76 Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2022, vol. 58, no. 1, pp. 76—89

ISSN 1561-2430 (Print)

ISSN 2524-2415 (Online)

UDC 539.12 Received 17.10.2021
https://doi.org/10.29235/1561-2430-2022-58-1-76-89 Ioctynuna B penakiuio 17.10.2021

Elena M. Ovsiyuk!, Artur P. Safronov!, Artem D. Koralkov!, Vasily V. Kisel?

'Mozyr State Pedagogical University named after I. P. Shamyakin, Mozyr, Republic of Belarus
’Belarusian State University of Informatics and Radioelectronics, Minsk, Republic of Belarus

A SPIN 1/2 PARTICLE WITH ANOMALOUS MAGNETIC
AND ELECTRIC DIPOLE MOMENTS

Abstract. It is Petras who first developed the P-symmetric theory for a spin 1/2 particle with an anomalous magnetic
moment within the general Gel’fand — Yaglom approach. Recently, similarly it was introduced a P-asymmetric wave equation
for a spin 1/2 particle which describes a particle with an electric dipole moment. In this paper, we study solutions of the
equation for the P-asymmetric particle in presence of external magnetic fields. It turns out that the energy spectra are the
same for P-asymmetric and P-symmetric particles. To clarify this coincidence, we demonstrate that there exists a simple
transformation relating these two models, by which one wave equation can be reduced to the form of the other. Meanwhile,
expressions for wave functions and P-reflection operators are different in these two theories. We extend this approach to
the model in which both P-symmetric and P-asymmetric sectors are presented. The main result is the same, namely, there
exists a simple, more general as compared with the mentioned above transformation relating the P-symmetric model and
the model with two sectors, and expressions for wave functions and P-reflection operators are different in these two bases.
We demonstrate that in the presence of an external uniform magnetic field, the energy spectra in the model with two sectors
coincide with those in the P-symmetric theory. Thus, we develop a general theory for the P-asymmetric model and the model
with two sectors within the Petras approach.
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YACTHIA CO CIIMHOM 1/2 C AHOMAJIBHBIM MATHUTHBIM
U IOJEKTPUYECKHUM JUITOJBbHBIM MOMEHTAMU

AHHOTanMsA. P-cHUMMETpUYHAs TEOPHUS YaCTUIBl C aHOMAJIbHBIM MAarHUTHBIM MOMEHTOM Oblna pa3suta [leTparmem
B paMkax obmero noaxona ['ensdanna — Srnoma. HegaBHo B paMKax aHaJIOTHYHOTO MOAX0/a OBIIIO BBEICHO P-aCUMMETpHY-
HOE BOJITHOBOE YPaBHEHHE JUIsl YACTHIIBI CO CIIMHOM 1/2, KOTOPOE ONMUCHIBACT YACTHILY C IEKTPHUSCKUM JMUIOIbHBIM MOMEH-
ToM. B HacTosmmeit paboTe McCiIenyOTCsS PEIICHHs ypaBHEHUS Ul P-aCHMMETPUYHON YacTUIBI B IPUCYTCTBHH BHEIITHUX
MarHUTHBIX noJiei. OKa3ajao0Cch, 9YTO PHEPTETHUECKUH CIIEKTP P-aCHMMETPUYHON YaCTHIIBI TAKOU XKe, KaK y P-CHMMETPHYHON
yacTuisl. [l 000CHOBaHMS 3TOTO COBMAAEHUS MOKAa3aHO, YTO CYIIECTBYET MPOCTOE MPeodpa3oBaHue, C MOMOIILIO KOTOPO-
ro OJIHO BOJHOBOE ypaBHEHHE MOXKET OBITh IMPUBEICHO K BHIY IPYTOro, MPH 9TOM BBIPAXKEHHUs JJIsI BOJHOBBIX (YHKIIHIA
1 OTIepaTOPOB P-OTpaskeHUs Pa3IMYHBI B ATHX ABYX TeOpHsX. JJaHHBII moaxo 06001IeH Ha MO/ieNb, B KOTOPOH MpeacTaB-
JIeHbI 00a cexTopa: P-CHMMETPHUYHBINH U P-acnMMeTpraHbIH. OCHOBHOI pe3ybTaT OKa3alcs TEM JKe: CyIIeCTBYeT IPOCTOe
npeobpa3oBanue, Oonee obIee, YeM yKa3aHHOE BBIIIE, CBA3BIBAIONIEE P-CHMMETPHIHYIO MOAETHh U MOJIENb C ABYMS CEKTO-
pamMu, BBIPAXXEHUS Ul BOJIHOBBIX (QYHKIMH M OepaTopoB P-OTpa)KeHHs pa3jIM4HbI B 3TUX JABYX Oasucax. [TokazaHo, 4To
IIpY HAJIUYMH BHEIIHEr 0 OAHOPOIHOI0 MarHUTHOTI'O 110JIsl SHEPIeTHUECKUE CIIEKTPhl B MOZEIH € ABYMsI CEKTOpPaMHU COBIAJa-
10T C TAaKOBBIMHU B P-CHMMETpHYHOI Teopur. TakuM o0pa3oM, pa3BuTa o0mas Teopust P-aCHMMETPHIHON MOIEIH ¥ MOZEIH
C IBYMs CEKTOpaMU B paMKax moaxoza Ilerpamra.

KuroueBble cioBa: noaxoxn [enbdanga — Srnoma, ciud 1/2, aHoManbHblii MATHUTHBI MOMEHT, JJISKTPUYECKUN -
HOJIbHBI MOMEHT, MAarHUTHOE I10JI€, JHEPIeTUUECKUHN CIIEKTP

Jas nutupoBanus. Yactuma co cnuHOM 1/2 ¢ aHOMaJIBHEIM MarHUTHBIM M 3JICKTPUYECKUM JIUTOIBHBIM MOMEHTaMH /
E. M. Oscurok [u ap.] / Bec. Han. akan. HaByk bemapyci. Cep. ¢iz.-mar. HaByk. — 2022. — T. 58, Ne 1. — C. 76—89. https://doi.
0rg/10.29235/1561-2430-2022-58-1-76-89
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Introduction. In paper [1], from the general formalism by Gel’fand — Yaglom [2], a P-asymmetric
wave equation for a spin 1/2 particle was introduced. This theory describes the particle with an electric
dipole moment. In [1], this equation was studied in the presence of an external Coulomb field; however,
for simplicity, additional interaction due to the electric dipole moment was removed, so only the possible
manifestation of P-asymmetry was tested. The theory of the P-symmetric equation for a particle with an
anomalous magnetic moment is represented, for example, in [3—8]. Petras firstly developed this theory
within the general Gel’fand — Yaglom approach [9].

The present paper is organized as follows. In section II, we study solutions of the equation for the
P-asymmetric particle in the presence of an external uniform magnetic field. It turns out that in this case
the energy spectra are the same as for the P-symmetric particle, referring to the anomalous magnetic
moment. To clarify this coincidence, in section 11l we demonstrate that there exists a simple transforma-
tion relating these two models, by which one wave equation can be transformed to the form of the other,
correspondingly the function ¥ transforms to a new one ¥’, expressions for the P-reflection operator
are different in these two theories. In section IV, we extend this approach to the model, in which both
P-symmetric and P-asymmetric sectors are presented. The main result is the same: there exists a simple
transformation (more general than the mentioned above) relating the P-symmetric model and the model
with two sectors. We demonstrate that in the presence of an external uniform magnetic field, the energy
spectrum in the model with two sectors, coincides with those in the P-symmetric one. In section V, we
develop a general theory for the P-asymmetric model within the Petras approach; in section VI, within
the Petras approach we develop a general theory for the model with two sectors.

A P-asymmetric particle in external magnetic fields. Let us use the tetrad formalism and take
into account the pseudo-Riemannian space-time structure [10]. Then the P-asymmetric equation has the
following form

{iyo‘(x)[va+Fa(x)+ieAa(x)]+%y [ ieFyy (x)o™ (x) + R(x )}riysM}‘P(x)zo, (1)
i

where " (x) = %(y HyY —y¥y"); A is an arbitrary parameter which determines the value of the electric

dipole moment; R(x) is the Ricci scalar. The presence of the matrix y° means the P-asymmetry of
equation (1). The physical dimensions of the quantities are[M ] = LY, [e4]=L"", [¢F]=L"7; ¢ =e/hc;

the parameter A is dimensionless.
2

B
In the presence of a uniform magnetic field with the 4-potential 4y = —%, eq. (1) takes the following

form
a I
{zyoﬁoﬂyla +v ( L f] 36 —zk 52 +zy5M}‘I’ 0, )
r

12

where X3 =ic "~ = %ylyz. Meanwhile, we apply the known cylindrical coordinates and diagonal tetrad.

’

. . . . . . eB _
It is convenient to use a parameter I' with the dimension of the inverse length —iA v =—il', [[']=L l

then eq. (2) can be rewritten
0 e Br
[zyoao +zy16 +y2[l LA 5 J+zy36 —ily 3%, +zy } =0.
r

Let us find the solutions in the form

Si(r)
Y= e’m¢ ie | /2(7) e=£ Xo =ct
f3(r)| he’ ’

Sa(r)
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where the quantity m stands for the eigenvalues of the third projection of the total angular momentum,
and takes the half integer values: m ==%1/2,£3/2,.... Using expressions for the Dirac matrices in the
spinor basis, we obtain four equations for functions f;(r):

—i(diJr “jﬂt +(e+ k) f3 + (=T +iM) fi =0,

r

AL ou R v 1 <o
r

©)
i(diﬂljfz +(e—k) fi+(+HT —iM) f3 =0,

i(di—ujfl () f+ (T —iM) 3 = 0;
r

!

B . . . .
where u(r) = m_ %. Equations in (3) may be considered as two linear subsystems
r

(=T +iM) fr+(e+ k) f3=iDs fa, (e—k)fi+(+ —iM)[f3=—iD. f>; )
(+HT+iM) o +(e—k) fa =iD_f3, (e+k)fo+(=il' —iM)f4=—iD_f1,
where D, =d /dr+n, D_=d/dr—p Whence we get

— 4 (e+k)D, f> +(iF—iM)D+f4

T HiM)D, fo +(e=k)D. f3.
(F—M)2 _(62 _kz)

/i T-M)>—(*-k* )

. 3=

_,;(€=kD_fi—(T+iM)D_f

_ @' +iM)D_f1+(e+k)D_f3
(C+M)* —(e* - k%) '

/2 (T+M)2 — (2 —k2)

Ja

Let us take into account egs. (5) in egs. (4):

T+M , -k . DD ek D_D. f,
T-M72 =M T (M) (2 —k2) T—iM T =M’ —(>—k?)’

iT +iM D_D.f> iT —iM D_D, f4
- 4= 2 TN 2 TN
e+k T-M) —(e”"—k°) e+k T-M) —(e"—k%)

©)

Let us take into account the following identities

In (6), let us subtract the second equation from the first:

. 2
l 2 2 2 2. d ' 2
=—|I'""-M"-k“"+e"+—+n' - ,
/2 2F(6+k){ dr? o }ﬁ‘

and substitute f, into the first equation in (6):
4
—dd ]:4 +{—le'232r2 _—2m(12+ m) +2I% —2M 2 +
>

2
+e’B(2m—1)+2(62_k2):|M+ —6,2327+M %4_
dr? 3 dr

r
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+[%e'434r4 —%(e'B(Zm —1)+2(F2 —-M?)-2(k* —62))e'232r2 -

2T =M -1/2¢B—k* +me'B+e*)(1+m)m .
2

r
+(m—2)(m+3)(1+m)m+§(_1+mz_1mje,sz+
4 20 6
+(2m—1)e’B(r2—M2—k2+62)+(F+M)2—62+k2+(r—M)2—62+k2]f4=0. 7

In a similar manner, we may derive the 4-th order equation for the function f5:
4
M+ —le’szrz —M+ ari-om?+
dr 2 2
d’f

2
3 +

+eB(2m=1)+2(c” ~k7)] {—e'zgzww}a’f_u

dr 3 dr

+‘:%e'434r4 —%(e’B(2m )+ 2(T2 = M) - 2(k> —62))6'232r2 -
2T -M?-1/2¢'B—k* +me'B+e*)(1+m)m s

7'2

Do N 3L e
r

+@m =B =M =k + )T+ M)* =€ +k7) +(T-M) =2 +k°) | =0 (®)

Equations (7) and (8) for £, and f; coincide. It suffices to study only one of them, taking in mind two
constraints:

. 2
l 2 2 2, 2. d ' 2
=t—|["-M" -k +e +—+u' - ,
f2 2F(e+k)[ ST M }f4
f4=—; FZ—Mz—k2+ez+d—2+u’—u2 1>
2 (e —k) dr? ’

which permits to find a relative coefficient between the functions £, and f;. We will apply the factorization
method:

Ex(r)f(r) = f2(182(r) () =0,
d? P d? 0>

fr(r)=——+Pyr? + B+—2, $2(r)=—+ Qo + O + ==,
S2(r) Szt h 1+3 g2(r) 02 Qor”+Q "

Comparing the result of multiplying two 2-nd order operators Fu(r):
2 2
Fy= d—2+P0r2+P1+% d—2+Q0r2+Q1+Q—22
dr r dr r

with the 4-th order operator, we get two sets of relations:

) Py =—%Bze'2, P, =—m(m+1),
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pal =e'B(m—%J+F2 ~M?—k?+e? +2TVe? - k2,

1
0y = —ZBze’z, 0r =—m(m+1),

Q1=e'B(m—%j+F2—M2—k2+62—2F 62—k2;
2) P0=—%Bze'2, P, =—m(m+1),
Pl=e’B(m—%)+F2—M2—k2+ez—2F e’ —k?,

0o =—§Bze'2, 02 =—m(m+1),

O :e’B(m—%JJrFZ ~M? -k +e? +2IVe? — k2.

These expressions for coefficients coincide with those arising in the theory of the P-invariant particle,
therefore the energy spectra should be the same. Let us detail the procedure of obtaining these spectra.
We solve two 2-nd order equations (to avoid confusion, let us designate the corresponding functions as f
and g):

M ;2 2422

Z_Z_MTF+6/B[m_%j+r2_M2_k2+62+2r\j€2_k2 —M;l)}f=0, ©)
e r

M ;2 2422

j_z_MTr”'B(m_%j”z M2 k242 2T e? — k2 —M;D}g=0. (10)
” r

Meanwhile, they differ only in the sign at I'. For definiteness let us follow eq. (9). Assuming e'B > 0 we
find in the variable x = ¢'Br? /2

xdzf 1df{_i_lm(mﬂ)ﬁr\/ez—kz +(2m—1)e’B+2(F2—M2—k2+62)]f_0

PR ,
dx 2 dx 4 4 x 4¢'B

Let us find the solutions in the form f(x) = x%e™ F(x):

2
A B Ve L | PR3 W
dx? \2 x 4

+2e'Bb(4a+1)+41—\/62 — k2 +2m-1)EB+2(T* =M? —k? +€?) N (2a+m)(2a—m—1)}F_O
4eB 4 X )

If the parameters are fixed as a = —%m, %+ %m, b= —%, the above equation for F(x) simplifies

F =0,

d*F [1 de e'B(4a+1)—4TVe? —k? —2m—-1)e'B-2(T* -M? —k? +€?)
X +|—+2a—x |—-
2 2 dx 4eB

dx

which is the confluent hypergeometric equation with the parameters
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o ¢B(da+1)—4TNe? —k> —2m—-1)e'B-2T>-M? —k? +¢?)
4¢'B ’

=—+2a.
! 2
To get solutions referring to the bound states, we should use the positive values for a:

m m 1
__n <0); =—+—>0 >0).
a 5 (m<0) a 55 (m=0)

(11)
The series become polynomials if e2 — k2 = A > 0. This provides us with an algebraic equation
1 m M?>-T? a A
a+———+ +n= + .
2 2 2¢'B e'B 2e'B
Further we obtain the following formula for energy values
2
2 _k2 =(\/M2 +2¢'B(a+1/2-m/2+n) —r) .
Depending on the values for a (see (11)), we obtain two different formulas
2
m<0, €*—k> =(JM2 +2¢'B(1/2—m+n) —r) ;
2
m>0, €X—k> =(\/M2 +2¢'B(1+n) —r) .
Taking in mind m=-1/2,-3/2,..;1/2—-m=1,2,3,...=n", we can join these two formulas into the

following one

2 _
2 k2 =(\/M2 +2e’BN—F) D A Wi L1

2
Other possibility for the energy spectrum (see (10)) differs only in the sign at the parameter I':
) [y 2 2 —m+|m|
e —k :( M* +2e¢'BN +F) , N:1+T+n.

Symmetry properties. Let us for simplicity restrict ourselves to the case of the Minkowski space.
Moreover, for brevity we will omit the prime at the parameter e. Thus, the initial P-asymmetric equation
may be rewritten as follows

[—ysy“Da + %(—ieFabcab) —M}P =0. (12)

Let us transform this equation to a new function

1+i 1-1i 5

wpogy, st ol g 17i IHi s
2 2 2

2
Taking in mind the properties of the Dirac matrices, we derive the rules

S'YS'YaS_l =_l~,Ya, S,Ya,YaS—l :,Ya,yb.

Therefore eq. (12) transforms to a new form in the variable V"
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[iy“Da +(~ieFuo ) —M}‘P' —0,

which formally coincides with the ordinary P-invariant equation for a spin 1/2 particle with an anomalous
magnetic moment. However, we should take into account that the transformation properties of the new
wave function ¥’ are different from those for the initial function Y. Indeed, we have explicit expressions
for S and S in the spinor basis

I 0

0 il

S= = .
‘ 0 —il

S‘l—‘] 0

Therefore, the continuous Lorentz transformations preserve their form

B 0
- 0 (B+)—1

B
S 1
0 (B*)

B 0

_I\P,: |
0 (B")”

however, the P-reflection operator changes substantially

I NTL 0co-1 0 7 -y ny'
¥ = PogyOsw=g] sy py
I 0 I 0

where the new operation P’ is determined as

0 -l
: , P =8y°s7 ! =iy%° =—iy°P.

Extension to the theory with two sectors. The results can be generalized to the theory with the
presence of both P-symmetric and P-asymmetric sectors

(s

This equation may be easily verified by symmetry considerations. Indeed, let us introduce the following
transformation in the bispinor space

bv“(x)+%v5v“(x)j(va+ra(x)+ieAa<x))+
+%(—16Fw(x)c‘w(x)+Rix)J }‘P(x)zO. (13)
l+a 1-a ;4 +b

1 1-b
S = + , ST = ab=1, 14
: 7Y 5 57 (14)

and calculate the combination § ~iy"S :

+b a—>b
§liyrg =i L2, 4705 “).
Y ( TR

So, we can conclude that eq. (13) is formally derived from the ordinary P-invariant equation by means of
transformation (14).

Let us consider eq. (13) in the presence of a uniform magnetic field. We start with the equation spe-
cified for the cylindric tetrad:

atb o, a-b fa+b | a-=b 5,
0o + +— 0, +
[I(ZY 2YY) I(ZY 2YY

_ ‘a ! !
n a+by2+a b'YS'Yz l_¢+€B}" +i a+by3+a b 5 3 eB M| =0,
2 2 r 2 2 2 M
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where T3 =ic!? :éylyz. As above we use the parameter A (¢'B/ M) =T, [['|=L""; so the previous

equation can be rewritten

fa+b o a-b 5 fa+b | a-b 5,
+— 0o + +— 0, +
{l( > Y 5 Ty j 0 l( > Y > Ty

— 0 !
i s (R

2 2 2

r

With the use of the known substitution for the wave function, we get

6(614—1) 0 -b ) [a+b1 a-b 51}611
2Y ZVV 2Y 2'YY ar

2 2

After separating the variables, applying the Dirac matrices in the spinor basis

0 010 0 0 0 -1 0 0 0 + 0 -1
yO:O 0 0 1’ Y1:0 0 -1 O, YZZO 0 —i O’ y3=0 0 0
1 0 00 01 0 O 0 - 0 O 1 0 O
01 00 1 0 0 O + 0 0 O 0 -1 0

we derive the system

—ia di+pjf4+a(e+k)f3+(r—M)fl=o,
r
jf3 +ale-k)f4—-T+M)f, =0,

_ia(i_
p u
zb( +ujfz+b(€—k)f1+(r M) f3 =0,

b4

Equations in (15) may be considered as two subsystems:
T=M)fi+a(e+k)f3=iaD.fs, ble=k)fi+(T'=M)f3=-ibD. f5;
—(T+M)fr+a(e—k)fa=iaD_f3, ble+k)f—('+M)fs=—ibD_1,

Si+ble+k) fo—T+M)fs=

d d . .
where D, = @ +u, D_= P u. If we take into account that ab = 1, we obtain
r

L (€+BDfr +a(F M)D. f4 b - M)D+fz+(€—k)D+f4

e VI I O v S I
fy i €RDfi—aCEMID_f5 T+ M)D. f1+(e+k)D 1
2T C+M)Y?—(2-k> ~ 7F C+M) (2 -k
Let us take into account (17) in egs. (16):
LeM,. ek . bDD.r D.D.fs

r-M C-M"" C-M)?—(2-k?) T-MT-M)*—(*-k?)

(15)

(16)

(17)
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r+m bD_D. f> r-m D_D, f4
- /4 +

B . 18
e+k (C—M)2 —(*—k%) e+k (T—M)2—(*—k?) (18)

bf>
Let us subtract the second equation from the first one in (18):

1 2 2 2 2 d2 ' 2
= |\ I'“"-M°-k“+¢€ +—+pu — .
f2 2b1 (€+k)|: / 2 f4

We substitute this expression for f; into the first equation in (18), so we obtain the 4-th order equation
for f:

4 2m(1+
dJa | Lo _M+2r2 —2M?*+
dr? 2 r?

2
+e'B2m—1)+2(e> _k2)]%+[_e'232r+w}%+
r

P dr

+[%e'434r4 —%(e'B(2m—1)+2(F2 ~ M) =2k %)) B -
2T -M?-1/2¢B—k* +me'B+e*)(1+m)m L (m=2)(m+3)A+mym

r? Pt

+%(—%+m2 —%mje'sz +Q2m-1)e'BC* -M? -k*>+€e*)+

+((F+M)2 —¢? +k2)((r—M)2 —e? +k2)Jf4 =0.

This equation coincides with equation (7). Similarly, we may derive the 4-th order equation for f,, which
coincides with the equation for f;. Besides, we have two constraints

1 | 2 2 2. 2. db 2_
=—— | "-M*" k" +e" +—+p'— ,
f2 W) P p-p _f4
f4=;_F2—M2—k2+62+d—2+u'—u2_f2
2aT (e k)| dr? I

Evidently, the spectra in this generalized theory will be the same as in the ordinary P-invariant the-
ory. However, the presence in all formulas of the parameters @ and b = a~' modifies the explicit form of
the wave function.

In the two next sections, starting from the general Gel’fand — Yaglom approach, we will develop
generalized theories for the P-asymmetric particle and a more complicated theory with two sectors.

The P-asymmetric theory, the Gel’fand — Yaglom approach. In the P-asymmetric 20-component
Petras theory, let us start with definitions for the space reflection operator and generators. In the two last
sections we will use the ict-metric and the formalism of elements of the complete matrix algebra:

M=y4®(2BT-1), Jpn=J() @ s +14 @ BBy —BuBy),

where B, =% 4 "0 stands for the Duffin — Kemmer (5x5)-matrices, and the bispinor generators

1
I =Ly = T).

The matrices I', of the P-asymmetric equation are defined by the formula in which the complete
wave function consists of bispinor and vector-bispinor:
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I V3
FH =$(1+ZY5)YH ®eo’0 +261[714 ®BH +[[(£I)] ®ij

Let us describe the properties of the matrices I, under the space reflection. To this end, firstly we
calculate the product

1 NE) 1
My =1y, e’ —e®? + e —(1+i ®e® +2¢| 21, @By +— ® =
4 {Y4 [ ]} \/5( Y5)Ya 514 Ba 2Y4Y6 Be

L

N

and the inverse product

(1=iys)®[e" 1+ cB3y4 ®[e”* +e*01+ ey, ®[e™ — ],

3

1 . 0,0 1 0,0 _aa , 44
IJl=<—(1+1i ®e " +2¢c| —I4 B4 +— ® ®le” —e“"+e | =
4 {\/5( Ys5)Y4 {2 4 ®Py 2Y4Yb Bb}}{ﬂ [ ]}

L

N

Therefore, two products are different III', # I',I1, which means the non-invariance of this equation with
respect to the spatial reflection. We can derive similar relations for remaining three matrices, getting the
relation ITI, # I I1.

Let us introduce the transformation to the other basis (it turns out to be of Petras type [9])

A+iy5)®[e® ]+ cBys ®[e*” + "]+ ey, ®[e™ — ]

a1 : . 1 . .
S _m{(uﬁ—z)—(l—ﬁﬂ)ys}®15, S—ﬁ{(l+\/§—l)—(l—\/5+l)y5}®[5.
By a simple calculation, we derive the rule

C,=87T§™s, T =y,®e" +2c gu ®By+ () xBy |-

In a more detailed form, the P-asymmetric equation (0, + M)® =0 is
1 .
Ou 51+ 715)1ud a0 P + 30,804 Dy +8,uDo]+
c
+§5H(YM’V —YvYul00a @y +0y @]+ MBSy s Py +0604Po)=0.

It may be divided into two subcases:
1

NG

C
A=p, cﬁapcbwga“(y“yp—ypyu)q>0+Mq>p=0. (19)

. C
A=0, (1+iy5)7,0,Do + N30, D, +58H(yuyv YY)Dy + MD)=0;

Let us exclude the vector-bispinor with the help of (19), so we get
1 . c 1
E(l +1y5)7, 0, Do + c\/g au(—ﬁJ{ﬁ Oy +5 8%(}/%\(” —YuYn )}d)o +

c c 1
+§au(7u7v _Yv“/u)(_ﬁj{\/g Oy +58X(YXYV _YVYX)}CDO +MDy=0
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or

i 3c?

\/5(1+in)¥“6“®0 —VGHGHCDO -

2

C
_mapak {YuYVYX'Yv “YuYvYvYa = YvYu¥aYv +Yv'Yuva7»}(DO +M®,=0.

Thus, we obtain
1

NG

Now let us take into account the presence of external electromagnetic fields, Dy, =0, —ieA,; so we
should start with the modified equations

(1+iY5)YuaucD0 +MD =0.

1

V2

. C
(1+iy5)0,Dy @ + 3D, D, +5DH (YuTv = VoY) @y + MO =0,

C
3D, + 2 Dur p =Y 1) @o + MO, =0.

Excluding the vector-bispinor @, we derive the equation for the main bispinor (all details are omitted)
1 . c 1
E(l"'lYS)YHDu(DO +C\/§(_EJD[) {\/gDpCDo +5Dp(Ypr —Ypr)(I)o}+
c c 1
+5Du(Yqu —Yqu)[—ﬁj{\/gDvCDo +5Dk (Yavv —YvYA)(Do}JrM(Do =0,

SO we arrive at
1
V2

. 1 -
It should be noted that due to the identity A—2(1 +iys5)yud = Y u» Where

NG

1 . . -1 1 . .
A=—=l 42+ -1 -2+i)ys), A7 =—=l1+V2-) -1 -2 -i)ys),
22 { } 22 { }
eq. (20) can be transformed to the ordinary Petras equation for the new function ® "™ = A®,.
The P-noninvariant equation with two sectors. Starting with the ordinary P-invariant Petras
equation

(1+iY5)YuDu®O_ie3czﬁuk]l[uk]®0 +Mq)0 =0. (20)

TP —y @™ + kBT ® (™ + M)+ 211, ® (™ +e*0),
where £ is the Petras parameter, we apply the transformation of the following form
A=5S®Is5, A'=5"®1Is,
1 1
N =5{(1 +b)+(1-b)ys}, S =5{(1 +a)+(1-a)ys}, ab=1
With the use of the explicit form for Petras matrices, we derive the identity
AT 4= STy S @ T+ AN3I® (€™ +e™0) + 211 ® (Y +e0).

Also we need detailed expressions for S and S
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1 000 1 0 0 0|1 00O
_1:1+a0100+—a01 0 0/ (0100
210010 00 -1 0| [0 0 a Of

00 01 00 0 -1 [0 0 0 a
000 1 0 0 0]t ooo
S=ﬁ0100+ﬂ010 0| [0 100

210 01 0 0 -1 0| [0 0 » O
0 0 1 0 0 -1 [0 0 0 &

_ 1
and easily derive the identities S 1y uS= 5{((1 +b)—(a-b)ys } Y, further we obtain
- %{(a +b)—(a-b)ys 1y, ®e® + kB3I ® (™ + M) + 2kl ® (Y + ™),

S_I'YquSZS_ISYu'YVZ“/u'Yv, S I[(&)S I(HDV)]_ —(YuYv = Yv¥p)

Therefore, from the ordinary Petras P-invariant equation by means of a simple transformation we can
formally derive a P-noninvariant Petras equation with two sectors (till the present time we considered

only the case of a free particle). Now let us take into account the presence of electromagnetic fields:

1
DHE{(a +b)—(@=b)ys }yud 400 +kNV3Du(8.40¥, +0 4, Vo) +
+2kD“I[uV](8A,()‘PV +6A,VIP0)+M(8A,0\P0 +6A,lev) =0.

Divide this equation into two subcases:

A

0, %{(a +b)—(a=b)ys}yuDp¥ o + k3D, +2kD Iy + MW =0;

A=p, k3D, +2kDy I Yo +MY , =0.

Excluding the vector-bispinor ¥, we obtain

3

1

5{(a+b)—(a—b)y5}yuDu‘PO— {\/_D Dy¥o+2D,D; 1 xu]‘Po}
k2

—ﬁ{zx/gl[pv]DHDv\Po + 4[)111);L I[uV]I[XV]TO} +M¥Y(y=0.

Let us consider the term proportional to &*:

2
—kﬁ{quu 243 DuD; Iyag + 233 DDy Iy + 4D Dy Ly I} o =
k* 1
= —ﬁ{quu 7 DuDil=2vuya = 4ruya — 40 —Mm]}‘l’o =
k2
=—ﬁ{2D Dy = DyuDy (vaya + YY) = DuDs (yuva =27} Wo =
2 2

k .k
=—ﬁDqu(Yuh —Y2¥w¥o =—Z€EF[M](Y“YA —Y2yw)Yo-

Thus, we arrive at the equation
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iek?

2 2

a+b a-b
[ F'[ux]l[ﬁx]lP0+M\P0 =0;

Ys quDuTO -

it is the generalized Petras equation, in which the P-symmetric and P-asymmetric sectors are presented.
Let us rewrite this equation as

iek?

(A+Bys)y D,¥ o~ Fug i Yo+ M¥o=0; 1)

then multiply eq. (21) by
A B

-1 _
(A+B'YS) _AZ—BZ_AZ—BZYS

in this way we obtain

Diek? A—-Bys
M 4*-B?

A-B
YuD ¥ - Fm]l[ﬁk]\}fﬁAz—;M% =0.

Allowing for the identity 4> — B> = 1, we arrive at

2iek2(a+b a-b
+
M 2 2

a+b a-b
+
2

YuDuWo - Yst[ux]f[ﬁx]‘Po +( Yst‘Po=0-

Conclusions. The theory for the spin 1/2 particle that includes both anomalous magnetic and electric
dipole moments is herein developed. It is shown that it suffices to solve the P-invariant equation (refer-
ring to the anomalous magnetic moment) in the presence of an electromagnetic field, then solutions of
the P-asymmetric equation (referring to the electric dipole moment) or the wave equation including both
P-symmetric and P-asymmetric sectors may be obtained with the use of the simple linear transforma-
tion over wave functions. At this transformation, the energy spectra preserve their form.
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