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ON ONE GENERALIZATION OF THE HERMITE QUADRATURE FORMULA

Abstract. In this paper we propose a new approach to the construction of quadrature formulas of interpolation rational
type on an interval. In the introduction, a brief analysis of the results on the topic of the research is carried out. Most attention
is paid to the works of mathematicians of the Belarusian school on approximation theory — Gauss, Lobatto, and Radau quad-
rature formulas with nodes at the zeros of the rational Chebyshev — Markov fractions. Rational fractions on the segment, gen-
eralizing the classical orthogonal Jacobi polynomials with one weight, are defined, and some of their properties are described.
One of the main results of this paper consists in constructing quadrature formulas with nodes at zeros of the introduced
rational fractions, calculating their coefficients in an explicit form, and estimating the remainder. This result is preceded by
some auxiliary statements describing the properties of special rational functions. Classical methods of mathematical analysis,
approximation theory, and the theory of functions of a complex variable are used for proof. In the conclusion a numerical
analysis of the efficiency of the constructed quadrature formulas is carried out. Meanwhile, the choice of the parameters on
which the nodes of the quadrature formulas depend is made in several standard ways. The obtained results can be applied for
further research of rational quadrature formulas, as well as in numerical analysis.

Keywords: approximation, interpolation, rational fractions, quadrature formulas, numerical analysis

For citation. Rouba Y. A., Smatrytski K. A., Dirvuk Y. V. On one generalization of the Hermite quadrature formula.
Vestsi Natsyianal 'nai akademii navuk Belarusi. Seryia fizika-matematychnykh navuk = Proceedings of the National Academy
of Sciences of Belarus. Physics and Mathematics series, 2021, vol. 57, no. 3, pp. 319-329. https://doi.org/10.29235/1561-2430-
2021-57-3-319-329

E. A. PoBoa, K. A. Cmotpunkuii, E. B. lupByk

I'poonenckuii cocyoapcmeennuiii ynueepcumem um. A. Kynanel, [ poono, beaapyco
OB OJTHOM OBOBIIEHW U KBAJIPATYPHOM ®OPMYJIbI SPMUTA

AnnoTtanus. Llenbio 1aHHON pabOTHI SIBIsSETCS U3yUSHHE HOBOTO ITOX0/a K IOCTPOCHHIO KBaIPAaTyPHBIX GOPMYJT HH-
TEPHOJISLMOHHO-PALIMOHAJIBHOIO THUIIa Ha oTpe3Ke. I[IpoBeneH kpaTkuil aHanu3 pe3ysibTaToB IO TEME HCCICIOBAHMS, T
OCHOBHOE BHHMaHHE YAEJIeHO paboTaM MaTeMaTHKOB OEJIOPYCCKOM HIKOJIBI IO TEOPHUHU amMpOKCHMAIUU — KBaJApaTypHBIM
¢dopmynam laycca, Jlobarro, Pago ¢ y3:1aMu B HyIsIX panHoHaNBHEIX Apobeit YebbimeBa — Mapkosa. OnpenensitoTcs payo-
HaJIBHBIE IpoOH Ha OTpe3Ke, 0000maronIe KIacCHIeCKHe OPTOrOHAIBEHBIE MHOTOWICHB! SIKOOM ¢ OJJHHM BECOM, U OIIHCHI-
BAIOTCSI HEKOTOPBIE UX cBOMcTBA. OMH U3 OCHOBHBIX PE3YJIBTaTOB paOOTHI COCTOUT B MOCTPOCHUH KBAJPAaTYPHBIX (HOPMYIT
C y3JIaMH B HYJISIX BBEJCHHBIX PAIlMOHAIBHBIX Ap0oOe, BRIYUCICHIH WX KOA(PPHUIIMCHTOB B SBHOM BHJIE, OLICHKE OCTATKa.
Emy mpeamecTByIOT HEKOTOPBIE BCIIOMOTATEIIBHBIE YTBEPIKICHHUS, OIICHIBAIOIINAE CBOMCTBA CIIEIIUATBHBIX PAllHOHAIBHBIX
¢byskuuid. [l mokazaTenbcTBa UCHONB3YIOTCS KIACCHYECKHE METOABI MATEMAaTHUECKOTO aHAIH3a, TCOPUU MPUOTMIKECHUN
1 TeOpHH (QYHKIIMI KOMIIJIEKCHOTO TepeMeHHoro. [IpoBoanTcs YucIeHHbINH aHaIn3 3QGEKTUBHOCTH MOCTPOCHHBIX KBaapa-
TypHbIX Gopmyi. IIpu 5TOM BBIOOp mapamMeTpoB, OT KOTOPHIX 3aBHCT Y3Ibl KBaAPAaTypPHBIX (HOPMYII, POU3BOJUTCS He-
CKOJIBKMMH CTaHAAPTHBIMHU criocobamu. [lomydeHHbIe pe3ynbTaTsl MOTYT OBITh IPUMEHEHBI IS TaJdbHEHIIEero uccie10Ba-
HHSI PALIMOHAJIBHBIX KBaJIPATyPHBIX (OPMYII, @ TAK)KE B YHCIICHHOM aHaJIH3e.

KiiroueBbie c10Ba: mpuOIHKEHUE, MHTEPIIOSIIIS, PAHOHAIBHBIC TPOOH, KBaApaTypHbIC (HOPMYJIbI, YHNCICHHBINA aHATH3
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Introduction. Quadrature formulas based on rational interpolation are an intensively developing
area of approximation theory. A large series of works are related to such studies (see, for example, [1-3]
and the corresponding bibliography therein).

In the Belarusian school on the theory of rational approximation, the method of Gauss-type quadra-
ture formulas, based on the interpolation at the zeroes of special algebraic Chebyshev — Markov fractions,

© Rouba Y. A., Smatrytski K. A., Dirvuk Y. V., 2021



320 Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2021, vol. 57, no. 3, pp. 319-329

has been developed. In 1996 quadrature formulas with nodes at the zeros of rational Chebyshev — Markov
functions of the first and second kind were constructed (see [4]). Later, in [5], rational functions gener-
alizing the Chebyshev polynomials of the third and fourth kind were introduced, and the correspond-
ing quadrature formulas were constructed. Note that these quadrature formulas are exact for rational
functions with poles of the second order. Finally, in [6] and [7], Lobatto and Radau quadrature formulas
related to the extended system of Chebyshev — Markov knots of the second kind were constructed.

V. N. Rusak and his students I. V. Rybachenka and N. V. Grib in 2014-2015 (see [8, 9]) obtained a
generalization of the quadrature formulas built in [4]. These formulas are exact for rational functions
with simple poles.

In this paper, we find a generalization of the Gauss-type quadrature formula from [5] related to the
weight A(x) =/(1—-x)/(1+x).

Main results. Letn € N and q;, £ =0,1,...,2n, be a set of numbers that satisfy the following conditions:

D) ifa, e R, then|ay |<1; o

2) if a; € C, then among these numbers there is such a number a,, that a; = ay;

3)ag =azy,—1 =az, =0.

Denote
1 2 x+ayg
X)=— arccos . 1
H2n( ) 2k§0 1+akx ()
Notice that
7"2n (x) (2)

L e
hoan () = z":V ~ai 3)

1+akx

Let us define the algebraic fractions

0u() =22 et @

Note that the corresponding rational functions orthogonal on the interval [-1;1] were considered
in [5] for the weight

h(x) = ®)

Lemma 1. For the function Q,(x) the following representation holds

_ pa(x)
AN

where p,(x) is an algebraic polynomial of the n degree,
2n-2

gan-2(x)= [T (1 +axx).
k=1

Proof. We use Euler’s formula:

. 1/ ; .
sin o, (X) :Z(etmn(x) —e lHZn(x)).

Taking into account definition (1) we have
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1 1 x+ag
1 arccos x 2n—2 i—arccos
luzn(x) ) ezarccosx H e 2 l+agx _
k=1

(\/1+x+i\/1—x)(x+z 1-x )1‘[ \/(1+ak)(1+x)+i\/(1—ak)(1—x))
k=1
2n-2 '

1
Y=
2 H NI+agx
Hence,
. (\/1+x+l I-x (x+z I-x )H \/(1+ak)(l+x)+i\/(1—ak)(1—x))
sin;,lz,,(x)zlrnznil/2 ]2‘: .

J+agx

k=1

It remains to note that

]:[2(\/(1+ak)(1+x) +i\/(1—ak)(1—x)) =u(x)+ iVl - x2v(x),
=1

where u(x) and v(x) are the polynomials of the degree n — 1 and n — 2, respectively (see [10, p. 271]), and
use definition (4). Lemma 1 is proved.

Since the function p,,(x) decreases monotonically over the segment [-1;1], the fraction Q,(x) has n
simple zeroes on the interval (—1;1):

—“l<x, <xp, <..<x;<l, Wy (xp)=mk, k=12,.,n

Note, that (see (2) and (3))

— 1
COSHZn(x)HIZn(x) 1-x +Sinu2n(x)7
01 (x4) = S

1-x

X=Xj

__cospzn(x)kz,,(x)| _ (=D han (k) 1)k+17v2n(xk)

S -xiex [ (- A=x)l+ x5

Remark 1. The ratio between functions sin L5, (x) and Bernstein rational fractions is well known
(see [11, p. 49]). The following relation holds

©)

. 1-y2) .
smuzn[ y2J=S1nCI)2,,(y), (7
I+y

where sin®,,(y) is the Bernstein sine-fraction with zeroes at the points =y,
Vi =\/(1—xk)/(1+xk), k=1,2,...,n. Besides

smszn(y)—— l_ Iy l+y * 2oy ®)
l+y k1|2k—y| l—y k1|Zk_y|

where points z, are the roots of the equation y2 +(+ar)/(1-ar)=0, Imz; >0, k=1,2,....2n—2. In
this case, if a, and a, are complex conjugate, then z, and z, are symmetric with respect to the imaginary
axis.

Using the definition of Bernstein fractions, it is easy to show that (zg = z,1 =z, =1)
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2n .
M2~ pF, k=1,2,...n ©)
Jj=0Zj =Yk

In addition, we note one more relation

Mop(xp)=—

. (10)
2 joyi-z;

Now let us get back to the main result of our work. We define, as usual, the fundamental Lagrange
polynomials

e R1CO R ST 1y

On (xx )(x = xi)

and introduce the functions (see [12])
" (x
4() =(1—M<x—xk>jz£(x), Bi(0)=(x—x)F(). k=1.2..m 12)
Qn (xk)
By Lemma 1, 4,(x) and B,(x) are rational functions of the form
q2n-2 (x)

where p,,_;(x) is an algebraic polynomial of degree at most 2n — 1.
Lemma 2. For any rational function r,,_y(x) of form (13) the following representation holds

ran-1(x) = Z Fan-1(xx ) Ay (x) + Z P (xe)Bir(x), xeR. (14)
k=1
Proof. Indeed, it is easy to check that for k,m =1,2,...,n, the following equalities hold
0, m#k,

Ak(xm):{l’ m=k

, , 0, m#k,
A (x)=0; Br(xn)=0, Bi(xn)= (15)
1, m=k.

We denote by s2,-1(x) the right-hand side of equality (14). Then using (15) we obtain
”Zn—l(xm)_SZn—l(xm):O, Vz'n—l(xm)_S'Zn—l(xm):O, m:1,2""7n

It remains to note that the denominators of the rational functions r,,_;(x) and s;,_1(x) coincide, and
the numerators are algebraic polynomials of degree at most 2n — 1. Lemma 2 is proved.
Corollary. The following identity holds

> Ar(x)=1. (16)
k=l
Proof. Formula (16) follows immediately from (14) if we put 72,1 (x) =1.
Lemma 3. Functions Q,(x) satisfy the following orthogonality conditions:
ok
dx
f 7(x) 0y (x)————
\q2n-2 (x)

where the weight function h(x) is defined by equality (5).
Proof. Using definitions (4) and (5), we get

=0, k=0,L...,n—-1,

x¥dx Lsinpa,(x)  x kdx

Va2 z(x) N+ x g 2(x).

J h(x)Qn(x)
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In the last integral we make substitution x=(1- yz)/ a+ y2 ). Then, taking into account rela-
tion (7), and the facts that

1-y? 1- 1 1-
I+apx=1+ay; Y _ ak( 24 +akj— Lk

> (Zk ~)(zk —¥)
y

1+32 1+2 l—a; ) 1+
and
qzn{l‘y 2] : 21"‘[20 ak>2ﬁ2<zk—y)(zk—y)
1+y2 ) (1+yH)*?
we obtain
— T((z‘_—y)“"-z oy () ARz ](1—y2>"(1+y2)"‘3"‘ydy=
VT a-an=t eyl ke fﬁz(zk—y)(zk—w
1 +00 1 2n-2 1 1 2n-2 1 nelo k
fzﬁz(l_ak){o((iwf L ieriraeep | Zk_y}(l P ey

For k=0,1,...,n—1 the integrand of the integral

TaD an)" e 1,
(i+y)3 k=1 Zk =Y

has no singular points in the upper half-plane and it has infinity as a zero at least of the second order.
Hence, this integral is equal to zero.
A similar statement is also true for the integral

+00 nlk -2
I -yH A+y?) 1 dy.

Zoo (i-y)° k=1 Zk — Y

Lemma 3 is proved. The next lemma describes some properties of the fundamental Lagrange polyno-
mials (11).
Lemma 4. The following relations hold

1- Xk
h(x)lk(x)dx n———, k=1,2,...,n,
I )\'Zn(xk)

where the weight function h(x) is defined by equality (5).
Proof. Using formulas (11) and (4), we get

L gsin’ua(_dr 1 k=1,2,....n. (17)
(0u(x0)* 51 (x—xp)? J1-x2 Qn(m)

We substitute x = (1 - y2 )/ A+ y2). In this case (see also remark 1)

} h(x)I? (x)dx =
-1

PO Gl D o SO Bt U el e 0 U SO b
1+y% 14y} A+yHA+y7) A+yH)A+ D)

where y,, k =1,2,...,n, are the zeroes of Bernstein sine-fraction (8). Besides,

o (=P A+ -7 4y _
I=x7 =1 22 272 - 220 XS 232"
(I+y%) (I+y7) I+y7) (I+y7)

’ ~4ydy
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Therefore, we obtain

0 sindy,0)  1+y? dydy  (1H2E)T e 1+y?
I, = = sin“ @y, (y)———=dy. (18)
' +{o4 (02 2 oasy)? 4 Jmen (v2-22)?
1+ (1+22)

To calculate the last integral, we use the method proposed in [13]. For this purpose, we consider the
integral
+o0 2
Ju(z):= [ sin? (I)zn(y)%dy, Imz>0.
- (y°-z%)

Taking into account representation (8), we have the equality

. 1{ 27 z. — Zn;_
s1n2CDz,,(y)=——[H_J y—2+H / yJ.

4\ j=0z;—y j=0Zj=Y
Hence
1
1@ == (1@~ 27 @)+ 10 (2), (19)

where

+ooznz__y 1+y2 5 +o0 1+y2 3 +oozn;_y 1+y2
IV (@)= ] [1=L dy, JP(2)= | dy, JP(2)= [ 1= y

im0z =y (¥E—zh)? (i -z)? =02 =y (¥2-z%)?

Consider the integral J{V(z). In the upper half-plane its integrand has y = z as the only pole of the
second order. Therefore

2n 7. 2 2n 5. — 2
J}Sl)( ) 27” res _J y i y2 2 2“:1' 11] dd {H —Zj yl—'_—yj
0 Z i — - 4 . 5
y=z j=04j y(y -z ) y—ozay ]__()Zj—y(y+z)

Notice, that

d (12—”[ Z_;—yjzﬁﬁ—ygz_j—yi(z;—y}:

dy j=0Z;—Y Zj—)y

j=0Zj=yj=0Z;=ydy
z-yn Zj—Z_j i( 1+ 2 J_Z yz—1
0z vz =z -y) A\ (y+2)?)  (v+2)]

Then

2 2n . _ 4 2n . 1 2n ..
J;gl)(Z):2m'lim{ 1+y2 =) Zi72) 222 13]_[2_’ y]:
=2\ (y+2)7 j=0z;—yj=0(z; —yNz; =y) (y+2)” j=0z;—y
2 2 R 2n ‘__. _
= 2nmi lim —— =Y ZiTE5 4o Z ! -
y=2(y+z) o0z —y\ =0z =¥z, —y)  (A+y ) y+2)

mil+z® Moz —zf 2 Zj_Z_j z2 -1
S o =2 =t |
z= jo0zj—z\jc0(zj—z)z;—z) (1+z°)z

(20)

Similar reasoning for the integral J (¥)(2) leads to the fact that
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5 ) .2
JP(2)=2mi res%ﬂmhmi 1+—y2 _ 27 lim 22 23=EZ . L 1)
y=z (" —2z%) yozdy| (y+2) yor(y+z)” 2z

It remains to calculate the integral
+0 2p o . _ 2
3 zj—y l+y
I @)= [ 11+ 5.
S0 j=02j =Y (¥T=27)

Now we will integrate over the lower half-plane. We have

y 1+yr o df2z; 2 )
(y2—22)2 ——2nzy1;r£125 1T . 5 |=

o .
J3(z2)==2mi res 11 %)
y=-z j=0 Zj -y

zi—z; s yz+1 27 Z_j_sz

2 2n_._ 2n R
= 227 lim 1+y2 iy ZiTE) :
yo-z2\(y=2)" j=0Zj = Yj=0(z;=¥Nz;—-y) (y—2) j=0Z; =Y
2 o _._ 2n .__.
— -2mi lim — 2] y(z ST R Y }z
yo-z(y—z)" j=0Zj =y j=0(z;=»)z;-y) (A+y")y—2)
__n_il+2212_”lz_j+y n 2_2 B 22 -1
2 2% ozi+y\jo(zj+2)(z+2) (+z7)z

Since the numbers z,, £ =0,1,...,2n, are symmetric with respect to the imaginary axis, we obtain

S & zj—zj

2"Z_j+y=2”Zj—Z zZj _ zZj
j=0(z;+z)(z;+z)  joo(z; —z)z;—2z)

- 2
JOEHYjm0Zj =2

Then, taking into account (20): w¢e get
z z > > 2

mil+z?
I j=0(Zj_Z)(Z__/—Z) (+z%)z

J3(2)= —L
n(2) 2 z? j=0Zz;—Z

Substituting (20), (21), and (22) into (19), we obtain

“"(1“2 2 ZJ_Z[Z" ZiTEi 22—1] z2—1J
S

Ju(z)=—— — —
=) 4( 22 g)zj—z 0z —2)z;-z) (1+z%)z z

To find integral (18), we pass to the limit

2
(1+y;%) _
Iy =———"— lim Ju(z)=
4 z Yk, Imz>0
2

TCl(l-i—y/%) 22 5. 2n L 2 _ 2 _
__ 1+kaZ_j Vi Zj7Z P Y Sl SN U el
—y)=ye) (epd)n | ni

16 Vi je0zj—yk| j=o(z;

Due to (9) we get

2
. 2 _
I m(”y") 1+yi | & Zj =2 vi-1 i1
k== — - =
16 vi |20z vz = i) (1+yz?)yk "
2 _
Tci(1+y;%) 2n zj—z,

16y jco(z; _J’k)(z_j_J’k)‘
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Now we note that, since the parameters z,, k =0,1,...,2n, are symmetric, the following equality holds

22" Zj_ﬁ :2Z"£ 1 _ 1 ] 22

=0z =yiNz;=yk) j=o0\Yk—Z; Yk—2z; Joyk—ij

Therefore, using relation (20), we obtain

Tti(1+y]%)2 4hon (k) Tci(1+y;%)27u2,,(xk) Than (Xk)
I, =- — L = = L , k=12,...n

16y} i(1+7) 4yi 1-xf

Finally, we substitute the obtained relations into (17) and take into account (6)
Ih(x)lk(x)d (1-x;)° (1+xk)nl2n(xk)nx2n(xk) __1-x |
-l }“Zn(xk) 1- xk in(xk)

Lemma 4 is proved.
Let f{x) be an integrable function with respect to weight (6) on the segment [-1;1]. Denote

k=12,...,n.

Cr = } h(x)IF (x)dx, k=1,2,...n,
-1
and consider the quadrature formula
}1h<x>f(x)dx= 3 Cf )+ o)) 23)
Theorem. Quadrature formula (23) can be expressed as

J - = f v = £+ pal). (24)

k= 17\'211( k)

This quadrature formula is exact for any function of form (13) and for any function f(x) continuous on
[-1:1] the following estimation of its remainder holds

| pn(f) |S 2TCR2n71 (faa)a

where Ryu—1(f,a) is the best uniform approximation of a function f(x) by rational functions of form (13)
of order at most 2n — 1.

Proof. Let us consider a rational function r,_; (x) of form (13). According to lemma 2, equality (14)
holds. We multiply both sides of this equality by weight function /(x) and integrate over segment [—1;1]:

1
[ h(x)rap-1(x)dx = Z ran-1(Xk) I h(x) Ay (x)dx + Z Fan- 1(Xk)f h(x) By (x)dx. (25)
-1 k=1 —1

Notice, that due to (12) and (11)

} h(x) Ay (x)dx = 'lf h(x)( Onlx k)( X—x )]lk (x)dx =
-1 —

Qn( k)
; On(xy) b Qn(x>
= [ () (x)d ()0 (¥) ==
R e

Using the fact, that O, (x;) =0, k=1,2,...,n, lemmas 1 and 3, we get

j MO ()2 On (x) =0, k=1,2,..n
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It means
Jl' h(x) Ay (x)dx = } h(x)! 2 (x)dx.
-1 -1

Similar reason leads to the fact that

1
j h(x)Br(x)dx=0, k=1,2,...,n

-1
Therefore, taking into account equality (25) and the result of lemma 4, we have

J h(x)rap-1(x)dx = J ()1} (x)dx = Z Ciran-1(xg)-
k=1

Thus, the exactness of formula (23) on rational functions of form (13) is proved. If 75,1 (x) =1 in the last
equality, then

n 1
> Cr = _f h(x)dx =m.
k=1 -1

(26)

Now let f(x)e C[-1,1]and Fan-i (x) be a rational function of the best uniform approximation of the
function f{x) by functions of form (13). Then, taking into account equality (26) and the positiveness of
the coefficients C, k =1,2,...,n, we obtain the estimation

1 n 1 .
lPa(N)I=|[ h(x)f(x)dx—kZ‘,lef(Xk) < [ h()] () = r21 (x) [ dx +
-1 = -1

£3Ch | f () = 11 (53) | € 27Ran 1 (f ).
k=1

This concludes the proof of theorem 1.

Remark 2. Ifin formula (24) a; =0, £ =0,1,...,2n, taking into account definition (3) we obtain the
classical polynomial-type quadrature formula (see [14, p. 618]). It is natural to call it a Hermite quadra-
ture formula.

Example. It is interesting to illustrate numerically the application of the obtained quadrature for-
mula (24) for calculating definite integrals. Taking into account the way of constructing this formula, we
choose a function with a singularity near a point x = 1 as a function f{x).

Consider the integral

I S=

1 +x \/_ m
(see (24)). We will carry out calculations in the following three situations:

)a, =0, £=0,1,...,2n (polynomial case);

2) apg=Aay,-1=dy, = 0, ay = —0.99, k= 1,2,...,2n —2;

Nag=ary,.1=a2, =0, a, =-1+1/n, k=12,...,2n-2.

The numerical procedure was done with the help of Python 3.7.2 and its results are presented in
Table.

Case 1 Case 2 Case 3
" Integral Error Integral Error Integral Error
10 2.8911147109 0.0003172341 2.8914206929 0.0000112521 2.8914268291 0.0000051159
20 2.8913671788 0.0000647662 2.8914317894 0.0000001556 2.8914315173 0.0000004277
30 2.8914065566 0.0000253884 2.8914318892 0.0000000558 2.8914318436 0.0000001014
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End of Table
Case | Case 2 Case 3
" Integral Error Integral Error Integral Error
40 2.8914189072 0.0000130378 2.8914319167 0.0000000283 2.8914319083 0.0000000367
50 2.8914241765 0.0000077685 2.8914319283 0.0000000167 2.8914319283 0.0000000167
60 2.8914268585 0.0000050865 2.8914319341 0.0000000109 2.8914319362 0.0000000088
70 2.8914283902 0.0000035548 2.8914319374 0.0000000076 2.8914319399 0.0000000051
80 2.8914293391 0.0000026059 2.8914319395 0.0000000055 2.8914319418 0.0000000032
90 2.8914299637 0.0000019813 2.8914319408 0.0000000042 2.8914319429 0.0000000021
100 2.8914303945 0.0000015505 2.8914319417 0.0000000033 2.8914319435 0.0000000015

Analysing the results, one can conclude the following. Calculation using the obtained quadrature
formula in the rational case even with the simplest choice of parameters {a k}ii o 1s much more efficient
than in the corresponding polynomial case. Making the choice of parameters more complex can lead to
improving the results.

Conclusion. In the present paper a new approach to the construction of an interpolation ratio-
nal quadrature formula of Gauss type on an interval is described. For this purpose, the properties
of special rational functions and the fundamental Lagrange polynomials, constructed on their basis,
are studied. The coefficients of the quadrature formula are obtained in an explicit form, and the re-
mainder is estimated. A numerical analysis of the efficiency of the constructed quadrature formula
is carried out.
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