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KBAHTOBBI POTATOP HA TPEXMEPHOM C®EPE

AHHoTauus. Ha 0CHOBe paHee pelICHHOW KJIaCCHYECKO# 3a1a4r chopMyIHpOBaHa KBAHTOBO-MEXaHHYECKas 3a/1a4a
0 JIBUSKCHUH JIByX MaTepHaIbHBIX TOUCK Pa3IMYHBIX MACC Ha TPEXMEPHOI cepe ¢ HePUKCHPOBAHHBIM MTOJIOKEHUEM LIEHTPA
Mmacc cucreMbl. [Toka3aHo, 4TO B yCTaHOBJICHHOE ypaBHeHue IllpenuHrepa BXOAST ABE Pa3IH4YHbIC MPUBEACHHBIC MACChI,
3aBHUCSAIINE OT PACCTOSIHUS MEKAY TOYKaMu. JIJIsl ciiydasi MOTeHI[MAala B3aUMOICHCTBIS TOUYEK, KOTOPBIH 3aBUCHT TOJIBKO OT
pacCTOSIHUS MEXK/y HUMH, JJAHHOE YpaBHEHHUE JIOMYCKAET pasJielieHie ePEMEHHbBIX Ha PaIHabHYI0, 3aBUCSIIYI0 OT OTHO-
CHTEIIHOT'O PACCTOSIHUS, U 000X IPHUBEACHHBIX Macc, a Takke CHEepHUCCKYIO YacTh. YpaBHEHHE AJs chepruueckoil YacTu
3aBHCHT TOJIBKO OT OJIHOI M3 MPUBEICHHBIX MACC M MO3BOJIACT CHOPMYIHUPOBATH M PEIIUTh 3aJady O KECTKOM POTaTOpe.
HaiifieHbl peleHre U CIeKTp 3aa4u O KeCTKOM porarope. [Toka3aHo, 4TO CHEKTP CHCTEMbI HMEET BEPXHIOK TPAHUILY, HE
3aBUCSAIIYIO OT PACCTOSIHUSI MEXKAY TOYKAMH B OTIIMYHE OT CIIEKTPA B [JIOCKOM IIPOCTPAHCTBE.

KuaroueBble ciioBa: neHTp Macc, TpexmepHas cdepa, ypasaenus [amunbrona — SIkoou, llpeaunrepa, npuBeaeHHas
Macca, METPHKa, pOTaTop, CIEKTP
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A QUANTUM ROTATOR ON A THREE-DIMENSIONAL SPHERE

Abstract. In this work, the quantum-mechanical problem of the motion of two material points of different masses on
a three-dimensional sphere with a non-fixed position of the center of mass of the system is formulated on the basis of the pre-
viously solved classical problem. It is shown that the established Schrodinger equation includes two different reduced masses,
depending on the distance between the points. For the case of the interaction potential of points, depending only on the distan-
ce between them, this equation allows the separation of variables into a radial, depending on the relative distance and both
the reduced masses and the spherical part. The equation for the spherical part depends only on one of the above reduced mass
and allows one to formulate and solve the problem of a rigid rotator - the distance between the points is fixed. The solution and
spectrum of the problem of a rigid rotator are found. It is shown that the spectrum of the system has an upper limit that does
not depend on the distance between points, in contrast to the spectrum in a flat space.
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Beenenue. CymecTByeT mpo0OiieMa ONpeAeseHUs LEHTPa MacC CUCTEMbl MAaT€pPHaJbHBIX TOYEK
B MIPOCTPAHCTBAX MOCTOSHHON KPUBHU3HBI JUIS KJIACCUYECKUX U KBAHTOBO-MEXaHMYECKHUX 3aaad [1-4]
U mpobiemMa pasesieHns EPEeMEHHbBIX [EHTPa MacC U OTHOCUTENBHOTO JIBH)KeHUsA. B wacTHOCTH, HC-
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CIIeIOBaHME ABIIKEHHS B KJIACCHYECKHX 3a/lauax, yUMTHIBAIOIIEEe OCOOCHHOCTh ONpPEACTCHUS LEHTPa
Macc, IMOMOTYT JIyYIlle HOHSATh 3aKOHBI JBHKCHUS B I'PaBUTALlMOHHBIX NOysIX. B pabote [5] pemena
KJTaccuyecKas 3ajlada o JBHKCHHUH BYX YacTHI] Ha TPEXMEPHOH cepe B MPeAoI0KeHUH COXPaHEHUS
MOJIOKEHUST MX IeHTpa Macc. [Ipu 3ToM monokeHue LeHTpa He PuKcupoBasiock. B pesynbrate cdop-
MYJIHPOBAaHO B OTHOCHTEIBHBIX IIEPEMEHHBIX ypaBHeHHE ['amuiibToHa — SKoOu. [Ipn 3TOM BO3HUKAIOT
000011IeH!ST TPUBEIEHHON MacChl CUCTEMBbI B BUJE JBYX IPUBEACHHBIX MACC, 3aBUCSIINX OT OTHOCH-
TEJTHHOTO PACCTOSHUS MEXIY YacTULaMH, BMecTo onHOoi. [lomydennsiit B pabote [S] raMmiIbTOHHAH
3a1aun o0ecreynBaeT nepexol K KBaHTOBOW 3ajiaue, YTO OCYIIECTBISETCS 3aMEHAMHU MMITYJIbCOB Ha
COOTBETCTBYIOLIME ONEPaToOphl B ChepuIecKHX KOOPAUHATAX B PaMKaX CTaHIAAPTHBIX HPOLEAYP, YUH-
TBIBAIOIIUX PUMAHOBOCTh U OJHOPOJHOCTH NpocTpaHcTBa. [lomHoe ypaBHenue Ilpenunrepa okasbiBa-
eTCs CIIOKHBIM JUJIS PEIICHHU s, OTHAKO B PE3yNbTaTe pa3zefieHus IEPEeMEHHBIX pelnaeTcs cepuyuecKas
4acTh ypaBHEHHS 1 BOZHUKAET BO3MOKHOCTH COPMYIHPOBATH U PEHIMTH 3a/1a4y 00 0600IIeHHOM Po-
TaTOpe Ha TPEeXMEpHOU cdepe.

YpaBuenne lpeanunrepa 1jsi AByX MaTepUaJbHBIX TOYeK HA TpexMepHoiul cdepe ¢ HeduUKk-
CHPOBaHHBIM LEHTPOM Macc cUcTeMbl. B kilaccuyeckom BapuaHTe 3a7aqd O IIEHTPE MacC CUCTEMBI
JBYX MaTepHUalIbHBIX TOYEK Pa3HBIX MACC m,, M, ¢ He(GUKCUPOBAHHBIM LIEHTPOM Macc Ha TPEXMEpPHOI
cdepe [5] moaydeH CleAyIOIIHUI raMUIbTOHUAH:
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rre Pl‘m‘ (cos9) — pynkuunn Jlexxanapa; /, m — KBAaHTOBBIC YMCIIA YTJIOBOIO MOMEHTA U €r0 MPOEKLUU Ha
BBIZIETIEHHOE HAIPaBJIEHNE COOTBETCTBEHHO.

YpaBHEHHE, OMUCHIBAOIIEE KECTKUHU POTATOP HA TPEXMEPHOU cdepe ¢ MOCTOSTHHBIM PACCTOSTHHEM
o MCXKIY MaTC€pUaJIbHBIMHU TOUKaMU my, m,, TOoraa 3almtuuIeTCsa Kak

2
n 1 a(singanm]+ 1 0°0Y, _EY,. (14)

2p %sin?ry | sin9 09 08 sin’ 9 o¢?
I1pu 3TOM crieryeT HOMHUTb, UTO W | Takxke QUKcupyercs 7.
CrexTp 3Hepruil £, KecTKOro poraropa Ha 3-cdepe cieayeT U3 ypaBHEHUs U onpezaeinsercs Gpop-
MYyJIOH
il +1)

E = "
21, “sin” r

(15)

[Ipu yyeTe OTIIMYHOrO OT eAMHUIIBI paguyca 3-chepsl R B dhopmyie (15) cienyeT ocyiecTBUTh 3a-

MeHBI 7y —> % 1 YMHOXKHTb IIPaBY10 4acTb (GOPMYIIbI Ha h R2 Torma popmyna (15) mpuobpeTaeT BU

£ Rl +1)
L 2. 2n )
R72p, “sin R

[Ipu mpenenpHOM mepexojie K TPEXMEPHOMY IJIOCKOMY MPOCTPAHCTBY (B IJIOCKOM IIpenese), Koraa
7o < R, BeipaxkeHue (16) mepexoquT B M3BECTHOE BBIPAXKEHHUE AJIS CIIEKTpa SHEPT Ui JKECTKOr0 poTaTopa

(16)

R+

E;
2],1}"02

a7

W3 Beipaxenus (308) padotsl [1] mpu U(r) = 0 cieayeT orpaHu4YeHUE HA JONYCTUMYIO O0JIACTh U3-
MeHeHHs /. JIeHCTBUTENBHO, TOCKOIBKY B 3TOM CiIy4ae NMpH (pUKCHPOBAHHOM 3HAYEHUH IOJIHOM dHEp-
rud E CHCTEMBI JOJKHO BBITTOTHATHCS YCIOBHE

R2ul(l +1)
R22p¢2 sin’ r% ’

E >

CIIpaBCIJIMBOC B KBAHTOBOM CJIy4dac, TO
2URZE = h21(1+1). (18)

To ecTh MONHBIN YIIIOBOM MOMEHT CHCTEMBI AJIS JBYX YaCTUL HA TPEXMEPHOU cdepe OrpaHuyeH CBep-
XY, B TO BpeMsl KaK B CIydae IJIOCKOTO MPOCTPAHCTBA

2uEry? = R2I(1+1) (19)

C POCTOM 7/, IOITyCKAETCsl HEOIPAHUUEHHBIH pocT /.
B 3akiroueHne 0TMETHM, YTO COOTBETCTBYIOLIEE paluaibHOE ypaBHEHHE AJIsI CTAlMOHAPHOM 3a1a-

gy ypaBHeHus (10) ¢ ramunbsroruanom (11)
h n ol pi ., 0 Wl +1)
2 .2 A St
R | 2py/yposin” r or{ Jp Or | 2u,°sin“r

+U(r) ly=Ey (20)

ropasao CJIOXXHEC BbIPAKCHUS B AHAJIOTUYHOM KBAaHTOBO-MEXaHHUYECKOMN 3a1a4c aJisd TOYKH C MaCCOﬁ,
HC 3aBI/IC${H_Ieﬁ OT KOOpAUHAT, 1 TpeGyeT JOMOJHHUTCIIbHOT'O UCCIICIOBAHMU .
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Crenyer 3aMeTHTb, UYTO CBOOOJHBIE TAPAMETPHL m,, M,, R U 7, BXOAAT B hopMyity (16) oTaHMUHBIM
ot popmyisl (17) cnocoOOM, YTO OTKPHIBAET HOBBIE BO3MOKHOCTH JJIsl MOJICIMPOBAHUS CIIEKTPOB (Hu-
3MYECKUX CHCTEM Ha OCHOBE IaHHOH (OPMYJIBI.

3akirouenue. Takum oOpa3om, B JaHHOW paboTe Ha OCHOBE paHee PEHIeHHOW KJIaCCHYECKOW 3a-
naun copMyJIMpoBaHa KBaHTOBO-MEXaHMYECKas 3ajada O ABMDKEHUHM [BYX MaTepHabHBIX TOUYEK
pa3IMYHBIX MacC Ha TPeXMepHOH cdepe ¢ HePUKCUPOBAHHBIM IOJIOKEHUEM LIEHTPAa Macc CHCTEMBI.
Ilokazano, uTo ycTaHOBIEeHHOE ypaBHeHue [lIpennarepa s cirydas noTeHInana B3auMOISHCTBUS TO-
YeK, 3aBUCSINETr0 TOJIBKO OT PACCTOSHHS MEXAY HUMH, JOMyCKAaeT pa3zesieHue epeMeHHbIX Ha paju-
aJbHYI0, 3aBUCAIIYIO OT OTHOCUTEIIBHOTO PACCTOSIHUS, U C(HEPUUECKYIO YaCTH. YpaBHEHUE s chepu-
4eCKOH 4acTH M03BOJIsET c(hOPMYINPOBATH U PEIIUTH 3a7a4y O ’KECTKOM POTaTOpe (PacCTOSHUE MEXKIY
TOYKaMH 3auKcupoBaHo). HaiiieHs! pemenne u crekTp 3aJadu o )KecTKoM portartope. [lokazaHo, 4To
B OpPMYILy ISl CIIEKTPa POTaTopa BXOAMT TOJIBKO OJIHA U3 IPUBEIACHHBIX MacC, 3aBUCSIIAS OT PACCTOS-
HUS, ¥ CIEKTP UMEET BEPXHIOIO IPaHUILy, HE 3aBUCSILYIO OT PACCTOSHUS MEXAY TOUYKAMHU B OTIIMYHE OT
CIEKTPa B MJIOCKOM IPOCTPAHCTBE.
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