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Abstract. We begin with some known results of the 50-component theory for a spin-2 field described in cylindrical coor-
dinates. This theory is based on the use of a 2nd-rank symmetric tensor and a 3rd-rank tensor symmetric in two indices. In the
massive case, this theory describes a spin-2 particle with an anomalous magnetic moment. According to the Fedorov — Gronskiy
method, which is based on projective operators, all 50 functions involved in the description of the spin-2 field for the case of
the free particle can be expressed in terms of only 7 different functions constructed from Bessel functions. This leads to a ho-
mogeneous system of linear algebraic equations for 50 numerical parameters. We have found 6 independent solutions to these
equations. Additionally, we have obtained explicit expressions for 4 guage solutions defined in accordance with the Pauli — Fierz
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BE3MACCOBOE IIOJIE CO CIIHHOM 2 B 50-KOMIIOHEHTHOM INPEACTABJIEHUU:
TOYHBIE PEINEHU A C MAJTAHIPUUYECKOW CAMMETPHUEM,
UCKJIOYEHUE KAJTABPOBOYHBIX CTEHEHEN CBOBO/IbI

AnHoTanus. VcXonuMm U3 M3BECTHBIX Pe3yNbTaToB 10 50-KOMIOHEHTHOH TEOpHH JUIsl TOJI CO CHUHOM 2 B I[UJIMH-
JIpUYECKUX KOOpIMHATAX, KOTOpas OCHOBAHA HA MCIOIb30BAHUU CHMMETPUYHOIO TEH30pa 2-I0 PaHra M TEH30pa 3-ro paH-
ra, CAMMETPUYHOIO 10 JBYM MHJEKCaM. B MacCHBHOM cilydae 5Ta T€OpHs OIMHUCHIBAET YAaCTHILy CO CIIMHOM 2 C aHOMallb-
HBIM MarHUTHEIM MoMeHTOM. CornacHo Metony ®denoposa — I'pOHCKOT0, OCHOBAHHOMY Ha MPOEKTHBHBIX ONEPAaTOPax, BCE
50 pyHKINH, yIaCTBYIOIUX B ONUCAHUY IOJIS CIIMHA 2 JUISI CITydasi CBOOOXHON YaCTHUIIBI, BRIPAKAIOTCS depe3 7 mepeMeH-
HBIX, IOCTPOCHHBIX B TepMuHaxX QyHknui beccems. {ns 50 4nucioBEIX mapaMeTpoB BO3HHKAET OTHOPOAHAS CHCTEMa JIH-
HEHHBIX anreOpamuecKux ypaBHeHUH. B HacTosmeil pabore HaliileHB 6 HE3aBUCHUMBIX PEIICHHUH TaHHBIX aJlreOpandecKux
YpaBHEHHMH. BBIIM MOTyUYEeHBI SBHBIE BRIPAKCHUS JISI YETHIPEX KaJINOPOBOYHBIX PEUICHUIT, OPEEICHHBIX B COOTBETCTBUHI
¢ mogxozaoM [laynmu — @upma. OHM AAIOT TOYHBIE PEIICHHS PACCMATPUBAEMON CHCTEMBI H OTHOCSITCS K COCTOSTHUSIM, KOTOPBIE
HE JAI0T BKJIaJa B (QM3MUYECKH HAOII0aeMble BEIHYMHBI, TAKHE KAK TEH30p SHEPIrHHU-UMITYJIbca. B uTore nocrpoeno 2 kiac-
ca pelIeHHil, COOTBETCTBYIOMMX (HU3NYECKH HAOII0aeMbIM COCTOSHHSM.

KuiroueBble cioBa: 6e3maccoBoe 1ose co CHUHOM 2, 50-KOMIIOHEHTHAs TeOpus, UINHAPHYECKasi CHMMETPUs, METOT
®enopoBa — ['pOHCKOr0, MPOEKTUBHBIE OMEPATOPHI, TOUHBIE PEHICHHS, KAINOPOBOYHASI CHMMETPH S, HCKITIOUEHNE Kanubpo-
BOUYHBIX CTETIEHEH CBOOOIBI
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Introduction. After the study by Pauli and Fierz [1], the theory of massive and massless fields with
spin 2 has always attracted much attention. Most of the studies were performed in the framework of
2nd-order differential equations. However, it is known that many specific difficulties may be avoided if
we start with 1st-order systems from the very beginning [2]. Apparently, the first systematic study of the
theory of spin 2 field within the first-order formalism was done by Fedorov [3]. This approach requires
a field function with 30 independent components. The theory was later re-discovered and improved by
Regee [4]. The first-order approach is based, from the very beginning, on the general theory of relativis-
tic wave equations by Gel’fand — Yaglom [2] and Lagrangian formalism.

In the present paper we start with the results obtained in papers [5] concerning the 50-component
theory for a spin-2 field with an anomalous magnetic moment, described in cylindrical coordinates.
We specify this equation for the massless case as follows:

¢
5 Po
{rogw‘§+F—(a—i+J‘2]+r3ﬁ+P}w=o, =M™ gy. )
s r 4
P2
3

Here, P represents the projective operator that separates the constituents of the 3-rank tensor in the
complete field function. In the 50-component wave function ¥ we distinguish 10-dimensional
components @, ¢, related to the symmetric tensor and a 3-rank tensor symmetric in two indices. For the
main matrices I we use the blocks presentation. So, instead of (1) we have:

0 0
(Kooat +K,'0, +K02—("+K0382J(p0 +(K1 %, +K, 15, +K, 2—"’+K1 362J(p1 +
r r
0 0
+(K208, +K,'8, +K22—¢+K2382Jcp2 +(K300, +K,'0, +K32—‘P+K3382J(p3 +
r r
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r r
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5 X €)
L0, +L,0, + L) 2+ 1,°0, |o+—L,"J{*0+ ¢, =0,
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0
L0, + 1,9, + L 22 1 130, Jo+ 2127120+ 93 =0,
r r

In [5] we solved this equation in the presence of the an external magnetic field. We used the method by
Fedorov — Gronskiy [6] that is based on projective operators. This approach allows us to express all
50 functions of the spin-2 field in terms of only 7 different functions constructed in terms of Bessel
functions. We derived an algebraic system for the 50 numerical parameters that determine the structure
of the 50-component field function. After eliminating 40 components, we obtained an algebraic system
of 10 equations, that had 5 independent solutions. In the present paper we specify the previous results to
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the massless case. First, we have found 6 independent solutions of similar algebraic equations specified
for the massless case. Then, we have obtained explicit expressions for 4 guage solutions defined in
accordance with the Pauli — Fierz general approach [1]. These solutions provide us with exact solutions
of the system under consideration, and relate to states which do not contribute to physically observable
quantities like the energy-momentum tensor. Finally, we have constructed two classes of solutions which
correspond to physically observable states.

Free spin 2 field. After eliminating 40 variables related to the 3-rank tensor (see in [5, 6]), we obtain
the following system of homogeneous algebraic equations for 10 variables, which relate to the 10-com-
ponent symmetric tensor (in this point we still follow the massive case, M # 0):

2i03k\/;+cz(y—%J+2id1\/;6+f1(—k2 +M? +52)—é(3+\/§)f0y+%(3+\/§)f2y=0,

%cz((3+2ﬁ)k2 +2\/§y+362)—%i(3+\/§)01k\/; +%i(3+\/§)03k\/; +%(3+\/§)d2k6+
+%i(\/§—3)d1\/;f—%i(\/g—S)dg\/;ﬁifz(kz+4M2+6y+352)+%f0((3+2\/§)k2 +6y+(2ﬁ_3)€2)_
—(3-3) fiy—(3-3) =0,

—2iclk\/;+cz(y—%j—Zid3\/;f+f3(—k2 +M? +52)—%(3+\/§)f0y+%(3+\/§)f2y=0,

icok
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—%(3+\/§)02k5+i01\/;f—i03\/;€+id1k\/; —idsk [y +dy(M? +2y)—%(\/§ -3) f0k€+%(\/§ —3) frke =0,
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%cz (3k2 23y +(3+ 2\6)52)%1'(@ —3)erkyy —%i(\/g—3)03k\/; —%(3 +/3)doke —
—%i(3+\/§)d1\/;f +%i(3+x/§)d3\/;f+%f0(—3k2 +AM? +6y—€2)+
b fo (G- 2B 6y = (34 2032 )+ (3 - 3) i+ £ (3 -3) foy =0 @

This system can be presented in matrix form AF = 0, where F ={f1, f>, f3,c1,¢2,¢3,d1,d2,d3, fo}
determines the structure of the 10 components of the symmetric tensor. From the vanishing of the
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determinant, we derive the equation M l0(52 —k*+M? 42 ¥)° =0 (the quantity y was introduced as an
arbitrary parameter within the Fedorov — Gronskiy method [6]). It becomes obvious that the sign before
the parameter M must be reversed, M =iy, M > =—p?. So we get

.lfz_uz_kz lfz_uz_kz
I N E R I —5 )

For definiteness, we will follow the possibility 1. With this in mind, the rank of the matrix turns out to
be 5. We delete rows 1, 2, 4, 5, 8 and move the columns corresponding to the variables fi,c1,c2,d3, fo
to the right-hand side. As a result, we obtain a system of 5 equations with 5 free parameters, the solutions
of which can be readily found.

Massless case. The rank of the relevant matrix in the massless case turns out to be equal to 4. We
delete rows 1, 2, 3, 4, 5, 8 and move the columns corresponding to the variables fi, f>,c1,¢2,d1,d> to
the right-hand side. We can readily find the solutions of this system. The 6 independent solutions can be
presented in 10-dimensional form as follows:

y =+
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Keeping in mind the expressions of 10 variables in terms of basic 5 functions (see [5, 6]), we can rewrite
the previous formulas differently:

L4"]m—2
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Parameters L,...,Ls are related by linear constraints. Thus, we may present 6 independent solutions in
a more simple form

-J
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Guage solutions for massless spin 2 field. As is known, for massless spin 2 field there exist guage

solutions [1], that are defined through an arbitrary vector Lg (x),c=0,1,2,3; the symbol C designates

Cartesian basis:

D, (x) =8 ,LS (x) +0pLS (x) + z(—% gand' LS (x)j.

This relation in detailed form reads [10]:

fi€ =
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r
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Ly —;aq,LS —ang},

©6)
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216 +36¢L§ +z%{a¢8 —(a, + lef —16¢L§ —aZLg},

r r r r
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1 1 1
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Taking into account the structure of the gauge vector [7]:
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S . LC S RN
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L2 —1 (Z T
—= (L3 +L1)
§ 2
L

we find expressions for the components of the corresponding gauge tensor:

1 1 1
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2 2 1 1 1
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1 1 1
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r
1 1
f& ==2ieL§ —za[—ieLg —(a, +;ij —1rimL§ —ikL§ } )

After transition to cyclic basis (for more detail see in [7]), we obtain (changing to the variable
x=Mr, h=+e? —k? leads to new presentations for the gauge tensor in cyclic basis):

ﬁ_—ﬁk(d m—ljzb

—+

dx X
- 1 1. - 2 (d m+1\= 2 (d m-1)-
=——ik(z—4)Ly ——izeLy ———z\| —+ Ly+—z\| —— L,
/2 21(2 )z 21260 4Z(dx xj3 4Z(dx xj]

— d m+1)= — 1 d m)-
=ﬁx(———)L , @ =ikL +—X[———jL ,
VE piai L B AV Ta e L
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& = LikeD +Lize +£(z—2)7{i m+1jL3 —£x(z 2)(i—m—1le,
2 2 4 X X

dx dx

1 d - 1 d m)= —
G =——MA —+= |Ly +ikLy, dy=-——A| —+= |Lo—icLy,
’ 2 (dx xj : : : NG (dx xj 0Ttk

672 :ikZO —isz, d3 ——X(i——jLo —16L3,

2 ldxe x

1 d m+l1 z d m-1
——ZlkL +—l z—4)elLyg+——=A — L L.
fo 2 +—i( )fozﬁ(dx ij 2\/_(dx x]l

In [7] four independent solutions in cyclic basis were found for massless spin 1 field:
A

R

Y = . =0, 1P=7,, LP=0;
€

LV=—"v,, V=-ig, , 1¥=0 L =0,

»
Y=g, 1P=0, [$=0, 19 =+iJ,.;

0 \/56 m»s

LY =—it,, L{)=- Ay L(“)—KJ,”, LY =- (10)

Ry
\/55 \/Eg m+l1-

Substituting these expressions in the above formulas, we find the corresponding gauge tensors; we write
their 10-dimensional form

1
0 A 2 _Jm—Z
- 0
20k 2 2ik], ¢
0 0 0 2k° 7
0 . 200 s ¢
0 e K észM
1 1
— i\, 0 ——iM
2 L 2 —ikﬂwm+1
= m—1 €
o=| Mm | r-| 2 , §= 0 L T=| o
— Lkz-ﬂ,‘ I L}\'E_] l7\'21Jm—1 ?J
2¢ 2 € m—1 2 € \/7
A2
ik 1 " k2 —ikLMm —ik—AJ 1
N i St | V2e \/_f
€ 2iM
1 2 ( 1 2 j m—1
——AJ, —A +e | Jmn
2¢O Lz;é T 2¢ : 2k,
—\/Eium Dik] \/Elum \/EiMmH
W m 26

It should be noted that the 4 gauge tensors O, R, S, T do not depend at all on the additional numeri-
cal parameter z. This can be understood only if all 4 gauge vectors L, L@ L® L™ from (10) obey the
Lorentz condition. The fourth vector obeys this condition automatically because it was constricted as
gradient-type solution L =V ,®, V*V,®=0. It can be shown that the three remaining solutions

satisfy this condition as well.
Verifying the guage solutions. The four calibration solutions Q, R, S, T can be decomposed in li-

near combinations of the above 6 solutions ‘P';:
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O=qV1+q2¥Y2+q3¥Y3+qs¥Y4+q5¥Ys+qe¥e,

R=nY ,+n¥Y,+rn¥Y;+n¥Y4+rs¥Ys+rs¥e, an
S=51¥Y1+5¥r +53¥Y3+54VY4+55¥5+56V,
T=(tV¥Y,+t,Wr+t3V3+14VY4+1t5V¥5+15Vs.

The coefficients of these linear combinations are given as follows:

A 307 +2k° o
=—iV2N, q2=0, ¢3=0, qs=i——, gqs=—i——"" go=i—no,
q1 q2 q3 q4 NG qs e 9o NP
7) 1 ?
n=0, r=2ik, r=-—r =0, Fsz—lk , re=-i k—+f ,
V2 2e €
(12)
51=0, s0,=0, s3=—ik, s =—ii s =—i£ s _ ik
1 5 2 5 3 5 4 \/Ea 5 2¢ 5 6 \/56_9
2 2 2
2 2k
n=k_o =2 tgz\f—k, ta=e—X =2 te=2k.
€ € € €
Let us present relations (11) in matrix form:
—in2A 0
Vi Y3 W2 .
0 2ik
Vol |4
=C +¥qy o [|+¥2| O |, (13)
V3 Vs , o2
V4 Ve k——c’ -
€ €
where the matrix C is given as
A 307+ 2k 2
0 i—= i i
2 2¢ J2e
i ik (&
R E S (e
C= ‘ , A=Ael -k
. s i)’ ik
-tk —i— —i— —-—
2 2e V2¢e
2
2k €—k— NGYY 2k
€ €
Now let us turn to eq. (13) and multiply it by the inverse matrix C', resulting in
v wl | —in2) 0
,1 1 1},3 0 2ik
VA e 2o P wic ! g lewae!| o | (14)
V3 vil Vs )
. k2 2k
Yy v4| Ve S ==
€ €

Here, y; designate the new guage solutions related to the old ones by the linear transformation C.
We readily find explicit form of the two last terms:
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\/E 62 —kz 0
—i20 k 0 5
0 2k2 2ik 2k
0 k +¢ s O .
2 2
k__f " 0 —& 2ke
€ € € € - 2 2
k2 N 52 —Z k“+e
Therefore, the decomposition (14) can be presented as follows:
\/5 62 —k2 0

vil |¥3 2kk2 242

H | _ _ 2. 2
W,z :‘114 +W |2, 2 Ui, |k gf . (15)
V3 5

, 0
) \P6 %k 2ke

€ € - 2 2
- k*+
k2+e* k ‘

From this presentation, we can conclude that Vs is a pure guage solution. Now, let us consider the
decomposition of the three remaining guage solutions:

2k? k 2k?
=W, | — -1 =) ——
vr =¥y { PE ]\/5 ERy (vi—Y¥; e

2ke € k 2ke
=W -< Wi =¥3)-———
Ve T (k2+52 kj\/}/fZ_kz : k2 +e?

2

J2e? = k2 p
W’l = ‘1’3 2k 1Y 24 g 1
V2T et _k2+€2_ 1+k2-|-62 i (10
vy |Ye ok
2ke g | |- ‘< v,
el k) k2 +e?
Hence, we have the following three separate relations:
V2e? — k2 k
1=¥Y3+——mY) = ¥V =———(y| - ¥3),
Vi 3 X 1 1 \/Em(\vl 3)
. 2k? 2k?
\V2—1P4 +{—k2+62 —IJTI'FWIPZ, (17)
, 2ke € 2ke
‘V4:‘P6+(ﬁ“j‘l’l‘ﬁ‘f’2-
k“+e” k k™ +e

With the help of the first relation, one can eliminate the variable ¥, from the remaining two equations



144 Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2024, vol. 60, no. 2, pp. 132-145

The two last relations can be rewritten as follows:
Q1 =yr—oyi=Y4+(@¥V,r+b¥3), ¢2=yys—-PByi=¥¢+(c¥r+d¥3), (18)

where the functions ¢} and ¢% are new guage solutions. The used numerical parameters are determi-
ned as

V2 K2 +e? ) o2 g2 K +e?’ 2 K2 +e? ) o2 g2 (19)
2 42 2 42
B 1 " -k € e=_ 2ke 4= 1 e”—k €

2Kt g2 k?+¢e? 2k i g2

It follows from equation (34) that two combinations of the basic functions exist which do not contain any
guage constituents. These are defined by the formulas

WIS =, (aW,+bY¥3), WIS =W, —(cW, +d¥s). (20)

Solutions ‘I’fhys and ‘Pghys refer to physical states that contribute to the energy-momentum tensor.

Conclusions. The main results are as follows. We have found 6 independent solutions of the system
of equations, describing the massless spin 2 particle in 50-component approach. We have obtained ex-
plicit expressions for 4 guage solutions defined in accordance with the Pauli — Fierz general approach;
they provide us with exact solutions of the system under consideration, and relate to states which do not
contribute to physically observable quantities like energy-momentum tensor. Finally, we have construct-
ed two classes of solutions which correspond to physically observable states. These results demonstrate
correctness of the developed theory for the massless spin 2 field.
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