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THE SEMICLASSICAL APPROXIMATION
OF MULTIPLE FUNCTIONAL INTEGRALS

Abstract. In this paper, we study the semiclassical approximation of multiple functional integrals. The integrals are de-
fined through the Lagrangian and the action. Of all possible trajectories, the greatest contribution to the integral is given by
the classical trajectory X for which the action S takes an extremal value. The classical trajectory is found as a solution of the
multidimensional Euler — Lagrange equation. To calculate the functional integrals, the expansion of the action with respect to
the classical trajectory is used, which can be interpreted as an expansion in powers of Planck’s constant. The numerical results
for the semiclassical approximation of double functional integrals are given.

Keywords: multiple functional integrals, semiclassical approximation, action, classical trajectory

For citation. Malyutin V. B., Nurjanov B. O. The semiclassical approximation of multiple functional integrals. Vestsi
Natsyyanal nai akademii navuk Belarusi. Seryya fizika-matematychnykh navuk = Proceedings of the National Academy of
Sciences of Belarus. Physics and Mathematics series, 2023, vol. 59, no. 4, pp. 302-307. https://doi.org/10.29235/1561-2430-
2023-59-4-302-307

B. b. Mamorun', B. O. Hypmzu-lonz’3

]HHcmumym mamemamuxu Hayuonanonou akademuu nayx benapycu, Munck, Pecnyonuxa benapyco
2HHcmumym mamemamuru umeru B. Y. Pomanosckoeo Akademuu nayx Pecnybnuxu Y30exucmar,
Tawxenm, Pecnybnuxa Y36exucman
3Kapm<cmna;<c;<uﬁ eocyoapcmeennwiil ynugepcumem umenu bepoaxa, Hyxyc, Pecnyoauxa Y36exucman

KBA3BUKJTACCHYECKAS AIITIPOKCUMAILIUSA KPATHBIX ®YHKIIMUOHAJIBHbBIX UHTEI'PAJIOB

AnHoTtanus. McciaenyeTcs KBa3uKIaccuueckas allIPOKCHMAINNS KPATHRIX (DyHKITHOHATBHBIX HHTErpaioB. IHTErpasst
OMPEACTSAIOTCS Yepe3 JarpaHkuaH U JAeHCTBUE. M3 BCeX BO3MOKHBIX TPAaCKTOpUN HAWOONBIIMK BKJIAJ B MHTETpajl JaeT
KIIaCCHYeCKasi TPACKTOPHs X/, JJISI KOTOPOH JeificTBre S MPUHUMAET dKCTpeManbHoe 3HaueHne. Kiaccudeckast TpaeKTopust
HaXOAUTCS KaK pelIeHne MHOTOMEPHOro ypaBHeHUs Ditnepa — Jlarpanxa. [lns BeIuucaeHUs pyHKIIMOHAIBHBIX HHTETPAJIOB
UCIIOJIb3YEeTCS Pa3jIoKeHUe IEHCTBHUS OTHOCUTEIBHO KJIACCHUECKON TPaeKTOPHH, KOTOPOE MOXKET MHTEPIPETUPOBATHCA KaK
pasioXKEeHUE 10 CTeNeHAM NocTosHHOM Ilnanka. IIpuBoasATCS YUCIEHHBIC PE3yIbTAaThl 151 KBA3UKJIACCUUECKON alpoKCcH-
MallHMH1 IByKPaTHBIX (YHKIIMOHAJIBHBIX HHTEIPAJIOB.
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yeckasi TpaeKTopus
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Introduction. Ever since Feynman in 1942 introduced path integration methods to physics, functional
integration has become a common tool in physics as well as in some branches of mathematics. We do not
write a review about functional integrals. We note the wide application of functional integrals in quantum
mechanics and field theory [1-3], in the theory of stochastic differential equations [4—6], and in many other
areas [7]. Methods for the approximate calculation of functional integrals were considered in [8, 9].

The semiclassical approximation (or the Wentzel — Kramers — Brillouin (WKB) approximation) is used
in quantum mechanics to approximate the solution of the one-dimensional time-independent Schrodinger
equation by expanding it in a series of powers of Planck’s constant 7. The semiclassical approximation of
functional integrals with respect to the conditional Wiener measure was considered in [10, 11]. In this pa-
per, we study the semiclassical approximation of multiple functional integrals. The integrals are defined in
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terms of the Lagrangian and the action. The semiclassical approximation uses an expansion of the action

with respect to the classical trajectory, which can be interpreted as an expansion in powers of Planck’s con-

stant. In the case of multiple functional integrals, the classical trajectory is found as a solution to the multi-

dimensional Euler — Lagrange equation. We consider the semiclassical approximation using the example of

double functional integrals. If necessary, the method can be generalized to integrals of higher multiplicity.
Analytical results. For the functional integral, we will use the notation

K50 =| exp{—%S}Dm, )

t
where S = IL(x, X,Tt)dt is an action, L(x,X,7) is a Lagrangian, 7 is a parameter taking positive real values.

N
Functional integral (1) can be understood as a limit, namely, the integral of the second multiplicity is
defined by the equality

- = . 12 X1j —X1j-1 X2 —X2j-1
K(x53xl):llmj(2n_2)JeXp __Z(t] _tj—l)L : L > L : axljaxzj:tj X
n—oR R = tj=tj1  tj=tja
1 n-l dxljdxzj
X b
2Tfh(ln —lnfl) Jj=1 ZTEh(tj —tjfl)

where s =tg <t <...<t, =t, X1 = Xl(tj), X2 =X2(tj), X10 = X15 = X1(8), X290 =X25 =X2(5), X1, =X, =
=x1(8), X2p = X2 = X2(8), X5 =(X15,X25), Xr =(X11,X2¢)-

The integral can be interpreted as summation over all trajectories connecting the start and end
points. Using the principle of least action [1] to calculate the functional integral, it is possible to select a
classical trajectory X.; from all possible trajectories for which the action S takes an extreme value. The
classical trajectory gives the greatest contribution to the sum. The classical trajectory is found as a solu-
tion to the Euler — Lagrange equations

dfOoL) O o y<ks<2. @)
dt\ Oxy, oxy,

The semiclassical approximation of functional integrals uses the expansion of the action S with re-
spect to the classical trajectory X, :

S[#(0)] zS[@(r)}%ﬁzswd(rn. 3)

To explain why approximate equality (3) is used, we consider the expansion of the action in the
one-dimensional case

1 62S[xcl(r)]y2 L 87 S[x(1)]

3
o
2 o2 3N o D

S[x(D)] = S[xer ()] +

where y=03x, x=x. +0x.
After the introduction of variables y = Jhz we get

1 1 18°S[xa(v)] > 3
S~ oSl M1+ 5 —— 5=z +ho(2?).

For a small 7 in the expansion of the action, only terms with zero and second degrees in z can be left,
1

since they contain /' and /°, and the term with O(z*) contains h2.
In the two-dimensional case, the second-order variation 8>S [X.1(T)] can be written in the following form
L2
8 S[Fa (V] =[ Y dx;Aydx d-,
S i,j=1

where X =X, + 06X,
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A oL . o’L | d d[ 2L _d[ 2L d
Yo\owox; ). \owox; ). de di\ oxox; | de\ oxox; | dt
Xel Xcl Xcl

Xcl

After these transformations, integral (1) can be written as

t 2
K(?cs,)?t)=exp{—%S[)?c;(r)]}fexp{—zl—hJ > Sy,-A,-ijjdr}D[)?], “)

si,j=1

where integration is performed along trajectories y =X satisfying the conditions y(s)=0,y(z) =0.
The integral in equality (4) can be calculated by analogy with the one-dimensional case [10, 11]:
1 1

[ LTS 8yA 8y ,d DLyl = L1 5A peeid D L[t
ex R A .. dt =[ex - T ree,/ _ Tee . )
p 2hsi,j=1 ) il\ijOY j [y] p Zhsy free V! [y]Jl_[:l 1 2Tth(l—to)}~_[:1 1

A2 :

J J
where Ay ; are the eigenvalues of the operator
d>
dr®
Afree =— d2 5
dr®
A; are the eigenvalues of the operator
A A
A:( 11 12].
Az Ap

Thus

1

. 1 . 1 - )\’fzree j
K(Xs,X;)=exps——S[Xu(T L 5
( K t) p{ h [ cl( )]}2nh(t—t0)}-_[=1 % ()
A

J
Numerical results. As an example, we consider the approximate calculation of the functional inte-
gral in the case when the Lagrangian has the following form
L(F,%,7) = %(x1 +x1 +asin(b(x1 +x2)))’ +%(x2 +x; +asin(b(xi +x)))°. ©)
Let us use the formulas
t 2 2
[xjdx; = X0 x'](s)—ht %, =12
s 2 2

ajsin(b(xl +x2))dxy + ajsin(b(xl +x2))dx; =

S N

= —%[cos(b(xl (1) +x2(1))) —cos (b(xy (s)+x2(s)))] —abhjcos(b(xl +x2))d.

N

Then the action S can be written as

S=xz(t)_xz(s)—ht_s—ﬁ[cos(b(x () + x2(0))) ~cos (b(x1(s) + x2(s))) | + 5
P 5 b 1 2 1 2 5

where
t

5= %j[x% + (o + asin (b(x + xz)))ﬂ +%[x% +(x2 +asin(b(x + xz)))z}zr - abhicos(b(x1 +x2))d,

N
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the integral in (1) can be written in the following form

K%, %) =] exp{—%S}D[Tc] =

2 2 N
= exp{_ X (t)z—hx (s) + f;S +%[Cos(b(x1 )+ x» (t))) —cos(b(x1 (s)+x2 (s)))]}jexp{—%}D[i]. @)

Given X = (xl(s),xz (s)) =(X15,X25), X;= (xl(t),xz (t)) =(x1,x2,) the values of the expressions

2 2
2 —x ) (t)2_hx (S),—ib[cos(b(xl(t)+xz(z)))—cos(b(xl(s)+x2(s)))} are known. Therefore, in expres-

sion (7) it remains to calculate only the integral Iexp{—%} D[X] by formula (5) for the action S.

For the action S the Euler — Lagrange equations have the following form
¥ — [xl +asin(b(x; + xz))][l +abcos(b(x; + xz)):l -

—[xz + asin(b()q + xz))]ab cos(b(xl + xz)) —ab’h sin(b(x1 + xz)) =0,
Xy — [xz +asin(b(x; + xg))] [1 +abcos(b(x; + xz))] -
[ x1 +asin(b(x; + x2)) Jabcos(b(x1 +x3)) - abhsin(b(x; +x,)) = 0.

The approximate values of the functions x;.(t) and x,.(t), s<t<¢, are found by solving these
equations using the grid method for solving nonlinear boundary value problems [12].

For the specified Lagrangian A; we have the following form
d2
A =An =V (x1e,X201) E A =Ny =W (x1e,%201),

where
V(ri,x2) =[ 14+ abeos(b(xi +x2)) | +ab? cos (b(x) +x2)) +
+ab? sin (b(x1 +x2))[ —x1 = x2 = 2asin (b(x; +x2)) |+ ab’hcos(b(x; +x2)),
W (x1,x2) = abeos (b(x; +x3))[ 2+ 2abcos(b(x; +x2)) |+
+ab? sin (b(x; +x2))[ —x1 —x2 = 2asin (b(x; +x2)) |+ ab hcos(b(x; +x2)).

Note that V(x;,xp)=1+W(x1,x2).
The operator

2
2
A free dt
d2
0 =5
dt
1 1 e K /_\ 11free 0
is approximated by the matrix A .. = _ , Where
0 A 22free
2 -1 0 0
-1 2 -1 0
Kllfree = /_\22free = h72 .
0 -1 2 -1



306 Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2023, vol. 59, no. 4, pp. 302-307

are matrices of dimension (N — 1) x (N — 1), obtained from the approximation of the second derivative in

. — t
the node 7, by the expression h 2(t,-+1 2ti+tjq), h _TS

The operators A; are approximated by the matrices A of dimension (N — 1) x (N — 1), where
A=A —A]]ﬁee+V V' is a diagonal matrix of dlmensmn (N — 1) x (N — 1) with elements
V,= V(xlcl (]h),xzcl(ﬂz)), 1< j<N-1 on the diagonal. Also A, = A, =W, where W is a diagonal
matrix of dimension (N — 1) x (N — 1) with elements W; =W (x1(jh),x2a(jh)), 1< j<N—-1 on the
diagonal.

1
22
f

To calculate H
J=1 5

7»12-

in expression (5), we can use the following equalities

o0

N-1 _
H}”ﬁee,j ~ H kﬁee,j :(detAllfree)z,
J=1 Jj=1
0 -1
Hx H?\, —detA det(A“—detAlz)det(A“+A12)
=l =

where 1_\11 —/_\12 =E+/_\11free, 1_\11 +/_\12 = E+/_\11free +2/_\12, E is a unit matrix.
1

2
free

Thus, the expression H is calculated, and by solving the Euler — Lagrange equations for the
J=1 2 2_
_ J
action S, the values of the functions xi(t) and x,.(t), s <1<t are calculated. The approximate
value of the functional integral K(X,X;) is obtained from formulas (5) and (7).
The application of the semiclassical approximation is illustrated by the following integral with the
Lagrangian given by equality (6) and K(X,,X;) is defined by equality (1):
E= J J. (x1r = x20)K (X, X )dx1,dx 2.
For s=0, 0.5<t<2, X, = (xl(s),xz (s)) =(1.0), a=0.5, b=0.1, h=1 Fig. 1 shows the approxi-
mate and exact values of E.
For =0, 0.5<r<2, X =(x1(s),x2(s))=(1.0), a=0.5, b=0.1, 2=0.1 Fig. 2 shows the approx-
imate and exact values of £.
The exact value of this integral is known, since this integral is equal to the mathematical expectation
E(x, —x,), where x,, x, is the solution to the system of stochastic differential equations

dx; = (—x1 - asin(b()q + xz)))dt + \/%dw,
dx, = (—x2 - asin(b(x1 + xz)))dt +~Jhdw

with initial conditions x,(s) = x4, X,(5) = Xy

E E
0.61\ 0.69>.
~. ™,
~ ~,
05 \'\\ 05 \'\\
~ ~.
0.4 Ny 0.4 >N
- -
~— .
03 ~ 0.3 ~
~~e .
02 ———— 02 R
—~—— e,
0.1 0.
0.5 1 1.5 2 0.5 1 1.5 2
ST— O = exact value F— [ = exactvalue
= — — = — — —e  approximate value #= = — = — — —e  approximate value

Fig. 1. Approximate and exact values of £, /i = 1 Fig. 2. Approximate and exact values of £, 7 = 0.1
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For the mathematical expectation, the following equality is true:
E(x) —x2) = (x10 — X20) exp(-?).

From the numerical results shown in Figures 1 and 2, it can be seen that the semiclassical approxi-
mation well approximates the functional integral for various values of 7.

Thus, a numerical analysis of the accuracy of the semiclassical approximation of multiple functional
integrals has been carried out in this work. For numerical analysis, we used a comparison of approximate
values obtained using semiclassical approximation with exact values. The performed numerical analysis
shows that the semiclassical approximation approximates well the functional integral for various values of /.

References

1. Feynman R. P., Hibbs A. R. Quantum Mechanics and Path Integrals. New York, McGraw-Hill, 1965. 365 p.

2. Glimm J., Jaffe A. Quantum Physics. A Functional Integral Point of View. New York, Springer-Verlag, 1981. 417 p.
https://doi.org/10.1007/978-1-4684-0121-9

3. Simon B. Functional Integration and Quantum Physics. New York, Academic Press, 1979. 295 p. https:/doi.
0rg/10.1016/s0079-8169(08)x6061-1

4. Langouche F., Roekaerts D., Tirapegui E. Functional Integration and Semiclassical Expansions. Dordrecht, Springer,
1982. 315 p. https://doi.org/10.1007/978-94-017-1634-5

5. Wio H. S. Application of Path Integration to Stochastic Process: An Introduction. World Scientific Publishing
Company, 2013. 176 p.

6. Ayryan E. A., Egorov A. D., Kulyabov D. S., Malyutin V. B., Sevastyanov L. A. Application of functional integrals
to stochastic equations. Mathematical Models and Computer Simulations, 2017, vol. 9, pp. 339-348. https://doi.org/10.1134/
$2070048217030024

7. Kleinert H. Path Integrals in Quantum Mechanics, Statistics Polymer Physics, and Financial Markets. Singapore,
World Scientific Publishing, 2004. 1504 p. https://doi.org/10.1142/9789812562197 fmatter

8. Egorov A. D., Sobolevsky P. 1., Yanovich L. A. Functional Integrals: Approximate Evaluation and Applications.
Dordrecht, Springer, 1993. 400 p. https://doi.org/10.1007/978-94-011-1761-6

9. Egorov A. D., Zhidkov E. P., Lobanov Yu. Yu. Introduction to Theory and Applications of Functional Integration.
Moscow, Fizmatlit Publ., 2006. 400 p. (in Russian).

10. Malyutin V. B., Nurjanov B. O. Semiclassical approximation of functional integrals. Vestsi Natsyianal nai akademii
navuk Belarusi. Seryia fizika-matematychnykh navuk = Proceedings of the National Academy of Sciences of Belarus. Physics
and Mathematics series, 2020, vol. 56, no. 2, pp. 166—174 (in Russian). https://doi.org/10.29235/1561-2430-2020-56-2-166-174

11. Malyutin V. B., Nurjanov B. O. Semiclassical approximation of functional integrals containing the centrifugal
potential. Vestsi Natsyianal 'nai akademii navuk Belarusi. Seryia fizika-matematychnykh navuk = Proceedings of the National
Academy of Sciences of Belarus. Physics and Mathematics series, 2022, vol. 58, no. 4, pp. 389-397 (in Russian). https://doi.

0rg/10.29235/1561-2430-2022-58-4-389-397

12. Berezin I. S., Zhidkov N. P. Calculation Methods. Vol. 2. Moscow, Fizmatlit Publ., 1959. 620 p. (in Russian).

Information about the authors

Victor B. Malyutin — Dr. Sc. (Physics and Mathematics),
Department Head, Institute of Mathematics of the National
Academy of Sciences of Belarus (11, Surganov Str., 220072,
Minsk, Republic of Belarus). E-mail: malyutin@im.bas-net.by

Berdakh O. Nurjanov — Ph. D. (Physics and Mathe-
matics), Senior Researcher, Institute of Mathematics named
after V. I. Romanovsky of the Academy of Sciences of the
Republic of Uzbekistan (9, University Str., 100174, Tashkent,
Republic of Uzbekistan); Karakalpak State University named
after Berdakh (1, Ch. Abdirov Str., 230112, Nukus, Republic
of Uzbekistan). E-mail: nurjanov@list.ru

HNudopmanus 006 aBTopax

Maumaotud Buktop bopucoBuu — noxrop ¢uszuko-ma-
TeMaTH4eCKUX HayK, 3aBeaylommuil otaenom, HMHcTHTyT
marematnkun HanuonansHOW akagemMunm Hayk benapycn
(yn. Cypranosa, 11, 220072, Munck, Pecry6nuka bemapycs).
E-mail: malyutin@im.bas-net.by

Hyp:xanoB Bepnax Opbin6aeBuu — KaHaugat ¢u-
3MKO-MaTeMaTHYECKUX HAyK, CTapIIM{ HaydHBIH COTpPYI-
HUK, MHCcTUTYT Marematuku umenu B. M. PomanoBckoro
Axkanemunn Hayk PecriyOnuxu Y3o0ekuctan (yia. YHuBepcu-
terckast, 9, 100174, Tamkent, Pecnybnuka Y30ekucran),
Kapakanmnakckuii rocyaapCcTBEHHBIH YHUBEPCUTET WMEHHU
Bepnaxa (yn. U. Abauposa, 1, 230112, Hykyc, PecnyGmnuka
V36exucran). E-mail: nurjanov@list.ru



