quadrature formulas, as well as in numerical analysis. 
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ОБ ОДНОМ ОБОБЩЕНИИ КВАДРАТУРНОЙ ФОРМУЛЫ ЭРМИТА

Аннотация. Целью данной работы является изучение нового подхода к построению квадратурных формул ин-
терполяционно-рационального типа на отрезке. Проведен краткий анализ результатов по теме исследования, где 
основное внимание уделено работам математиков белорусской школы по теории аппроксимации – квадратурным 
формулам Гаусса, Лобатто, Радо с узлами в нулях рациональных дробей Чебышева – Маркова. Определяются рацио-
нальные дроби на отрезке, обобщающие классические ортогональные многочлены Якоби с одним весом, и описы-
ваются некоторые их свойства. Один из основных результатов работы состоит в построении квадратурных формул 
с узлами в нулях введенных рациональных дробей, вычислении их коэффициентов в явном виде, оценке остатка. 
Ему предшествуют некоторые вспомогательные утверждения, описывающие свойства специальных рациональных 
функций. Для доказательства используются классические методы математического анализа, теории приближений 
и теории функций комплексного переменного. Проводится численный анализ эффективности построенных квадра-
турных формул. При этом выбор параметров, от которых зависят узлы квадратурных формул, производится не-
сколькими стандартными способами. Полученные результаты могут быть применены для дальнейшего исследова-
ния рациональных квадратурных формул, а также в численном анализе.
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Introduction. Quadrature formulas based on rational interpolation are an intensively developing 
area of approximation theory. A large series of works are related to such studies (see, for example, [1–3] 
and the corresponding bibliography therein).

In the Belarusian school on the theory of rational approximation, the method of Gauss-type quadra-
ture formulas, based on the interpolation at the zeroes of special algebraic Chebyshev – Markov fractions, 
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has been developed. In 1996 quadrature formulas with nodes at the zeros of rational Chebyshev – Markov 
functions of the first and second kind were constructed (see [4]). Later, in [5], rational functions gener-
alizing the Chebyshev polynomials of the third and fourth kind were introduced, and the correspond-
ing quadrature formulas were constructed. Note that these quadrature formulas are exact for rational 
functions with poles of the second order. Finally, in [6] and [7], Lobatto and Radau quadrature formulas 
related to the extended system of Chebyshev – Markov knots of the second kind were constructed.

V. N. Rusak and his students I. V. Rybachenka and N. V. Grib in 2014–2015 (see [8, 9]) obtained a 
generalization of the quadrature formulas built in [4]. These formulas are exact for rational functions 
with simple poles.

In this paper, we find a generalization of the Gauss-type quadrature formula from [5] related to the 
weight ( ) (1 ) / (1 ).h x x x= − +
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It remains to note that
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where u(x) and v(x) are the polynomials of the degree n – 1 and n – 2, respectively (see [10, p. 271]), and 
use definition (4). Lemma 1 is proved.

Since the function μ2n(x) decreases monotonically over the segment [–1;1], the fraction Qn(x) has n 
simple zeroes on the interval (–1;1):
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Note, that (see (2) and (3))
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R e m a r k  1. The ratio between functions 2sin ( )n xm  and Bernstein rational fractions is well known 
(see [11, p. 49]). The following relation holds
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where 2sin ( )n yΦ  is the Bernstein sine-fraction with zeroes at the points ±yk, 
= (1 ) / (1 ),  = 1,2, , .k k ky x x k n− +   Besides
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where points zk are the roots of the equation 2 (1 ) / (1 ) 0,  Im 0,  1,2,...,2 2.k k ky a a z k n+ + − = > = −  In 
this case, if ap and aq are complex conjugate, then zp and zq are symmetric with respect to the imaginary 
axis. 

Using the definition of Bernstein fractions, it is easy to show that 0 2 1 2( )n nz z z i−= = =
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Now let us get back to the main result of our work. We define, as usual, the fundamental Lagrange 
polynomials
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By Lemma 1, Ak(x) and Bk(x) are rational functions of the form
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where 2 1( )np x−  is an algebraic polynomial of degree at most 2n – 1.
L e m m a  2. For any rational function 2 1( )nr x−  of form (13) the following representation holds

 
2 1 2 1 2 1

1 1
( ) ( ) ( ) ( ) ( ),     .

n n
n n k k n k k

k k
r x r x A x r x B x x− − −

= =
′= + ∈∑ ∑ 

 
(14)

P r o o f. Indeed, it is easy to check that for , = 1,2, , ,k m n  the following equalities hold
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We denote by 2 1( )ns x−  the right-hand side of equality (14). Then using (15) we obtain
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It remains to note that the denominators of the rational functions 2 1( )nr x−  and 2 1( )ns x−  coincide, and 
the numerators are algebraic polynomials of degree at most 2n – 1. Lemma 2 is proved.
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In the last integral we make substitution 2 2(1 ) / (1 ).x y y= − +  Then, taking into account rela-
tion (7), and the facts that
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has no singular points in the upper half-plane and it has infinity as a zero at least of the second order. 
Hence, this integral is equal to zero.

A similar statement is also true for the integral
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Lemma 3 is proved. The next lemma describes some properties of the fundamental Lagrange polyno-
mials (11). 
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Therefore, we obtain
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To calculate the last integral, we use the method proposed in [13]. For this purpose, we consider the 
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Similar reasoning for the integral (2) ( )nJ z  leads to the fact that 
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Now we will integrate over the lower half-plane. We have
2 22 2

(3)
2 2 2 2 2 2

0 0

1 1( ) 2 res 2 lim
( ) ( )

n nj j
n

y zj jy z j j

z y z yy d yJ z i i
z y dy z yy z y z→−=− = =

 − −+ +
= − p = − p =  − −− − 

∏ ∏

2 2 22

2 3
00 0

1 12 lim 2
( )( )( ) ( )

n nnj j j j

y z j jjj jj j

z y z z z yy yzi
z y z yz y z yy z y z→− == =

 − − −+ +
= − p − =  − −− −− − 

∑∏ ∏

2 2 2

2 2
00

1 12 lim 2
( )( )( ) (1 )( )

n nj j j

y z j jj j j

z y z zy yzi
z y z y z yy z y y z→− ==

 − −+ +
= − p − =  − − −− + − 

∑∏

2 22 2

2 2
00

1 1 .
2 ( )( ) (1 )

n nj j j

j jj j j

z y z zi z z
z y z z z zz z z==

 + −p + −
= − −  + + + + 

∑∏

Since the numbers zk, 0,1,...,2 ,k n=  are symmetric with respect to the imaginary axis, we obtain

2 2 2 2

0 00 0
,     .

( )( ) ( )( )

n n n nj j j j j j

j j jj j j j j j j

z y z z z z z z
z y z z z z z z z z z z= == =

+ − − −
= = −

+ − + + − −
∑ ∑∏ ∏

Then, taking into account (20), we get

 

2 22 2(3) (1)
2 2

00

1 1( ) ( ).
2 ( )( ) (1 )

n nj j j
n n

jj j j j

z z z zi z zJ z J z
z z z z z zz z z==

 − −p + −
= + =  − − − + 

∑∏
 

 (22)

Substituting (20), (21), and (22) into (19), we obtain

2 2 22 2

2 2 3
00

1 1 1( ) .
4 ( )( ) (1 )

n nj j j
n

jj j j j

z z z zi z z zJ z
z z z z z zz z z z==

  − −p + − −
= − + −    − − − +  

∑∏

To find integral (18), we pass to the limit

( )

( )
( )

22

,Im 0

22 2 2 22 2

2 3200

1
lim ( )

4

1 1 1 1 .
16 ( )( ) 1

k

k
k n

z y z

n nk j k j jk k k

jj j k j k j kk k k k

y
I J z

i y z y z zy y y
z y z y z yy yy y

→ >

==

+
= =

  p + − −+ − −  = − + −  − − − +   
∑∏

Due to (9) we get

( )
( )

( )

22 2 2 22

2 320

22
2

2
0

1 1 1 1
16 ( )( ) 1

1
.

( )( )16

nk j jk k k
k

j j k j kk k k k

nk j j

j j k j kk

i y z zy y yI
z y z yy yy y

i y z z
z y z yy

=

=

  p + −+ − −  = − + − =  − − +   

p + −
= −

− −

∑

∑



326  Proceedings of the National Academy of Sciences of Belarus. Рhysics and Mathematics series, 2021, vol. 57, no. 3, рр. 319–329

Now we note that, since the parameters zk, 0,1,...,2 ,k n=  are symmetric, the following equality holds

2 2 2

2 2
0 0 0

1 1 2 .
( )( )

n n nj j j

k jj j jj k j k k j k j

z z z
y zz y z y y z y z= = =

 −
= − =  −− − − − 

∑ ∑ ∑

Therefore, using relation (20), we obtain

( )
( )

( )2 22 2
22 2

2 2 22

1 1 ( )4 ( ) ( ) ,     1,2,..., .
16 4 11

k k n kn k n k
k

k k kk

i y i y xx xI k n
y y xi y

 p + p + ll pl = − − = = =
  −+ 

Finally, we substitute the obtained relations into (17) and take into account (6)
21

2 22
2 2

221

(1 ) (1 ) ( ) ( ) 1( ) ( ) ,     1,2,..., .
( )( ) 1

k k n k n k k
k

n kn k k

x x x x xh x l x dx k n
xx x−

− + pl pl −
= = p =

ll −
∫

Lemma 4 is proved.
Let f(x) be an integrable function with respect to weight (6) on the segment [–1;1]. Denote

1
2

1
( ) ( ) ,     1,2,..., ,k kC h x l x dx k n

−
= =∫

and consider the quadrature formula

 

1

11
( ) ( ) ( ) ( ).

n
k k n

k
h x f x dx C f x f

=−
= + ρ∑∫

 
(23)

T h e o r e m. Quadrature formula (23) can be expressed as

 

1

211

1 1( ) ( ) ( ).
1 ( )

n k
k n

n kk

x xf x dx f x f
x x=−

− −
= p + ρ

+ l
∑∫

 
(24)

This quadrature formula is exact for any function of form (13) and for any function f(x) continuous on 
[–1;1] the following estimation of its remainder holds

2 1| ( ) | 2 ( , ),n nf R f a−ρ ≤ p

where 2 1( , )nR f a−  is the best uniform approximation of a function f(x) by rational functions of form (13) 
of order at most 2n – 1.

P r o o f. Let us consider a rational function 2 1( )nr x−  of form (13). According to lemma 2, equality (14) 
holds. We multiply both sides of this equality by weight function h(x) and integrate over segment [–1;1]:

 

1 1 1
2 1 2 1 2 1

1 11 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .

n n
n n k k n k k

k k
h x r x dx r x h x A x dx r x h x B x dx− − −

= =− − −

′= +∑ ∑∫ ∫ ∫
 

(25)

Notice, that due to (12) and (11)
1 1

2

1 1
1 1

2
3

1 1

( )( ) ( ) ( ) 1 ( ) ( )
( )

( ) ( )( ) ( ) ( ) ( ) .
( ( ))

n k
k k k

n k

n k n
k n

kn k

Q xh x A x dx h x x x l x dx
Q x

Q x Q xh x l x dx h x Q x dx
x xQ x

− −

− −

′′ 
= − − = ′ 

′′
= −

−′

∫ ∫

∫ ∫

Using the fact, that ( ) 0,   1,2,..., ,n kQ x k n= =  lemmas 1 and 3, we get
1

1

( )( ) ( ) 0,     1,2,..., .n
n

k

Q xh x Q x dx k n
x x−

= =
−∫
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It means
1 1

2

1 1
( ) ( ) ( ) ( ) .k kh x A x dx h x l x dx

− −
=∫ ∫

Similar reason leads to the fact that
1

1
( ) ( ) 0,     1,2,..., .kh x B x dx k n

−
= =∫

Therefore, taking into account equality (25) and the result of lemma 4, we have

1 1
2

2 1 2 1
11 1

( ) ( ) ( ) ( ) ( ).
n

n k k n k
k

h x r x dx h x l x dx C r x− −
=− −

= = ∑∫ ∫

Thus, the exactness of formula (23) on rational functions of form (13) is proved. If 2 1( ) 1nr x− ≡  in the last 
equality, then

 

1

1 1
( ) .

n
k

k
C h x dx

= −
= = p∑ ∫

 
(26)

Now let ( ) [ 1,1]f x C∈ −  and *
2 1( )nr x−  be a rational function of the best uniform approximation of the 

function f(x) by functions of form (13). Then, taking into account equality (26) and the positiveness of 
the coefficients Ck, 1,2,..., ,k n=  we obtain the estimation

1 1
*
2 1

11 1

*
2 1 2 1

1

| ( ) | ( ) ( ) ( ) ( ) | ( ) ( ) |

| ( ) ( ) | 2 ( , ).

n
n k k n

k

n
k k n k n

k

f h x f x dx C f x h x f x r x dx

C f x r x R f a

−
=− −

− −
=

ρ = − ≤ − +

+ − ≤ p

∑∫ ∫

∑

This concludes the proof of theorem 1.
R e m a r k  2. If in formula (24) 0,  0,1,...,2 ,ka k n= =  taking into account definition (3) we obtain the 

classical polynomial-type quadrature formula (see [14, p. 618]). It is natural to call it a Hermite quadra-
ture formula.

E x a m p l e. It is interesting to illustrate numerically the application of the obtained quadrature for-
mula (24) for calculating definite integrals. Taking into account the way of constructing this formula, we 
choose a function with a singularity near a point x = 1 as a function f(x).

Consider the integral
1

3
1

1 1 ,
1 1

x dx
x x−

−
+ −

∫
    i. e. 3

1( )
1

f x
x

=
−

(see (24)). We will carry out calculations in the following three situations:
1) 0,   0,1,...,2ka k n= =  (polynomial case);
2) 0 2 1 2 0,   0.99,   1,2,...,2 2;n n ka a a a k n−= = = = − = −
3) 0 2 1 2 0,   1 1 / ,   1,2,...,2 2.n n ka a a a n k n−= = = = − + = −
The numerical procedure was done with the help of Python 3.7.2 and its results are presented in 

Table.

n
Case 1 Case 2 Case 3

Integral Error Integral Error Integral Error

10 2.8911147109 0.0003172341 2.8914206929 0.0000112521 2.8914268291 0.0000051159
20 2.8913671788 0.0000647662 2.8914317894 0.0000001556 2.8914315173 0.0000004277
30 2.8914065566 0.0000253884 2.8914318892 0.0000000558 2.8914318436 0.0000001014
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n
Case 1 Case 2 Case 3

Integral Error Integral Error Integral Error

40 2.8914189072 0.0000130378 2.8914319167 0.0000000283 2.8914319083 0.0000000367
50 2.8914241765 0.0000077685 2.8914319283 0.0000000167 2.8914319283 0.0000000167
60 2.8914268585 0.0000050865 2.8914319341 0.0000000109 2.8914319362 0.0000000088
70 2.8914283902 0.0000035548 2.8914319374 0.0000000076 2.8914319399 0.0000000051
80 2.8914293391 0.0000026059 2.8914319395 0.0000000055 2.8914319418 0.0000000032
90 2.8914299637 0.0000019813 2.8914319408 0.0000000042 2.8914319429 0.0000000021
100 2.8914303945 0.0000015505 2.8914319417 0.0000000033 2.8914319435 0.0000000015

Analysing the results, one can conclude the following. Calculation using the obtained quadrature 
formula in the rational case even with the simplest choice of parameters 2

0{ } n
k ka =  is much more efficient 

than in the corresponding polynomial case. Making the choice of parameters more complex can lead to 
improving the results.

Conclusion. In the present paper a new approach to the construction of an interpolation ratio-
nal quadrature formula of Gauss type on an interval is described. For this purpose, the properties 
of special rational functions and the fundamental Lagrange polynomials, constructed on their basis, 
are studied. The coefficients of the quadrature formula are obtained in an explicit form, and the re-
mainder is estimated. A numerical analysis of the efficiency of the constructed quadrature formula  
is carried out.
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