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TOYKHU p-INBPAIIUU B 3AJJAYE TPEX TEJI

AHHoTanus. PaccMoTpeHa orpaHnyeHHas Kpyropas 3a/1a4a Tpex Tl B OHOPOJHON M HEOIHOPOAHOH cpexax. Ocoboe
BHUMAaHUE yJIEJIEHO TOUKaM JTHOPAIuH, BBIBEACHBI YCIOBHS, IPH KOTOPBIX OHU CYIIECTBYIOT HJIM HE MOTYT CyIIECTBOBATh
B HbIOTOHOBCKOM M IOCTHBIOTOHOBCKOM NMPUOIHMKEHUSAX OOLIEH TEOPUH OTHOCUTEIBHOCTH. YKa3aH psJl 3aKOHOMEPHOCTEHH,
HBIOTOHOBCKHX W PEIATUBUCTCKUX HOBBIX Sq)q)eKTOB, BO3HUKAKIIHUX 6.]'131"0113]35[ BO3ﬂeﬁCTBMm Ha TEjia rpaBUTALIUOHHBIX
HOJICH CPell U PENATUBUCTCKUX CHUIIOBBIX 100aBOK B Au(depeHnnanbHbIX ypaBHeHUAX IBHKeHUS Ted. C UCIOIb30BaHUEM
BBIBEJICHHBIX PAHEE YPABHCHUI JIBHKCHUS ABYX Tell 4, A, B cpejie aBTOpaMH 000CHOBAHbI CIIEAYIOLIHE yTBEpXKIeHUs. B ox-
HOPOIHOH cpejie (INIOTHOCTH CPeJibl p = const) B HBIOTOHOBCKOM IPHOIIMKEHUH 0011Iei TeOPUH OTHOCUTEIBHOCTH CYIIECTBY-
10T TOUKH p-Tubpamuu LY, i=1,...,5, IBUKYIHMECS 110 TEM K€ OKPYKHOCTSIM, YTO H 3IIEePOBBI M IarPAHKEBbl TOYKHU JIHOpa-
UM L, HO C YyIII0BOH CKOPOCTBIO M, OOJIBIIEH YTIOBOH CKOPOCTH 0 Touek nubpauuu L, B mycrore. Tena 4, 4, 0o ceoum
OKPYKHOCTSIM JIBUTAKOTCS TaKikKe C yTIIOBOH CKOPOCTBIO Wop > o. IIpu mepexojie u3 HbIOTOHOBCKOTO NPHOIMAKEHUs 001mei
TEOPHUU OTHOCHTETBHOCTHU B MOCTHBIOTOHOBCKOE MPUOIIIKEHNE 0011Iei TeOpUH OTHOCHTETBHOCTH LIEHTP MAcC ABYX Tel, TOo-
KOMBIITHICS B OTHOPOIHOI! Cpesie B HhIOTOHOBCKOM MPUOIIKEHNHN 00IIel TEOpHH OTHOCHTEIBHOCTH, JOJIKEH MepeMeIaThCs
10 IMKJIOUE, & TPAEKTOPHH TET HE MOTYT OBITh OKPY>KHOCTSIMH, TOUKH THOpanuu L, nucuesaroT. B cayuae HeogHOpOTHOM
CpeAbl, paclpeieleHHON, HanmpuMep, chepuIeckl CHMMETPHYHO, IIEHTP MaccC JBYX TeN YXKe B HbIOTOHOBCKOM ITPHOIMIKe-
HUU 00IIeil TeOpUN OTHOCHTEIBHOCTH JIOJDKEH JIBUTATHCS MO IMHUKJIONJE, XOTS B IIYCTOTE OH ToKomics. [Toatomy Tena 4,
A, MOTKHEI ONHACHIBATH BUTKH, 00pa3yromIye, 00pa3Ho TOBOPsI, KKPYXKeBay, KaK U B CIIydae OJHOPOIHON cpebl B IIOCTHBIO-
TOHOBCKOM NPHOJIMKEHUH OOIIEeH TEOPHH OTHOCHUTEIBFHOCTH. B CHIly CyIIecTBOBaHUS «KPYXKEBHOT0» d(h(heKTa ABHKCHUS
TOYKH JTHOpanuu L; yHUuTOXKaTCA. B uacTHOM ciydae, korzia Maccel Ten 4,, A, paBHBI (m, = m,), IUKJIOUIbI HCUE3AI0T U BCE
TOYKH P-THOpallu B OAHOPOJIHON M HEOJHOPOIHOM Cpelax B HhIOTOHOBCKOM M IIOCTHBIOTOHOBCKOM NPUOIHIKEHHUSX 00IIeH
TEOPHH OTHOCHUTEIBHOCTH CYLIECTBYIOT. [IpOBe/IeHbI YUCICHHBIC OLEHKH MPeCKa3blBaeMbIX 3aKOHOMEpHOCTEH U d(dek-
ToB B CoNHEUHOMN U APYTUX IIIAHETAPHBIX CUCTEMAX, B MEK3BE3JHOM U MeXranakTuiyeckoi cpenax. CMeleHusl, CBsI3aHHbIe
C yNOMSHYTHIMH 3((eKTaMy, HAIPUMEP CMEIICHHE [IEHTPa MacC, MOI'YT JOCTUIaTh MHOTHMX MUJIJIMApAOB KHJIOMETPOB 32
OJIMH 000POT CHCTEMBI ABYX Tel. O0CyKaaeTcs BO3MOXKHAS POIb TUX 3aKOHOMEPHOCTEH U 3(h(HEeKTOB B TEOPHUSAX IBOIIOLUU
MJIaHETAPHBIX CUCTEM, TAJIAKTHK U X aHcaMOueil. JlaH kpaTkuii 0030p UccienoBaHUM, MPOBEACHHBIX O€I0PYCCKOI HayYHOU
IIKOJION 110 Tpo0ieMe ABMIKEHNUS TEl B cpesiaxX B 00IIeH TeOpUH OTHOCUTEIIEHOCTH.

KuroueBsbie ci1oBa: o0mast Teopusi OTHOCHTEIBHOCTH, TPH Tella, TOUKU P-TNOpalMH, OJHOPOIHAS M HEOTHOPOIHAS
IUIOTHOCTB CPEJl, IIEHTP MACC, HBIOTOHOBCKOE M OCTHBIOTOHOBCKOE IIPUOIMIKEHHUS
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p-LIBRATION POINTS IN THE THREE-BODY PROBLEM

Abstract. Herein, the restricted circular three-body problem in homogeneous and inhomogeneous media is consid-
ered. Particular attention is paid to libration points. The conditions of their existence or non-existence in the Newtonian and
post-Newtonian approximations of the general theory of relativity are derived. Several regularities, new Newtonian and rela-
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tivistic effects arising due to the impact of the additional relativistic forces on bodies of gravitational fields of mediums in the
differential equations of the motion of bodies are indicated. Using the previously derived equations of the motion of two bod-
ies 4,, A, in the medium, the authors substantiated the following statements. In a homogeneous medium (density of the me-
dium p = const) in the Newtonian approximation of the general theory of relativity there are p-libration points L?, i =1,...,5,
moving along the same circles as the Euler and Lagrangian libration points L; but with an angular velocity ®o,, greater than
the angular velocity ®, of libration points L, in a vacuum. Bodies 4;, 4, also move along their circles with an angular ve-
locity o, > 0o. When passing from the Newtonian approximation of the general theory of relativity to the post-Newtonian
approximation of the general theory of relativity, the centre of mass of two bodies, resting in a homogeneous medium in the
Newtonian approximation of the general theory of relativity, must move along a cycloid. The trajectories of the bodies can
not be circles, the libration points L, disappear. In the case of an inhomogeneous medium distributed, for example, spherically
symmetrically, the centre of mass of two bodies, already in the Newtonian approximation of the general theory of relativity,
must move along the cycloid, despite it was at rest in the void. Therefore, bodies 4,, 4, must describe loops that form, figura-
tively speaking, a «lacey, as in the case of a homogeneous medium in the post-Newtonian approximation of the general theory
of relativity. The figure illustrating the situation is provided. Due to the existence of the «lace» effect, the libration point L,
movements are destroyed. In the special case, when the masses of bodies 4,, 4, are equal (m, = m,), the cycloids disappear
and all the p-libration points exist in homogeneous and inhomogeneous media in the Newtonian and post-Newtonian approx-
imations of the general theory of relativity. Numerical estimates of the predicted patterns and effects in the Solar and other
planetary systems, interstellar and intergalactic mediums are carried out. For example, displacements associated with these
effects, such as the displacement of the centre of mass, can reach many billions of kilometres per revolution of the two-body
system. The possible role of these regularities and effects in the theories of the evolution of planetary systems, galaxies, and
their ensembles is discussed. A brief review of the studies carried out by the Belarusian scientific school on the problem of the
motion of bodies in media in the general theory of relativity is given.

Keywords: general theory of relativity, three bodies, p-libration points, homogeneous and inhomogeneous density of
mediums, centre of mass, Newtonian and post- Newtonian approximations
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BBenenue. 3agaya Tpex W OousblIero 4uciaa Ted Oblia MOCTAaBIIEHA Cpa3y K€ MOCHEe OTKPBITHS
. HpI0TOHOM 3aKOHA BCEMHPHOI'O TATOTEHUS, HO €€ PEIICHUE C CaMOor'0 Hayajla HaTOJIKHYJIOCh Ha He-
MPEONOIUMBIC TPYJHOCTH. TeM He MeHee MOMBITKH PEIIUTh MU XOTS Obl TPUOIU3UTHCS K PEIICHUIO
3aJ]a9M TPEX TeJ HUKOTIa He MpeKpallairnch. B 3Toi 001acTi UCCIeq0BaHNN BEIMIANIITMM MaTeMaTH-
KaM MHpa ¥ U3BECTHEWIINM acTPOHOMAaM-TEOPETHKAM MPUHAIJIEKAT MHOTHE BbIJAIONIMECs padoThI,
KPAaTKHH 0030p KOTOPBIX MOYKHO HAWTH B TyOmKanusx [1—8] u ykazaHHOH B HUX JIHTEpaType.

B mpouecce uccnenoBaHus HbIOTOHOBCKUX ypaBHEHUH JBHkeHUs (Y]I) 1 cucTeMbl Tpex Tell
B 1767 1. JI. Diinep [9] BuepBble 00HAPY U TPH MPOCTHIX TOYHBIX YACTHBIX PEIICHUS (KOJITHHEAPHBIE
ainepoBsl pemenus), a B 1772 r. XK. JI. Jlarpanx [10] 1omogHUTENRHO yKa3al Ha CyIIECTBOBAHUE €IIle
JBYX TOUHBIX YaCTHBIX PEIICHUH 3a/1a4M TPEX TeJ (TPEyTroNbHbIC JTarpAHKEBbI PEILICHHST).

YkazaHHBIC PELICHHUS ONMKCBHIBAIOT IBHKEHUE TPEX TEJI BOKPYT UX LeHTpa Macc C MO OAHOTHITHBIM
KPUBBIM BTOPOI'O MOPSAKA, IIPU 3TOM Teja OCTAIOTCs BCeraa 00 Ha OJHOM MpsIMOi (KOJJIMHEapHbIe
SUIIEPOBBI pereHusl), 1100 00pa3yroT PaBHOCTOPOHHUN TPEYTOIBHUK (TPEYTOIbHbIEC JTarpaHKeBbI pe-
nieHus1). BosmoxkHble pacnonoskeHus Tpex ten 4,, A,, Ay, IMEIOIINX HbIOTOHOBCKUE MAcChl /My, M., M,
JUIsl pacCMaTPUBAEMBIX 3UJIEPOBBIX U JIATPAHMKEBBIX PELICHUH B clyuae, Korjaa A, ABIsSeTcss IPOOHBIM
TeoM, cM. Ha puc. 1. [onoxeHnus tena 4, OTHOCHTENBHO OCHOBHBIX TeN A; U A, Ha3bIBalOTCS TOYKAMHU
qubpayuu 1 0003HAYAIOTCA ClIeqyromuM oopazoM: L, L,, L, — KOJIIMHEapHbIE HIepOBbl TOUKH THOpa-
uuu, L, Ls — TpeyTobHbIE JIArPaHKEBbl TOUKH JIMOpaLuu.

JI. Oitnep u XK. JI. Jlarpanx cuuTanu, 4To HalJIEHHbIE UMH PELIEHUs UMEIOT YUCTO TEOPETUUECKOE
3HaueHue. OgHako B 1906 1. OBIITH OTKPBITHI BE TPYIITHI («TPEKU» W «TPOSTHITHI») MaJIbIX IUIAHET (acTe-
POHUIOB), pacnoyiokeHue KOoTopbix BMecTe ¢ tOmurepom u ConHileM NpUOIU3UTEIBHO COOTBETCTBYET
TPEyTOIBHBIM JarpamkeBeIM pemreHusM (cM. [11, r. 1; 12]), a B 1960-X IT. B TpEyroJbHBIX TOYKAX JIH-
Opaumu cuctemsl 3emissi—JIyHa Obli 0OHapyKeHbl 00JIaKOOAOOHBIE CITyTHUKH, COCTOSIINE U3 OYCHb
pa3pekeHHOT0 CKOTUICHHS YaCTHUI] MEKIUIAHETHOM MBUTH ¥ JIAUHOK [13, 14]. Kpome Toro, kak oka3anoch
BIIOCJICICTBHUM, 3TU PEIICHHSI MOCTYKHUIJIA OTIIPABHON TOUKOM JJI MOCTPOCHUS MHOTHX KJIACCOB APYTHX
(MpuONMIKEHHBIX) PEIICHUH 3aa4H TPEX TeI, MOATBEPKACHHBIX HaOM0AeHUIMH. B wacTHOCTH, Nccneno-
BAJIUCh TPACKTOPUU TEIl U UX YCTOMUUBOCTH B OKPECTHOCTAX TOuek nubpauuu L, — Ly (cM., Hamp., [5, 7]).

B macTosmiee BpemMsi B CBS3M C yClleXaMH M MEPCIEKTHBAMHU JaJbHEHIIIEr0 OCBOCHHS OKOJIOCOJI-
HEYHOT'O MPOCTPAHCTBA, OpraHU3aluy HAOIIONCHUH AalbHEr0 KOCMOCA STH PELIeHHs] MpHoOpeTaroT
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Puc. 1. IIpoOHOE Ten0 A5 HAXOIUTCS B OIHOM U3 TOUeK IuOpanuu L, — Ls, B KOTOPBIX JEHCTBYIOIINE HA TEJIO A5
I'PaBUTALlMOHHbIC H LIEHTPOOECKHBIC CHIIbI yPaBHOBEIIMBAIOTCA. TPAEKTOPUSAMH BCEX TpeX Tel A, A,, A; MOT'YT
6BITh, B 4aCTHOCTH, KOHLEHTPHUECKHE OKPYIKHOCTH C LIEHTPOM B Hauajie koopauuat O (cucrema koopmunar Ox'x* —
GapunenTpuyeckas). Bee Touxu 4,, 4,, L — Ls ABUraloTCsl 10 CBOMM OKPYKHOCTSIM C YTJIOBOH CKOPOCTBIO M . [Tonoxenne
TOYEK N300paKeHO B HAYaJIEHBIII MOMEHT BpeMeHH ¢ = 0

Fig. 1. Test body A4, is located at one of the libration points L, — Ls, where the gravitational and centrifugal forces acting on
the body body 4, are balanced. The trajectories of all three bodies 4, 4,, 45 can be, in particular, concentric circles centered
at the origin of coordinates O (the Ox'x* coordinate system is barycentric). All points A,, A,, L, — Ly move along their circles

with an angular velocity o, . The position of the points is shown at the initial moment of time ¢ = 0

BaKHOE 3HAUEHHUE MPHU pa3pabOTKe ONpeleTIeHHBIX CXEM IOJIETOB KOCMMYECKHMX alrapaToB, MPH HC-
MOJIb30BAHMH B CIy4Yae OTPAaHMYEHHOM 3a7ja4y TPeX TeNl KOJUIMHEApHBIX L, L,, Ly 1 TpeyronbHbIX Ly, Ls
TOYEK JIMOpaIK B KAYeCTBE CBOCOOPA3HBIX KOCMUYECKIX MOPTOB JJIS Pa3MEICHHsI B HUX BHE3EMHBIX
HCCIIEIOBATENBCKIX JIAOOPATOPHIA, B YACTHOCTH TEJIECKOTIOB M IIPOYNX HAOIIONATEIbHBIX TEXHHUECKUX
YCTPOUCTB, C MOMOIIIBI0 KOTOPBIX H3y4atorcst Conneunas cuctema, ['anaktuka u Beenennast.

NmeeTcs psig IPOEKTOB U IPOIPAMM I10 OCYILECTBIICHHUIO 3aIlycKa Ha0JII0JaTeIbHOM TEXHUKHU B KOC-
Moc. Hanpumep, 3HaMeHUTHIN Teneckon «Xa06m» u anmapar LISA paGoTanu B OKpeCTHOCTH ditsiepo-
BOM TOUKHU L,, Teneckon «Y300» — mpeeMHHK Teneckona «Xab0m» — B 2020 . mociaH B OKPECTHOCTb
3TOi1 e Touku, oocepBaropuss WMAP paGorana B okpecTHocTH Touku L, mexay ConHuem u 3emieit
Ha pacctosHuA 1,5 MiTH KM oT 3emutn, kocMudeckuii armapat SOHO eme panee B 1995 1. ObLT BEIBeIEH
B Ty JK€ OKPECTHOCTh C 11eJIbio u3yueHusi CoHIa U ero OKPeCTHOCTEH, B pe3yapTraTe 4ero Oblia moiy-
yeHa OoraTtas HHPOPMAIHSI O COCTOSHUH COTHEUHON aTMOC(epsl, TTyOMHHBIX c1osx COJHIIa, COTHEeY-
HOM BeTpE, 00 aKTUBHOCTH COJIHEYHOW KOPOHBI, a TaKyKe 00HAPYKEHO OOIBIIOE KOTHYECTBO OKOJIOCOII-
HEYHBIX KoMeT. OCyIecTBIIEH 3aITyCK B KOCMOC MHOTHX APYTUX KOCMHUYECKUX ammaparos (cM. [15, 16]).

[IpoBeneHHbIi KpaTKuii 0030p pOJIU TUOPAITMOHHBIX TOYEK B HEOECHON MeXaHUKE MTOKa3bIBAET, UTO
SUJIEPOBBI U JIArPAHXKEBBI PEIICHHUS MPEICTABISIOT 3HAYMTEIbHBIN TEOPETUUECKUN U MPAKTUUYECKUM
nHrtepec. Ho nccnenoBanne u UCnosb30BaHUE ITUX PELIEHUH B aCTPOHOMHUH, aCTPOJMHAMUKE, acTpPO-
¢u3uke 6e3 yueTa pelsITUBUCTCKUX MOIPABOK, BO3HUKAIOIIMX COIVIACHO 3WHINTEHHOBCKOM TEOpUH Tsi-
roTeHus, T. €. oouel reopun otHocutTenbHocTH (OTO), siBAsieTca HenoctarouHbiM. [losTOMY HaunHas
¢ 1960-x rr. 6emopyccKkoll HayIHOH IIIKOJION TT0 MpoOIeMe ABHIKEHHUS T B KOCMOCE TIPOBOASATCS UCCIIe-
JOBaHUS 10 IPOOIIEME peramueucimcko2o ABUKEHHS Te H ero YCTOHYHBOCTH B «ITYCTOTE» (CM. MOHO-
rpadwun [6, 8] u nuccepranuu [17-19]).

Ho, xak mu3BectHO [12, 16, 20—22], mpoCcTpaHCTBO HE SIBJSETCA IIYCTHIM», a 3alOJHEHO MEKIIa-
netHoii (MII), mexx3Bezauoi (M3), mexranaktryeckor (MI') cpexamu, BKIIFOUatonuMu B ce0si BCEBO3-
MOYKHBIC U3TyUCHHS («BUIUMas» MaTepus). B Hacrosee BpemMst acTpodu3nkaMu U GU3MKaMHU-Teope-
THKaMH BBIJBUHYTHI TUIIOTE3HI (CM., HAMp., [16, 22—24]), B KOTOPBIX yTBEP)KIaeTCs, YTO KPOME BUIHU-
MO MaTtepun Bo BceneHHOM cyIIecTBYIOT TaKk Ha3bIBAEMbIE «TEMHAs» MaTEPUsl U «TEMHas» HEPrHus,
KOTOpBIE 00JIaIal0T TIOKa HEM3BECTHBIMU YEJIOBEUYECTBY CBOMCTBAMHU, HO OTBETCTBEHHEI, IT0-BHINMOMY,
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3a QaHTUTPaBUTALMIO. YUET BIMSIHUS THIIOTETHYECKON MaTEpHH Ha JIBUKEHUE TEJI HAMH HE IIPOBOJUTCS.
I110THOCTSH p cpen upe3BblUaiiHO Maa:

MEXKIUIAHETHAS Py ~ (10718 +107) 1 oM, 0]
MEXK3BE3IHAS P s ~ (1 072*+107% )T-cMm -3 , )
MEKTaJIaKTHIECKAS Pyr ~ (1 0727 +10™° )T-cM -3, 3)

Ho o0mras macca 3Toii BugnMoit (HabrojaeMoii) MaTepUH MTPEBOCXOAUT MAacCy BCEX TaJIAKTHK (CM., Ha-
mp., [22, ron. 1, § 1.2]). braromapst cymecTBOBaHUIO Cpell BO3ZHUKAET (DOHOBOE TPaBUTAITMOHHOE TIOJIE,
KOTOPOE CYIIIECTBEHHO BIIMSIET Ha MPOUCXOSIIIINE B KOCMOCE ITPOIECCHI, B YACTHOCTHU BBI3BIBAET JOMOJ-
HUTEIHHOE YMEHBIICHHE CKOPOCTH CBETa, M3MEHSET TPACKTOPHUH ABUKECHHS ILIAHET, 3BE3/I, TAIAKTHK
U UX COOCTBEHHBIC YTJIOBBIC MOMEHTBI UMITYJIbCA, IIPUBOIUT K CMEIICHHIO WM JIAXKEe YHUUYTOXKEHUIO
TOueK JTUOpaIui B HEKOTOPBIX CUCTEMax Tel U T. 1. U T. I.

C nenpio MpuOIMKEHUs Pe3yJIbTaTOB MCCIeIOBAHU (B MOJICIBHBIX 3aJlayax U3 00yacTu acTpodu-
3WKH) K PEaTbHOCTH CIIEAyeT Ha YpOBHE OOIei Teopur OTHOCHUTENBHOCTH YUHUTHIBATh (DOHOBOE Tpa-
BuTannoHHoe mone. HaumHas ¢ 1980-x rT. 6enopycckas HaydHas IIKOJa MO MpoOieMe JBHKEHUS Tel
B KOCMOCE TIPHCTYIHJIA K UCCIIEIOBAHUAM JABMKEHHU Tel B cpene. [1o 9Toil Temaruke 3allnIeHb! 1Be
nuccepTanuu [25, 26] u omyOIMKOBaHO 3HAYUTEIIBHOE KOJTUYECTBO PaOOT, OCHOBHEIE M3 KOTOPBIX [27—
41]. Ognako B mpobieMe pensiTUBUCTCKOTO JABMIKEHHS TEJ eIlle CYLIeCTBYET psil NpoOenoB (Oenbix msi-
TE€H), KOTOpbIC BO BpeMeHa MHTECHCUBHOT'O H3YUCHHS OCBOSHHSI KOCMOCA HEOOXOAMMO JTUKBHIUPOBATh.

OnHUM W3 HUX SBISETCA CIENYIONUH. Y4eT (OHOBOTO T'PABHUTAIIMOHHOTO TIONSI BUIOWU3MEHSET
nuddepeHuanbable YpaBHEHHS IBIKCHHS TENl B KOCMOCE. DTH YPaBHCHHUS HE SBIISIOTCS TPyOBIMU
(g-ycTOMYMBBIMH), T. €. MaJIble U3MEHEHUS yPABHEHU MOTYT IPHBOJUTH K CYIIECTBEHHBIM N3MEHEHH-
M UX pelIeHui (cM., Hamp., [6, 8]). M3 mpoBeneHHOr0 BhILIE 0030pa SCHO, YTO JUISl PA3HBIX LIEJIeH IIn-
POKO BOCTpPEOOBaHBI TOYKH JIMOPAIIMH, HO UX TIOJIOKEHHUE B IPOCTPAHCTBE U YCIIOBHS CYIIECTBOBAHUS
B CpeJie HE BBISICHEHBI.

Leunbto HacTosmIel paboThI SBISICTCS UCCIIEIOBAHUE, BHOCSIIIEE SICHOCTh B TPOOJIEMY TOYEK JIHOpa-
WA B CPEIE.

DopMyJTHPOBKA 32124, CHMBOJIMKA U BbIBOJ HeOOXOAMMBbIX ypaBHeHUi. PemaeM orpaHuyes-
HYI0 Kpyeosyw 3amady Tpex ten A;, A,, Ay, IMEIOIMUX MaccChl m,, m,, m;. Tena A,, A, — OCHOBHBIE,
Teno A, — npobnoe. Ilostomy my >>ms3, my >>ms3. Teno A, He BausieT Ha ABUkeHUe Tel A, 4,. Ilo
OINpEeAENCHUIO TIoaraeM miy = 0. JIBHsKEeHUE Tell MPOUCXOAUT B OMHOPOJHON CPeJie, INIOTHOCTh KOTOPOU
p = const, B mape paanycom R.

3agauy pemraem B 2 aTama: | atam. HerotornoBckoe nmpubmmxenue (HIT) OTO; 11 sTam. mocTHRIOTO-
HoBckoe mpudamkenue (ITHIT) OTO.

I aran. HeroToHOBCKOE TIPUOIMKEHUE OOIIEH TEOPUN OTHOCUTEIBHOCTH. B mMpocTpaHCTBE BBOAMM
IPAMOYTOJBHYIO IEKAPTOBY CHCTEMY KOOpAHHAT Ox'x°Xx” 1 6e3 OrpaHHueHHs OOIIHOCTH CYHTACM, UTO
TeJla JBUTAIOTCA B KOOPAMHATHOM MIJIOCKOCTH x'Ox?, 1. e. B mmockoctH x° = 0. CUMBONHKY HJISI KOOP-
nuHat Touek M u ten Ay, k =1,2,3 BeiOupaem cienyromniei: M(xl,xz,x3), Ak}akl,akz,akil. Tak kak

Tena A, ABUTal0TCA B INIOCKOCTH x* =0, o Beerna a;° =0. Hentp mace C ten 4, u 4, B HIT OTO B mmy-
CTOTE ONPEAEHAETCS M0 IPaBHILY:
i i
, ma; +maa .
C(c',c?,0), ¢! =121 7722 o1y 2. @)

m;+mp

CucTeMy KOOPIMHAT BRIOHpaeM GapHIIEHTPUUECKOH, T. €. B myctoTe ¢ = 0. Kak mokasano B [40], ypas-
nenwns narxerus (Y1) asyx ten 8 HITI OTO B omHOpOIHOM cpere (p = const) IMEIOT BUT

.q m i i 4 i

dip = —y3—2(01p _a2p)_§nypalpa ®)
"2p

.. Yym (i i 4 i

iy ==y —aly ) S mypady, ©)
"2p 3
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A€ KOOPpAUHATHI TCII Al nu A2 CHA0KEHBI HWHJCKCOM P, TaK KaK IPpU Y4CTC MJIOTHOCTH p CPEAbI KOOPpAHHA-

2 2 1/2
1
ThI OTHUX TCJI OTIMYAIOTCA OT UX KOOPAMUHAT B IIYCTOTEC; F12p = |:(612p - alp) + (a2p - alp) :| — HBIOTO-

HOBCKOE€ PAaCCTOSTHHE MEX Ty TelaMu 4, u A, B cperie (TOYHee — pacCCTOSHUE MEXKIAY X HEHTPAMHU Macc).
Lenrp macc ten 4, u 4, B cpene C, CieayeT ONpeieanTh CIeAyOMUM 00pa3om:

i i
1 2 i mayp +maan,
Cp(ehrep,0), cp= . (7)
my+my

YMHoOxUB (5) Ha m,, a (6) Ha M, U CIIOKUB IOJIyUEHHbIE pPaBEHCTBA, HaxoauM B cuity (7) u (5), (6):

4 . : 4 .
mydip +mads, = (my +my)cp =—§1Wp(m1mip +mza’zp): —gﬁvp(ml +my)cp. ®)

[onyunnu nuHeiiHOe ogHOPOAHOE AU(QEepeHIINATBHOE YPaBHEHUE BTOPOIrO MOPSAKA C TMOCTOSHHBIM
KO3 UITUEHTOM

i 4 i
Cp +§nypcp =0, )

OOIINM perIeHreM KOTOPOro SBIgeTcs (yHKIIHSA

cf,:CISin /%nypt + C, cos ‘fgnypt , (10)

rune C,, C, — 1pou3BOJIbHBIC IOCTOSIHHBIE HHTErpupoBanus. Pemas 3anauy Komu muist auddepenunans-
HOTO ypaBHeHHs (9) IpH HaYabHEIX yCoBHAX ¢, (0) =0, ¢5(0) =0, nomyuaem C, =0, C, =0, 1. e. ipu
T000M ¢ UMeeM

ch=0. (11)

CrnenosarensHo, B HIT OTO npu y4yeTe rpaBUTAIIMOHHOTO TTOJIST OTHOPOTHOU cpenl (p = const) CHCTe-
Ma KOOPJIMHAT SIBJISIETCS OApUIICHTPHUYECKON, €CITH OHA B IYCTOTE ObIJIa TAKOBO.

Wurterpupoanue cuctemsl (5), (6) mpoBoguM MO CTaHAAPTHOW M3BECTHOW cxeme (cM., Hamp., [0,
§ 23]). B utore nonyuaeMm napaMeTpudeckue ypaBHEHUs TpaeKTopuil ren 4, u 4, (m; > m,):

al =22 o al, =2 o
]p - m +m2 (Pv 2p - m +m2 (pa
1 1 2
A (alpaalp) A> (aZpaaZp) (12)
2 marzp o ) Mmingp .
aip =———>-sin¢; azy = sin @,
mp+my my+my

IZie ¢ TOYHOCTBIO IO BEKOBBIX WICHOB, IEPBOI CTENCHH P U BTOPOU CTENEHHU € HBIOTOHOBCKOE PACCTOS-
HHUE MEXY TenaMu A, u A, 12p ONPENENeTCs ypaBHEHHEM OTHOCUTEIBHOW OPOMTHI TEI

' 1+ecos[(1+0c‘13)(p} o 2w
epsinQ = s Op=—""—;
n"2p p my +mj p my +mj

1 _l+ecosp 2np2p (13)

YTOJI ¢ = f, ® — YIJI0Basi CKOPOCTb TeJl A, U A, Ha UX OpOUTAX U SBISICTCSA NEPEMEHHON BEIMYMHOM.
Ommemum yacmuviii cayuai: cuctema (), (6) 1ollyckaeT CBOMM pELIeHUEM ABHKCHUE Tesl 4, 1 A,

10 KOHIIEHTPUYECKUM OKPY>KHOCTSIM C IIEHTPOM B Hadaje KoopawHaT. Toraa mapaMeTprudecKkue ypas-

HEHUs UX TPAeKTOPUi Takxke MMeroT BuA (12) ¢ ToM IuIlb pa3HUIIEH, 9To 712p = Fop = CONSt, HO yrioBas

CKOPOCTB (M, TEJI HA UX KPYTOBBIX OPOUTaxX (¢ = pt)

| Y 1 _m

Alp = ——1pp COSQ, azp =—I9p COSQ,
m m

m=mp+mj (14)

2 MMy s 2 M .
Alp =———Top SINQ; azp =—Tryp SINQ,
m m
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OMpeaACIsICTCA paBCHCTBOM

m 4
ofy =5+, (1)
"op

T. €. OHa Oy/IeT MOCTOSTHHOM, OMMHAKOBOMU 117151 000uX Tei A, A, 1 O0JIbIIe YTIIOBOI CKOPOCTH B IyCTOTE

™o =\/ym/ 76 . iMeeM HbIOTOHOBCKHMIA 3G eKT yBeTUUEHHUsI YTIOBOKH CKOPOCTH B OJHOPOIHOH cpere.
3aMeTHM, 4YTO Ui KpYTroBbiX opouT ux paguycel B HIT OTO oguHakoBble B IIyCTOTE U B CPEfIE: o = Fop-
ITosTomy B popmynax (14), (15) BMECTO 7op MOKHO IUCATD 7.

HyloTOHOBCKHE ypaBHEHHUS IBH/KCHHA NMPOOHOIO Teja A; M TOYKH p-audpanuu. [IpuHumaem
B HBIOTOHOBCKOM MPUOJIMKEHUH OOLIeH TEOPUH OTHOCUTEIBHOCTH JIBUKCHUS Tl A, U A, Kpyeoguimu
(e=0, rpp =rpp =ryp = p=const), a TeNO A3 B Cllydae IIyCTOr0 NPOCTPaHCTBA P = 0 — HAXOAAIMMCS
B OAHOM M3 IATH TOueK Jubpauuu L, — Ls, T. €. B OAHOM U3 KOJUIMHEAPHBIX To4eK L, L,, L, niau B OZHOH
U3 TPEYTOJIbHBIX TOYeK Jubpanuu L,, L (cM. puc. 1).

3Has METPUKY IIPOCTPAHCTBA-BPEMEHH, NOPOXKIEHHOTO TenaMu 4;, A, 1 MaTepuajbHbIM LIAPOM,
KoTopas HaimeHa B [29, (14.5) |, u3 ypaBHeHUH reone3ndeckoit (cM., Hamp., [6, 42, 43]) pu o = i mocue
HEOOXOIMMBIX MPeoOpa30BaHUN MOITyyaeM HHIOTOHOBCKUE yPaBHEHHS ABMKECHUS Tena Az (a%p,afp,O)
B OHOPOIHOM cpeze (p = const):

my( j my ( ; 4 j
aép +y3_1(aép _allp)+’y3_2(aép _aIZp)Z ——Wpaép, (16)
"31p 32p 3

rae 131, =|a 3p—a 1p| 32p =|a 3p—a 2p| — HBIOTOHOBCKHE PaccTOsHUs Tena Ay 1o ten A, u A, B cpene

BHYTPH ILIAPA, @ t, KMEET KOOPAMHATHI & ;;p, k =1,2,3. Kak BuauM, B ypaBHeHusX (16) cripaBa nosiBuics
[0 CPAaBHEHUIO C KJIACCHYECKHM CIy4aeM B IYCTOTE BMECTO HYJIsl JOMOJHUTEIBHBIN YJIEH, YTO BO3-
MOKHO BBI30BET M3MEHEHHS MECT PACIOIOKEHUS Tela Ay, T. €. MON0KEHUH Todyek nudpauuu L, — Ls,
WJIM JJa’Ke TIPU HEKOTOPBIX YCJIOBUAX K OTCYTCTBUIO PABHOBECHBIX peIleHUH cucteMsl (16).

EcrectBennniM 06pa3om Gopmymupyercs B HIT OTO

3anmaua 1. BeIACHUTD, CyIIECTBYIOT JIM CMEIICHUS SUJIEPOBBIX M JIATPAHKEBBIX TOYEK JTHOpanu
B 3aBHCHUMOCTH OT BEJIMYUHBI P H YCIOBUS, IIPH KOTOPBIX, MOKET OBITh, cucTema (16) He nMeeT nnubdpa-
[IMOHHBIX pelIeHNH B ciryuae xkpyeossix neuxkenuil Ten B HIT OTO.

Pemenune cucremsl (16) Oynem, Kak U B cIyyae MycTOTrO MPOCTPAHCTBA, HCKATh B BHJIE

a%p = a%op COS Wqpl — a320p sin ®pf, a32p = a%op sinwopt + a320p COS W, (17)

rie a%op = const, a320p = cOnst — UCKOMBIC KOOPIMHATHI TOYCK JTUOpAIUU MIPH yUeTe TPAaBUTALMOHHOTO

TIOJIsT OTHOPONIHOM cpenbl. PaBeHncTBa (17) 03HAYArOT, YTO MBI UINEM TOYKH JTNOpaiuu LY, n=1,..,580

BpAIIAIOIIEHCS BOKPYT TOUKHU O € yIIIOBOH CKOPOCTBIO M, U3 (15) cucreme koopauuar Oaéaé.
JBaxxasr nuddepenmupyem 1o ¢ paBeHcTso (17):

d%p = —(D%p (a%op COSM0pf — a320p sin mopt), &32p = —m(z)p (a%op sin®opt + a320p cos coopt). (18)
. L1 2 1 2
Haiinennsie B (18) d3p, d3p 1 azp, a3p u3 (17) noacrasnsgem B cuctemy (16). Ilocne Heo6XoauMBbIX mpe-

O6pa30BaHPII>i IMPpUXOAUM K CUCTEME JIBYX anre6pa1/1qec1<1/1x ypaBHeHI/Iﬁ I HAXO0XKXACHHSI HECU3BECTHBIX
1
KOHCTAHT d30p U a320p .

acosmopt +bsinwopt =0,  asinwgpt —bcoswgpt =0, (19)
rae
2 1, ym( 1 m yma( 1 m 4 |
a=—Mmppad3op +T(a30p +—F0]+T azop ——— 1o |+ TYPA30p, (20)
r3lp m r32p m 3
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2 2 ymp o, ymy o, 4 2
b =oipa30p ——5—azop ——5—a30p ——TYPA30p- 1y
31p r32p 3

Pemrennem cuctemst (19) sBusrorest a = 0, b = 0, KOTOpble MOKHO, 3aMEHHUB m%p ero BeipaxkeHueM (15),
OKOHYATEIILHO 3aITUCATh B BHUJIC

Ym ymy( my Yma [ g m)
- ddo, +——| azop +—10 [+—=—| azop ——10 |=0, (22)
7’0 31p m r32p m
ym ym o Ym; o
S a3, —5—azep —5—a30p =0 (23)
1y 31p "32p

OTMmeuaeM OY€Hb Ba)KHOE OOCTOATEILCTBO: Oiaronaps HaJIUYHMIO B (oop YyJeHa 4nyp/3 B BBIPaKCHU-
six (20), (21) u ypaBHeHusX (22), (23) yHHYITOKUIUCH YICHBI (4/ 3)nypa30p u (4/ 3)nypa30p (1. OTo 03Ha-
yaeT, 4yTo ypaBHeHUs (22) m (23) PKBHBAJCHTHBI ypaBHEHHUSM, KOTOpble pemranuck JI. Ditmepom
n XK. JI. Jlarpanxkem. CienoBareiabHO, SJIE€POBBI U JarpaH>KeBbl TOUKU HOpanuu L, — Ly CyIecTByIOT
¥ TPaBUTAITMOHHBIM T0JIeM ofgHoponHoi cpensl B HII OTO HuKyma He CMEIMIAIoTCs B CIIyUae Kpy2o8blx
JBU)KEHUH Tell, HO yIJIOBasi CKOPOCTb JIBUXKEHHUs BCeX Todek nubpauuu L, — Ls; u ten 4, A, no ux
OKPY>KHOCTSIM corJiacHo (15) Gouiblile, UeM B IIyCTOTE (.

3anaua 1 perieHa, HO IpeACTaBIAET UHTEPEC 3a/a4a TOro )K€ THIA B CIydae HEOJHOPOIHOTO pac-
MpeseseHns MIOTHOCTH, HAallpUMeEpP IS LIEHTPAJIbHO CUMMETPHUUECKOT0 paclpeseseHusl MIOTHOCTH
Cpelbl BHYTpH IIapa:

pzpo(l—%), 0<r<R; p=0 npuR <r<+mw. 24)

dopmyaupyeM yCIOBHE ITOW 3a/1auH.

3anaua 2. BeisicHuts, cymectBytoT 1 B HIT OTO kpyroBsle 1BHYKEHUS TE U JIJIEpPOBHI, U Ja-
I'paHKeBBI TOUKH JIMOpAIIMU B OTPaHUYCHHON 3aJlaue TPeX TeJl BHYTPH LIapa C paclpeneeHueM III0T-
HOCTH cpegbl (24).

Pemenue. B padore [41] BeiBenens! Y/ nByx ten B HIT OTO B cpene (24), KOTOpbIe B IPHHATHIX
3/1ech 0003HAUCHUSIX UMCIOT BUI ({ = 1 m 2):

2o Ymy ( i 2 a al
- _ z_ 4 <
%pg 3 (alpo %2p0 ) 2nypo(3 SR |Ywe> 91> R, (25)
r
12pg
. ymy i i 2 i
__ _ <
%200 3 (a2po %1pg ) 2mrPo ( 3 ZRJ Qypg» 925K, (26)
4P
PO
e afpo , a;po — KOOPIMHATHI TeN A, A,, yUUTHIBAIONINE BIMSIHUE HA JBUKEHUS TEJ [PABUTALHOHHOTO
1 1)\ 2 2 2
TOTIS CPEAB; Fiy) = {(azpo —alpo) +(a2p0 —a, 0) } — HBIOTOHOBCKOE PACCTOSHHE MEXKIY TeJja-

mu A, u A,, Haxondmumuca B cpezne (24); af , aé — KoopnuHaThl Ten A;, A, B IyCTOTE; aj, d;
na; = |Zz 1|, a = |Zz 2| — HBIOTOHOBCKHE PaINyChI-BEKTOPHI Tel 4, A, 1 UX PaCCTOSHUS 0 Hadaja Koop-
JIMHAT COOTBETCTBEHHO. [locnennue unensl cupasa B (25), (26) mponopLUUOHAIBHBI INIOTHOCTH P, KO-
TOpy10 U3-3a ee MaocTH (cM. (1)—(3)) yuuThIBaeM TOJIBKO B TIEPBOM CTEMICHHU.

BeisicHuM, 1OmycKaroTCs i KpyroBble IBUXeHUs Ten 4,, A, cucremoit (25), (26). ns sToro 3anu-
IIEM TTAPAMETPUYECKUE YPABHEHUS KPYTOBBIX OPOUT Ten A u A, (79 = 112, = const):

1 mj 1 my
Ay == 70 cos(mp?), Ay =10 cos(mpy 1),
A (al a’ ) m A (al a’ ) " 27)
1\ %1po>“1po 5 2\%2p0>%2p9 5

__m ; .
50 ——7r0 sin(®p1); 30 =

m
L sin(®p1).
m
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Haxomum BTOpbIE TIPOU3BOIHBIE TI0 BPEMEHH KOOPIMHAT a{po , a’zpo u3 (27):
il =72 002 cos il = e cos
oo =~ %% 0 ® 2p0 m L po ®,
(28)
i —mromz sin @; a2 = —ﬂroco2 sin @
- > - >
Iro 4y PO 2po m PO
rae g = 1. Moncrasus c'i{po , d’zpo u3 (28) u a{po , a’zpo u3 (27) B (25), (26), HOTYy4HM COOTBETCTBEHHO
C TOYHOCTBIO JI0 P, B IEPBOM CTEMEHHU BA PABEHCTBA
02 =2 L o0 — e (29)
=5 +-TYPo —TYPo—,
PO r03 3 R
> ym 4 a
®o =3t TP~ TP — -, (30)
}"0 3 R

KOTOpBbIE IIPU a; # a, IPUBOASAT K IPOTUBOPEUMIO. DTO O3HAUYAET, 4TO cucTeMa (25), (26) pu pasHbIX q,
U a, 3aIpellaeT Kpyrosble ABUKeHUS Tel A; U A, C OIMHAKOBBIMU YIJIOBBIMH CKOPOCTSIMU, UTO B CBOIO
odepellb BICUET omcymcmeue B pacCMaTPUBAEMbIX YCIOBUSAX TOUeK JTuOpauuu L, — Ls.

TonpKko B 4aCTHOM cllydae, KOIZla @) = d) = dg = Const, 4T0 IPOUCXOAHUT IIPH /M| = M, = My, JACTHBIM
pelIeHreM CUCTEMBI (25), (26) sBiIeTCs OKPYKHOCTb PAaJHYCOM &, IapaMETPHUECKHE yPaBHEHUS KO-
TOpoU

a' =ay cos(mpy?), a’=ay sin(®py?), aog<R. (31)

Tena A, u A, 1BUTaroTCs 0 OKPY>KHOCTH (31) ¢ yII0BOI CKOPOCTHIO

1/2

m 4 a
po = z_3+§ﬂvpo—nvm?o . fo=2ap, m=2my, 32
0

Haxo[sCh B JUAMETPAJIbHO IPOTHUBOIIOJJIOXKHBIX TOUKAX. HapaMeTpI/I‘lCCKI/IC YpaBHCHUS TECJI Al nu AZ npu
9TOM HUMCIOT BUJ]

1

__ 1
(al X ayp, =40 cos(wpy1), ol 5 d)pe =40 cos(mpy1), “
N 1pg>%1pg 2 : 2\%2p0°%2pg 2 . 33)
aj5, = —a0 sin(wp?); a5y, = @0 sin(wp 1),

rae ®,, onpenenserca Gopmynoii (32). B paccMaTpuBaeMOM 4acTHOM Cllydae BCE TOYKH P-TMOpaluu
cymecTBYI0T. M3 co00pakeHH CHMMETPHUH TOYKH PAaBHOBECHS BO BpAIIAIOMICHCS C yTIIOBOM CKOPO-
CTBIO W, CUCTEME KOOPJMHAT Ox; Oxs , PACTIOIOXKEHEI CIICTy FOLITIM o6pazom: Lf® coBnamaer ¢ Hauasom
KoopauHart O; Lﬁ?s umeroT koopauHathl (0,tag NE) ); L5 m L° pacrionosxensl Ha ocu Oxé o, CIMMETPHYHO
oTHOCcHUTEIbHO O B MHTEpBanax (ag,+%) u (—ag,—%) COOTBETCTBEHHO (puC. 2).

Pemenne 3aaun 2 3aKOHYEHO, HO OCTAETCS HEKOTOpas HEYJOBJIETBOPEHHOCTh. XOTEIOCh OBl Oy~
YUTh YETKUH OTBET Ha BOMPOC: KAKOBHI (hM3WUECKHE MPUINHBI NCUE3HOBEHHS TOUEK PAaBHOBECHS, T. €.
TOYeK JImOparuu, B HeomHopoaHoi cpeae B HIT OTO?

JBH:keHHe HeHTpa macc Tel A; U A,. UTOObI OTBETHTH HAa TOT BOIPOC, PACCMOTPHUM IMOBE/ICHUE
nentpa macce (LIM) ren 4,, 4, B HeonHopoaHoii cpene (24) 8 HII OTO, xoropslii onpenensercs aHalo-
ruyHo (4) i (7):

i i
. ma;.  +msa
1 2 i 1po 2po .
Coo (ehyreny)> by = — , i=lu2, (34)

rae af 0’ aé po ~ HPIOTOHOBCKHE KOOPIAMHATEI TeJl A, A, B cpene (24). T KOOpAMHATHI NOAUNHEHbI
Y1 (25), (26).
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2

X

Py
L4

/P \Ns

Po
LS

Puc. 2. Jlano pacnonoxenue ten 4,, A, u Touex py-nudpaunn LY — LL® (1. e. mpo6HOro Tena A;) B Ha9anbHBIH MOMEHT
BpemenH ¢ = (), KOTOpBIE BCE BPAIIAIOTCS TI0 CBOMM OKPYXKHOCTSM ¢ leHTpoM O. M306pakeH 4acTHBIH ciydail
- —q. = PO — OFPO
my=m,, a; = a, = a,, OLY’ = OLY

Fig. 2. The location of bodies 4,, 4, and p,-libration points Lf® — L8° (i. e. Test body 45) at the initial point of time # = 0,
which all rotate along their circles with the center O. The particular case is shown when m, = m,, a; = a, = ay, OL8" = OL5?

HBaxnpl npoauddepeHurpyemM Mo BpeMeHH ¢ paBeHCTBO (34), 3aTeM BMECTO MOSBHUBLIMXCS

c'ifpo, c'ilzpo NO/ICTABUM WX BbIpaxkeHus u3 Y/I (25), (26) u y4rem ycioBue O0apuuCHTpUYHOCTH (B (4)

¢' =0 wunu B (11) ¢p =0). Torna nony4nm

. .
s =M% M2 _ TYPo

i i 35
po " R (m1611611 +m2a2a2), (35)

rJe BEJIMYUHBI B CKOOKaX OTHOCATCS K ITyCTOMY IPOCTPAHCTBY (p, = 0) U BHIYHUCIICHBI B HEMOABH>KHOMN
0apHLIEHTPUUYECKOH cHcTeMe KOOPAHHAT Ox'x? (MHEpLMAJIBHON CUCTEME OTCUeTa); d;, d, — HbIOTOHOB-
CKHE PajInyChl KPYTOBBIX OPOUT Tel A, A, B IyCTOTE; A1, a3 BRIpAKAKOTCS (GopMyTamMu

al =-"2, cos(wot), ab ="y, cos(wot),
A " A> " (36)
at =24, sin(wot); a3 ="y, sin (o),
m m

KOTOPBIE SIBJISTIOTCS TAPAMETPHUCCKUMHU yPaBHEHUSIMH KPYTOBBIX TPACKTOPUI TeN A, A5, 70 =F2 = A1 Ay —

paccrosiHue Mex 1y Tenamu A, u 4,, ®o = ym/ r03 .
[MoxcraBuB aj, aj u3 (36) B (35), npuxoaum K cucreme AByX Au(depeHInanbHbiX ypaBHEHHH BTO-
poro mopsiiKa AJisl HAXOXKICHUS KOOpAUHAT c; o LM ten 4, u 4, B cpexne (24) 8 HII OTO:

&, =Kcos(wpr), &3 =Ksin(w), (37)
rae
mymoyr
szpo—lz“’(az —a). (38)
Rm

3aMeHUB a,, a, B (38) ux 3HAYECHUAMHU a] = mzro/m, a = mlro/m u pemuB 3agauy Koru nis ypaBHe-
Huii (37) npu HaYaIbHBIX YCIOBUSX c;O (0)=0, é")o (0) =0, momy4yuM 4yacTHOE pelieHue cucteMsl (37),
B KOTOPOM (¢ = (f:

5
clozKO(l—cosq)), CZOZKO((p—sin(p), Ko:K/m%:TfporomlszM1 mz).
Rm

! (39)

p
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Puc. 3. Ilpencrasneno nosenenue ten 4,, A, u ux M B HIT OTO B HeogHOpoaHOi1 cpene. Teno 4, onuceiBaet
BUTKH, YXOJISIIHE BBEPX M KACAIONIMECS BEPTHKAIBHBIX MONYMPSIMBIX X' = —a; u x'= —a, + 2K, B Toukax (—a,, 2nnk)
" (a] +2Ko,(2n+ l)nKo), n=0,1,2,.... AHaJOIrHYHO: TeJO 4, ONUCHIBAET yXOISLINE BBEPX BUTKH, KaCAIOLIHECS
HONYHPSAMBIX X = a, U x'= —a, + 1K, B Toukax (a,, 2nnk,) u (—az + 1Ko, (2n+ l)nKo) COOTBETCTBEHHO. [IyHKTHpOM
U300paXKeHbl OKPYKHOCTH, 110 KOTOPBIM JABHUTAIOTCs Tena 4, U A, B MyCTOTE

Fig. 3. The behavior of bodies 4,, 4, and their CMs in NA of GTR in an inhomogeneous medium. Body A4, describes
the turns going up and touching the vertical half-lines x' =—a, and x' = —a, + 2K, at the points (-a,, 2n1K,)
and (a1 +2Ko,(2n+ 1)1k ), n=0,1,2,... . Similarly, body 4, describes the upward loops touching the half-lines x' = a,
and x' = —a, + 1K, at the points (a,, 2nnK;) and (—az +1Ko,(2n+ l)rcKo) respectively. The dotted line shows the circles,
along which bodies 4, and 4, move in the void

VYpasuenus (39) onpenensoT HUKIOUAY, HAXOIALIYIOCS IIPU 71, > 1, B IEPBON YeTBEPTHU C 0a30i Ha
TONOKUTETBHOM moTyocH Ox” cHCTEMBI KOOpAHHAT Ox'x°, KOTOpas, CIIeI0BATEIBHO, HE ABIISETCS OapH-
LHEeHTpUYeCcKon ais Ten A, A, B cpene (24), XoTs B MycTOTEe OHa ObL1a TakoBOM (puc. 3).

Takum 06pa3om, IPOSCHIETCS MPUYNHA HCUE3HOBEHUS TOUCK TMOpallui B HEOJHOPOAHOMU cpefie (24):
s ten A,, A, ne cywecmeyem B nHeonHopoasoit cpeae B HII OTO GapuneHTpU4ecKoil cucTeMbl KOOp-
nuHat, IIM Ten B 11:000# HHEpIUaIbHON CUCTEME KOOPJUHAT HE OCTAETCsl B IIOKOE; Tena A, A, He MOI'yT
MEePEeBUTATHCS TI0 OKPYIKHOCTSIM, & KaXKJI0€ U3 TENl ONMUCHIBACT GUMKU, KOTOPhIC C TEUCHHEM BPEMEHH
«yxomsty mpi K, > 0 B GeCKOHEYHOCTH B TIONOKHUTETBHOM HATpaBIeHnH oc Ox” (CM. pHC. 3, Ha KOTOPOM
n300pakeHo 110 1Ba BUTKA JJISl Ka>KJOT0 Tella, COOTBETCTBYIOIIUX ABYM apKaM LUKJIOUIB! (39)).

O To4kax MUOpPANNH B NOCTHHLIOTOHOBCKOM NMPHUOINKeHNH 001Ieii TeOpHH OTHOCHTEJIbLHOCTH.
[Tpobaemy ynoOHO pa3aenuTh Ha TPH caydas: B IyCTOTE, B OJHOPOIHON cpeie, B HEOJHOPOIHOMU cperie.

1. B «mmycrom» mpoctpanctBe (p = 0) Touku nuOpanuu, JBHKEHHE Tel U UX YCTOHYHMBOCTH IO
JIAmyHOBY B OrpaHMYEHHON KPyTOBOH 3a/1a4e Tpex Ted HaMH paccMoTpensl B 1970-x IT. (cwm. [6, § 28-31]).

JlotmotTHUM TIpOBEIEHHOE B [6] pacCMOTpPEHHE CIeAYIONeH HHPpOpMaIIHEH.

B nocTHBIOTOHOBCKOM HPUOIMKEHNN 0011l TEOPHUH OTHOCUTEIBHOCTH ¢ TOYHOCTBIO JIO BEKOBBIX
WICHOB Tena A, 1 A, BO Bpallalomeiics cucreMe KOOpAUHAT UMEIOT KOOPAMHATHI

2
(22 2 s S 33 ot . “0)
m cm

2
A2 (ﬂro, - ;Ym; (37’1112 + 5m1m2 + 3m22 )(,l)()lj. (41)
m cm
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W3 Buna xoopaunar B (40), (41) cnenyet, uto r, = A4, — paccTosHUuE MEKIY TenaMu A, U A,, paccTos-
HUSL TeN O Hayaja KOOPAMHAT MOCTOSHHBI U paBHbI A0 =myrg/m, A>O=mrg/m, upsmas A4,
B [THII OTO BpamaeTcst 0koji0 Hadajla KOOPJUHAT € YTIIOBOM CKOPOCTHIO

y(3m12 + Smym» +3m22)
myg=wo|1-

) 42
2c 2mr() ¢

T. €. B mycTtoTe Tena A,, A, B IITHIT OTO umeroT yriaoByr0 CKOPOCTb JABHKEHHSI 0 KPYTOBBIM OpOUTaM

0, KOTOpasi MEHbIIIE UX YTIIOBOH CKOPOCTH M( = +/YM / ¢ B HI1 OTO (cm. [6, popmystst (30.1), (31.2)]).

ITpo6Hoe Teno A4;, naxoxasameecs B HIT OTO B ogHoii u3 Touek nubpanuu, B ITHIT OTO cmenaercs
BEKOBBIM 00pa30M U3 3TUX TOYEK: KOJJIMHEApHbIe TOUKHU L, L,, Ly cxonaT ¢ npsamoit 4,4,, a paccTos-
HUSl TPEYTONBHBIX TOYEK JIuOpanun Ly, L 10 Ten A; n A, MEHSI0TCS BEKOBBIM 00pa3oM, KpoMe Ciydas,
KOT'JIa Macchel 1y, M, 1€l A;, A, TOAYUHEHBI YCIIOBUIO

>25+3\/@

S ma = 24,939, 43)

my

B cnyuae (43) narpansxessl TpeyronsHuku 4,4,L,, A;A,Ls ¢ TO4HOCTBIO 10 BEeKOBBIX ujieHOB B HII
OTO u ITHIT OTO coBnagarot (cM. [6, § 30, 31]).

3aMmeuaHue. BexoBble CMENICHUS TOYEK JIMOPAIIMU MOXKHO paccMaTpuBaTh, C OJHOW CTOPOHHI,
KAaK UX YHUUYTOXXEHHUE, a C APYTOil — KaK UX HEyCTOWUHUBOCTH 10 JIAIyHOBY IIpU NOCTOSHHO JEHCTBYO-
[IUX BO3MYIICHUAX [5—8].

2. B ciyuae onHopoaHoii cpensl (p = const # 0) B HII OTO st kpyroBsix ABukeHuit ten 4,, A,
CYILIECTBYET, KaK HaMH MOKa3aHO BbilIe (cM. ¢popmyisl (4)—(11) u conyTcTBYIOIIMI UM TEKCT), Oapu-
LEHTpHUYECKasl CUCTeMa KOOpAMHAT, T. €. Takas MHepLuajbHas CUCTEMa OTcyeTa, B KoTopod nx UM
MTOKOUTCS B Hauaje koopauHaT. OkasbiBaercs, yto npu nepexone uz HII OTO B I[THIT OTO caoiicTBO
OapUIICHTPUYHOCTH TEPSAETCS M, Kak Joka3piBaeTcs B padore [40], LIM 3TUX Te TOIKEH IBUTATHCS 10
LUKJION/IE, TAPAMETPHUCCKHE YPABHEHHS KOTOPOIl B HEMOABHKHOM cHcTeMe Koopauaat Ox'x” uMeror

Bu (UM Ten 4, u A, u ero koopauHaTel 0003Ha4eHbI cumBonamu C, (Eé ,53 )):

o mypry

3
¢l — Tpro W(l-cose), &=

=
c?m?

W(p—sing),
c*m? ( ) 44)
rIe @ = Wof, g =+/Ym / 76 . Benmauna W = const u ompezaensercs GopMyIIoin

5(2R R?>-a, R-a 4R?
—+ In +

W=mi|= -
2 ap a12 R+a1 (R+a1)3
) 3]
—m3 SI2R R 2a21nR a |, 4R S|+
as ay R+az) (R+ay)
4R 1
+2m1m2 ay—ap -
( ) 3a12a22 o @3)

Il Bce BEIMYMHBI UMCIOT PaHEe OTOBOPEHHBIH CMBICII.

OtmMeTuM, 4TO, KakK U B ciiydae Lukiaouasl (39), npu m, = m, (Toraa u a, = a,) nukiaonaa (44) ucue-
3aeT, TaK KaK COrIacHo (45) W = 0. B sTom yactHOM ciyuae LIM mokouTcs, u cucteMa koopausat Ox'x
SIBIISIETCS. OAPULIEHTPUYECKOM.

3. Cnyuaii HeoOHOpoOHOU IIOTHOCTH cpenbl (24) monpodno paccmotpeH B HII OTO npu pemennn
3a/1a4M 2 ¥ ee YaCTHOTO CiIydas (CM. TeKCT, COmpoBoXxaatomuii hopmynsl (25)—(33)). dxs pacemoTpe-
Hus Tex ke BormpocoB B [THIT OTO cnexyet nmpusneus Y] (34)—(36) u3 Hameit HemaBHe# paboTsl [41],
KOTOpPBIE HE BBIMTUCBIBAEM M3-3a MX T'POMO3IKOCTH M KOTopble oTnmuaroTcs or Y/ B HIT OTO (25),
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(26) nosBIICHUEM CIIpaBa PENSATUBUCTCKUX CHJIOBBIX 100aBoK Fi', F;. DT 100aBKM COCTOSAT U3 CyMMBI
JIBYX HacTei:

i _ i i I _ i
= Fig) + Figogys 73 =Fag)+ Fygpgy,
TIe Fl"( o) in( ) HE 3aBHUCAT OT P, a Fl(gpo), in(gp o) 3ABHCAT OT Py OTHOIIIEHHE MOCIEAHUX K HBIOTO-

HOBCKHM 4JICHaM C P, B (25), (26) AJIsL CTAaHJAPTHBIX Map 3BE3/ MIIM [ap Tell INIAHETAPHBIX CHCTEM €CTh

MaJibie BenmuduHbl ~ (10~ S 107! ) [losTOMyY BIHMSTHUEM CHIIOBBIX JOOABOK Fl(gp 0 Fz(g pg) HA PE3YJib-

TaThl MyHKTOB 1, 2, 3 MOXKHO mpeHeOpedb. UTo jke KacaeTcsi CHIIOBBIX T0OABOK F( )’ 2( o)’ TO UX OTHO-
LIEHHE K TEM K€ HbIOTOHOBCKHM YJICHAM JUIS TEX JK€ M1ap TEJI UMEIOT MOPSIOK ~ (102 +10°) u, cienosa-
TEJIBbHO, 3TH CUJIOBBIE JOOABKM MOT'YT UI'PATh INIABEHCTBYIOIIYIO POJib B (POPMUPOBAHUM TOUYEK JIHOpa-
LMY WIK B UX YHUUYTOXKEHHHU. VcTionb3yst Hy>KHbIe (JOPMYIIBI U SKCIIEPUMEHTAIbHbBIE JaHHBIEC O Mapax
TeJ, HYKE 1aJJUM YUCIICHHbIE OLIEHKHU OTKPBITHIM HOBBIM 3(h(hexTam.

IloxBomum uror. PaccmoTpenne Bcex Tpex ciaydaeB mokasbiBaet, yto B [THIT OTO B mycrote, B ogHO-
POZIHOM 1 B HEOJHOPOIHON CpeiaX TOUYKH JHOPAIH MOCTOSHHO JIEUCTBYIOIIMMHU PEISITUBUCTCKUMU CHJIO-
BBIMH JJOOABKaMU MOYTH BCETAa yHuumocaromes. Tonbko mpu ycnoBuu (43) TpeyroiabHbIE TOUYKH JIHOpa-
LM CYIIECTBYIOT BO BCEX TPEX CIydasx. DTO 03HAYAET, UTO MPH YCIOBUH (43) TpeyroibpHble TOUKH JTMOpa-
1M YCTOMYMBBI 10 JISITyHOBY, @ BO BCEX OCTANBHBIX CIy4asX TOUKH JIUOPALUH HEYCTORUMBEI (CM. [5, 6, 8]).

O0cy:xaeHue U YHCICHHbIE OLEHKH HEKOTOPBIX 3 eKTOoB.

1. HetoronoBckuit 3(h(hexT yBeInUeHUsI YITIOBOH CKOPOCTH B 00HOpoOoHou cpene. OH XapaKTepHu3y-
ercst popmynoit (15) u ero ynucneHHble OLEHKHN OyIyT Pa3HBIMHU B 3aBUCUMOCTH OT 00J1aCTH IPUMEHHU-
MOCTH.

a) B mearcnnanemnoii cpene cornacHo ucrounukam [12, 16, 20, 22, 44] ee niaoTHOCTS p,,,, UMEET 1O~
pAaoK, ykasaHHbIH popmysoii (1). Torma noGaBounsbIii umneH B (15)

%nprH ~3(107% +107% ¢ 2, (46)

a OCHOBHOHM 4JIeH B IJIaHeTapHOW cucteMe Tuna CosiHeuHOW (panumyc R KOTOpOW MPUHHUMAETCS (CM.,
Hamp., [45]) R ~10° a. e.=10°(1,5- 10" cm)=1,5- 10"8 ¢, paccrostare mexay ComHieM (3Be3101) U 11a-
HETOH 7y ~ (1013 + 018) M, Macca 3e3as m=2-10% ') IMEEeT OILIEHKY

%nypmn ~3(107 +107%) ¢ 2, A7)

N3 onenoxk (46), (47) cnenyet B cornacuu ¢ (15) ornenka

12 12

A0 10-25 £10730
Q)Op = 'Y_”;’l 1+—T;Yp211 ~ M 1+ 3(100_13 13)—28 ) =
o ®o
17 132
=m [1+3(10 +10 )} , Mmax o, = 55m. 48)

CorylacHO HOBEMIIMM JaHHBIM [46], IJIOTHOCTh Ta30MbUIEBOM Cpenbl, H3MEpPEHHas KOC-
MudeckuMu anmaparamu Pioner 10 m 11 Ha paccrosausx ot Comama 20-70 a. e., cocTaBis-
eT pMHz(5—3O)-10720r-0M73. Jnst omHo3HauHOCTH OlLEHKH (48) BO3bMEM pMH=10719F~CM73,

70 =0,6-10" cm (cpennee paccrosaue [Inyrona no Connua), mep =2 - 10¥ r. Torna nonyuum:
@0 ~8-107° ¢!, 4nyp,u/3%3-107° ¢, wp, = (0o +1072") e, (49)

T. €. B paCCMaTPHBAEMON PEaIbHON CUTYAIUH 0, IPAKTUIECKH COBNAAAET C ).
3aBucuMOCTh (15) TOKa3bIBAET, YTO TPU YBEJIHYEHUH 1y YIJIOBass CKOPOCTb (g, YMEHBIIAECTCS
U CTPEMUTCS K IIOCTOSIHHOM 100aBOYHOI YIVIOBOI CKOPOCTH 1;4Tcyp /3. DTO0 03HayaeT, 4To 106aBOYHAS
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YIJI0Basi CKOPOCTh, BO3HUKAIOMIAsI OJIaroaps FPaBUTALIMOHHOMY TIOJIIO CPEABI, MOKET OKa3aThes OIm3-
KOH K 0.

[logkpenuM 3To yTBEepKACHUE CIEAYIOMHUM dK30THYeCKIM TpuMepoM (cM. [16]). Ha mexayHapon-
HOW acTpoHOMMUECKOl KoH(pepeHuH B I. [lagye Obula BBIABUHYTa IMIOTE3a, MOAKPEIUICHHAsT MaTe-
MaTHYECKUMHU pacueTaMM, B KOTOPOH yTBEpKIaeTcs, YTO BHYTpH obsaka OopTa, KOTOpoe IpuHaaie-
xuT COJHEYHOH cucTeMe, CKphIBaeTCsl «UCTUHHAS JiecsaTas IIaHeTa, Kotopas B 1,5—-6 pa3 maccuBHee
IOnurepa n obpamaercs Bokpyr ConHiia Ha pacctosiHuM rp = 25000 a.e.=3,75- 10" cm. Jls oroii ru-

o o -19 -3
MOTETUYECKOU INJIAHETBI IPHU TOU KE€ IJIOTHOCTHU CPEABI Py = 10 T -CM NMEECM:

®0 =\YMo/rd 1,9-1073 ¢!, 4myp i /372,8-1072° ¢ 2, wgp ~ 1,500, (50)

T. €. 700aBOYHAs YIJIOBasi CKOPOCThH paBHA ITOJIOBUHE OCHOBHOM.

0) Meowcsse30nasn cpema WMeeT IUIOTHOCTH (2), a pacCTOSHHS MEXIy IapamMu 3Be3 MOTYT
OBITh MaJBIMH (TECHBICY» Iaphl) W 3HAYUTEIBHBIMH («ITHPOKHE» TMaphl). [IpmHUMAass Macchl 3Be3j
my=my=Mg =2-10% 1, paccrosuue 7o MEXIY HUMH Ul TECHOW Iapbl B CPEIHEM 7o(r) =10" cm,
a JUIsl OIUPOKUX Tap ro((ll)ﬂ)=1019 CM WJIH rgfgl)=102° CM, TIOy4aeM COOTBETCTBEHHO, IPHHSIB
Prs =107% r-em™ (cM. Takxke (48)):

wor) 5-107% ¢, ®op(r) & 0o (1+1/2-1072) ¢,

e - 4 - .
@f0y =5-10710 ¢, 3P ~2.8-10 e ol 2o 1+1/2:107 e, ()
OG0 =1.6-1077 ¢, Oy ® O 1+1/2:10%) ¢,

Taxum 00pa3om, YuCIEHHbIE OLEHKHU (51) TIOKA3BIBAIOT, YTO B PEANIbHBIX CUTYaLHUIX Mo, 1S CH-
CTEM M3 JIBYyX 3B€3] B TPAaBUTALIMOHHOM I10JIE, CO37aBaEMOM 3BE€3/IaMU M OJJHOPOJIHOMN Cpenoii, MOKET Ha
HECKOJIBKO TOPSAKOB IIPEBOCXOAUTH ) B MYCTOTE. DTO 0OCTOSTENBCTBO CIEAYET yUUTHIBATh B BOIIPO-
cax KOCMOJIOTHH.

B) B meorceanaxmuueckoii cpene mioTHOCTHIO (3), onmupasich Ha acTpodU3nUYecKre JaHHbIe HaOIIro-
JIEHUH, HECIIOKHO TIOJNyYUTh YMCIEHHBIE OLEHKH Mo, IS Nap IaJlaKTHK, aHAJIOTMYHBIE oleHKaM (51)
JUTS TIap 3Be3J1 (TEMBI JUIsl KYPCOBBIX cTyneH4Yeckux padot 1 HUPC).

2. PaccmoTpuM Temeph TpU B3aUMOCBSI3aHHBIX 3 deKTa, BIEPBBIC TOMYUYSHHBIC BBIME: 1) HBIOTO-
HOBCKHH 3PPEKT NCUC3HOBCHUS OAPUIICHTPUUECKON CHCTEMBI KOOPAUHAT B HEOTHOPOIHOU Cpene s
napsl Tei; 2) nukiouaansHoe asmkenue [IM aByx Ten (39); 3) kpyxeBnoii addexr nuxenns (KOMI)
nByx el (M. popmyiibt (34)—(39) 1 OTHOCSIIUICS K HUM TEKCT, a TaKXkKe puc. 3).

Janum oLeHKy JUIMHBI 6a3bl HUKIOU B (39), T. €. OLleHUM paccTosHUS 2K, IpU 3HAYCHUSIX M, M,,
7> P> COIYTCTBYIOIIUX BBIBOY OLEHOK (51), BIOpaB R = 10*' cm. Tora momyuaem CormacHo Gpopmye
s K u3 (39) Tpu OLEeHKHU:

2K o) #2,5-107 oM, 2mK (L ~2,5-10% cm~ 167 ace, 2nK (7)) ~2,5-10% em~1,67-10" a.e. (52)

Urak, npu oonom obopome napsl Ten A,, A, (¢p ©3MEHAETCS Ha 27) UEHTP Macc TeJ CMEIASTCs Ha yKa-
3aHHBIC OIIEHKaMHU (52) pacCTOSHUS. DTH PACCTOSHUS B TUTAHETAPHBIX CUCTEMaX HUYTOKHO MAJIbIE, HO
B 3Be3/IHBIX crcTeMax [[M MBOWHBIX 3BE3/1 MOXKET «BOSKHPOBATH» B CPE/IC HA 3HAYUTEIIbHBIC PACCTOS-
Hus. CKOPOCTH W HampaBlieHus JBuxkeHus [[M y pa3HbIX TBOHHBIX 3Be3] OY/IyT pa3HbIMU, YTO JOKHO
[IPUBOIUTH K HX CTOJIKHOBCHHUSAM M Pa3IMUYHBIM KOCMOJIOTHUECKHUM CIICACTBHIM, HapumMep, K hopMu-
POBAaHMIO CTPYKTYPbI FaJIaKTUKH, B KOTOPO OHM HAXOSITCSL.

3. Onenum riepuof 7 oOpalieHust ABOMHBIX 3BE31I, BOCIIONB30BaBIIUCH onleHKaMu (51). Umeem

T(xy = 21/ @0p(r) = 1,26 10'% ¢ ~ 400 ser,

Ty =27/ @6y *1,20-10° ¢ ~ 380 ser, (53)

T((j; =2 (Dg)%))(u_[) ~0,78- 10" ¢ ~ 250 ner.
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4. PenstuBuctckuit agdext (44), (45) tak xe, kak u 3pdext (39), npenckaspBacT BEKOBOE CMe-
HIeHUe LEeHTpP Macc Ten A, u 4, o LuKIJIonae, HO UuKiIonaa (44), (45) BO3HUKAET B 0OHOPOOHOU Cpele
B IIHIT OTO, a nuxnouna (39), mo kotopoii gBuxercs LIM ten B HeodHopooroti cpene, MOSBISETCS yKe
B HIT OTO. ITosTomy pacmionoxenue u pasmeps! ukiony (39) u (44), (45) pasusie. UncneHHBIE OLEHKH
ISt TUKIou a6l (39) mars! Beime B 1. 2. [lons3ysachk dopmynamu (44), (45), MOKHO JOCTaTOTHO ITPOCTO
OIICHUTH B PA3HBIX CIyYasX IIMHY 0a3bl U PaCIoONIOKEHUE MUKJIOUIRI (44), (45), a TakKe KOOPAUHATHI
M (44).
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