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Abstract. In essence, primordial black holes generated in the early Universe as a result of a gravitational collapse of
the high-density matter are detectors of the processes proceeding in it. As these black holes are generated at high energies
(close to the Planck energies) and their radii are small, there is a need to take into consideration the quantum-gravitational
corrections for them. In this paper, within the scope of the Generalized Uncertainty Principle, the author continues a study of
the quantum-gravitational corrections and their contributions into the inflationary parameters for primordial black holes in
the pre-inflationary epoch. Specifically, within this pattern, the author considers a case of Hawking’s radiation (evaporation)
for the above-mentioned black holes and derives formulae for the corresponding changes (shifts”) of the basic inflation pa-
rameters. In all cases the expressions for the corresponding correction of e-foldings in an inflation model have been found. In
conclusion the main problems for further studies are formulated.
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A. Q. laasiT-MaproJyimx

HUncmumym sioepnuvix npobaem benopycckozo cocydapcmeennozo ynueepcumema, Munck, Pecnybnuxa beaapyce

HNEPBUYHBIE YEPHBIE JbIPHI B PAHHE BCEJTEHHO,
KBAHTOBO-TPABUTALIIMOHHBIE IIOITPABKH U UTHO®JSAINOHHA A KOCMOJIOT U

AnHoTtanus. [lepBuunble uepHbIE AbIPHI, BO3HUKAIONINE B paHHEHW BcenenHoil BeneacTBUe rpaBUTAIlMOHHOTO KoJljamnca
MaTepHH BBICOKOH IJIOTHOCTH, SIBJISIIOTCS O CyTH J€TEKTOPaMH IPOUCXOASIINX B HEll porieccoB. Tak Kak STH YepHBIE Ibl-
PBI POXKIAIOTCS B BBICOKHX YHEPTUAX (OMM3KMX K IMITAHKOBCKHM) M PaJUyChl HX MaJIbl, TO ISl HUX HEOOXOANM ydueT KBaHTO-
BO-I'PaBUTAIIMOHHBIX ITONPaBOK. B HacToselt paboTe B paMkax 0000IIEHHOr0 TPHUHITUIIA HEOTIPEICICHHOCTH ITPO/I0JIKEHO
HayaToe aBTOPOM paHee MCCIEeAOBaHME KBAaHTOBO-TPAaBHTALMOHHBIX MOMPABOK M MX BKIIAZOB B 3HAUCHUSA MH(IAIHOHHBIX
napamMeTpoB JUIsl IEPBUYHBIX YEPHBIX JABIP B JOMHOISAIUOHHYIO 210XYy. B yacTHOCTH, B 9TOH KapTHHE PAaCCMOTPEH Ciydai
M3ITydeHns (Mcnapenus) XOKHHTa JIJTIs BRIIICYKa3aHHBIX YEPHBIX ABIP U MOTyYeHBI SBHBIE (POPMYITBI TSI COOTBETCTBYOIIHX
«CIBHI'OB)» OCHOBHBIX ITapaMeTpoB HHOIsIMHU. Bo Bcex cirydasx HaiIeHbl BBIPaXXSHUs ISl COOTBETCTBYIOIICH KOPPEKIMH
e-¢bonauHroB B nHGIAHOHHON Mozenn. ChopMyaupoBaHEl OCHOBHBIE TPOOIEMBI TSI JAIBHEHINIEr0 HCCACJOBAHUS.

KuioueBrble cjioBa: nepBUYHbIC YEPHBIE JbIPHI, HHQISIMOHHAS KOCMOJIOTHSI, KBAHTOBO-I'DAaBUTAIIMOHHBIE MTOIIPABKH

Just umtupoBanus. lllaneir-Mapronus, A. O. [lepBudyHble YepHBIEe ABIPHI B paHHEH BcelleHHOH, KBaHTOBO-TpaBUTAIH-
OHHBIC IONPaBKU U HHMAsHoHHAsS KocMonorus / A. D. [llaneiT-Mapronus / Bec. Hai. akan. HaByk benapyci. Cep. ¢i3.-mar.
HaByK. — 2024. — T. 60, Ne 3. — C. 225-232. https://doi.org/10.29235/1561-2430-2024-60-3-225-232

Introduction. As it is shown in [1-3], the so-called primordial black holes (pbh) may be formed in
the early Universe. The most common mechanism for the formation of pbh is a gravitational collapse of
the high-density matter caused by the cosmological perturbations arising (e. g. in the process of inflation

© Shalyt-Margolin A. E., 2024



226 Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2024, vol. 60, no. 3, pp. 225-232

but not necessarily) in the early Universe [4]. Studying of pbhs is very important because their param-
eters in essence are “detectors” of the processes proceeding in the early Universe. Of interest are some
results obtained during the relevant studies, for example, a sufficiently accurate estimate of the mass pbh
M(f) formed in the period of time ¢ since the Big Bang [5-7]

3
MH(t)z%tzIOIS(lotBS]g. (1)

This estimate points to the fact that pbh has a wide range of masses, beginning from the Planck mass
M(ty) = 1075g for the Planckian time ¢y =, = 1074
of such pbhs are significant.

A wide list of the literature devoted to studies of pbhs is reviewed in [4]. A great interest to pbhs is
also associated with the fact that, according to the recent data, these objects are considered as one of the
constituent elements of the dark matter. However, the works devoted to consideration of qgcs are few.
In particular, the work [8], within the scope of an inflationary model, presents a study of the scalar cos-
mological perturbations associated with small-radius pbhs arising before the beginning of inflation. It is
clear that for such pbhs, due to formula (1), taking into consideration of qgcs is important but this is not
done in [8].

Note that by the present time there is no self-consistent theory of quantum gravity. Still, there are
several approaches to such a theory, the principal results of which are in agreement and the correct-
ness of which is beyond question [9]. One of these approaches is associated with replacement of the
Heisenberg Uncertainty Principle (HUP) by the Generalized Uncertainty Principle (GUP) on going to
high (Planck’s) energies.

The present paper is a continuation of a study presented in [10], where the author begins to study
consideration of qgcs for primordial black holes with small radii of horizon in the pre-inflationary epoch.
As compared to [10], qges are taken into consideration for small-radius pbhs in the process of Hawking’s
radiation in inflationary models. Using such a pattern, within the scope of GUP, explicit formulae are
derived for (quantum) shifts of the basic inflationary parameters and in all cases the expressions for the
corresponding correction of e-foldings in an inflation model have been found. In what follows the nor-
malization ¢ = i = 1 is used, for which we have G =/ 12,.

Primordial black holes in the early Universe, inflation parameters and initial results. The met-
ric of a Schwarzschild black hole is of the form (formula (7.31) in [11])

-1
ds2=—[1—2MG]dt2+(1—2MG) dr® +r2dQ?, )

r r

s. The quantum-gravitational corrections (qgcs)

where M is the mass of this black hole.

During studies of the early Universe for pbh the Schwarzschild metric (2) is replaced by the
Schwarzschild-de Sitter (SdS) metric [8], allotted in our consideration to black holes in the pre-inflation-
ary epoch

22 AP
ds® =—f(7)dt +f(17)+r dQ-, 3

where f(F)zl—ZGM/F—AfZ/E»:l—ZGM/F—F2 /L* L=~3/A, M is the mass of a black hole,
7 is the small quantity, and A is the cosmological constant.

In general, such a black hole may have two horizons corresponding to two different zeros f(7):
event horizon of a black hole and a cosmological horizon. This is in particular the case when the quanti-
ty M is small [12, 13]. Just this case is of interest for us because we study small-radius black holes in the
early Universe (1). Then event horizon radius of a black hole having the metric (3) takes the following

form (formula (9) in [14]):
2
ry = 2GM{1 +(%j ] @)
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where 1, = 2GM is the event horizon radius of a Schwarzschild black hole (2) and, as L > r),, the con-
dition r,, = r,, is fulfilled to a high accuracy. It should be noted that the event horizon radius r,, of
a Schwarzschild black hole (2) takes the form r,, = 2GM/c* [11] but, due to the normalization adopted in
the paper, this quantity is equal to 2GM.

In the general case in cosmology, in particular inflationary one, the metric (3) is given in terms of the
conformal time 1 [8]:

SRR FETINE N D
ds? = a?(m)d—dn? +| 1+ 20 allll dr? + r2dQ? |\, )
3 3.3 3
I+un’/r

r

where p=(GMH / 2)1/ 3 and usually it is assumed as in [8] that p = const and H,, is the de Sitter — Hubble
parameter, whereas the scale factor a is a function of the conformal time 1 (see formula (2.9) in [15] and
p. 4 in [8]):

am)=-1/(Hom), n<0. 6)

Here 7 =r satisfies the condition ;, < r < oo and the value of r, = un in the frame of reference (5) con-
forms to singularity of the black hole [8].
Due to the above-mentioned formulae, i may be given as

w=(ryHo /4", (7

where 7 =ry, is the radius of a black hole with the Schwarzschild-de Sitter(SdS)-metrics (3),which (see the
beginning of this section) to a high accuracy is the radius of the canonical Schwarzschild black hole (2).

To calculate qgcs for black holes with (SdS)-metrics (3) in [10], we have used the approach associat-
ed with the introduction of the Generalized Uncertainty Principle (GUP) at Planck’s scales [16]

h a’l?
(6x>(6p)25<exp( e p2}> ®)
which, on keeping of the leading term, gives the first-order GUP [16]:
al . o’l;
(0x)(dp) = 5{1 + th (gp)Zj ) ©)

Then we have the Planckian black hole (further referred to as minimal”), which has the minimal mass M,,

and the minimal event-horizon radius r,;, that is the theoretical minimal length / . (formula (20) in [16]):
e /e
i‘mmZ(SX)O:\/;OLlp, M0:2\/§mPa (10)

where o is the model-dependent parameter on the order of 1, e is the base of natural logarithms, and
Fmin OCIp, M() Cmp.

First GUP (9) has been involved in a superstring theory [17], later it was derived in other approach-
es used to study a quantum theory at Planck’s energies [18—22]. As compared to HUP, the high-energy
term in the right-hand side of formula (9) is associated with allowance for the gravitational interactions
which should not be ignored at Planck’s scales. In the limit of low energies, £ < E, this term becomes
vanishingly small. Despite the fact that commutation relations at the energies £ < E,, are in general
dependent on the metric (for example, formula (1) in [18]), GUP in fomula (9) arises at Planck’s scales
irrespective of the space-time geometry at low energies [18, 19, 22, 23].

Within the scope of GUP (8), going from the black-hole temperature 7 calculated in a semiclassical
approximation to the same quantity 7, calculated with due regard for qgcs will be given as follows [16]:

IR U T S B e R 10 77 b | I S S P S [
(T_snGj_)Tq_snGeXp[ 2W[ e(Mj U_snGeXP[ 2W[ e(rM) B b
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2
Here W —l(%) ] value at the corresponding point of the Lambert W-function W(u) satisfying the
e
equation (formulae (1.5) in [24] and (9) in [16])

W(u)e” ™ =u. (12)

1
W(u) is the multifunction for complex variable u = x + iy. However for real u=x,——<u<0. W(u)
e

(in present picture) is the single-valued continuous function, having two branches denoted by W (u)
and W (u) [24].
It is clear, that for a great black hole having large mass M and great event horizon area M, the defor-

1My 1( Mo\
mation parameter —(—0) is vanishingly small and close to zero. Then a value of W ——(Woj
e e

also close to W(0). As it is seen, W(0) = 0 is an obvious solution for the equation (12). We have

2
1 1( My
exp| ——W|—| — ~1. 13
So, a black hole with great mass M > mp necessitates no consideration of qgcs.
But in the case of small black holes we have

1 1( M)

Remark 1. The quantum-gravitational correction qgcs (11) presents a deformation (or more exac-
tly, the quantum deformation) of a classical black-holes theory from the viewpoint of the paper [25] with

the deformation parameter Ay/A, where Ay = 4nr2m is the area of the event-horizon surface for a “mi-

nimal” black hole, Ay =4mnry is the same area for the black hole under study.
Then we have

2 2
Ao _ A min _ Linin

= . (15)
A4 dwg o g
1t should be noted that this deformation parameter
T = Oy ( )

M

has been introduced by the author in his earlier works [26-29], where he studied deformation of quan-
tum mechanics at Planck’s scales in terms of the deformed quantum mechanical density matrix. For

convenience, further we use the deformation parameter o.,,, instead of (Mo /M )2 =("min / "M )2.
As directly follows form formula (7), for p = const any “’shift” of the quantity r,,

ryg >y (17)
inevitably leads to the corresponding “shift” of H,,
Ho—H, (18)

and also of all the remaining inflationary parameters, specifically of the scale factor a(n):a(n) — Zz(n).

But a stationary black hole (without the absorption or emission processes) having the (SdS) met-
ric (3), (5) is interesting from the pure academic point of view. In real physics these processes should be
accounted for because they are always the case. In [10] a ”shift” (17) in parameters of the black hole with
SdS metrics and with small event-horizon radius in the pre-inflationary epoch have been studied taking
into consideration qgcs in the case of “minimal” particle absorption by the black hole understood as



Becui HanpisinanbHaii akaapmii naByk benapyci. Cepbist (isika-maramatbianbix HaByk. 2024. T. 60, Ne 3. C. 225-232 229

a process of a minimal increment of the black-hole event horizon [30, 31]. In [30, 31] a minimal increase
(AA)O in the area of a black hole absorbing a classical particle of the energy E has been calculated, and

the size is R given by (A4)o =4/ ,%(ln 2)ER. In a quantum pattern we have R ~20x and E ~ dp.
However, in frames of GUP (8) it is possible to obtain a new expression for (A4), that may be consid-
ered as a qgc (AA), , of (AA), to the black hole horizon area [16] (formula (27)):

2
(Ad)o — (Ad), =41} (In 2)exp[—%W(—é%D —41%(In 2)6Xp(—%W{—é(%) JJ

In this case explicit formulae for shifts of the basic inflationary parameters due to the corresponding
quantum-gravitation effects have been found:

Ho—>Hog, am)—>a(m)g, HM)—>HMg, V(do) >V (90)gs- (19)

where V(¢g)=3m f,H ¢ is the potential energy of inflation, H(n)=a'(n)/ a’ (n) is the dynamic Hubble
parameter and so on [8, 15], where, as usually, the prime denotes differentiation with respect to 1.

Remark 2. It should be noted, that for large-size black holes (i. e. for all objects adequately
considered by means of a semi-classical approximation), minimal accretion of a black hole (and the
corresponding above-mentioned minimal increase (AA), in the area of a black hole is hardly probable,
as actually the real increase AA for such black holes nearly always meets the condition AA > (AA)y.
At the same time, in the case of small-radius black holes under study this process in the early Universe
is quite real.

Black hole evaporation, qgcs and quantum-gravitational shifts of inflationary parameters.
Black holes are associated with the process of radiation (Hawking evaporation). Primordial black holes
are no exception. In the general case this process is considered within the scope of a semiclassical ap-
proximation (taking no account of the quantum-gravitational effects). And hence it is assumed that evap-
oration of a primordial black hole can be complete [8].

At the same time, taking into consideration the quantum-gravitational effects prevents complete
vanishing of a black hole due to Hawking’s evaporation. In the pattern proposed this is hardly the case
because GUP (8) leads to the formation of a minimal (nonvanishing) Planck’s remnant as a result of
evaporation (10) [23]. Work [10] presents the beginning of studies into the evaporation process for black
holes in the pre-inflationary epoch. Based on the general formulae ([32, p. 357]), in [10] the following
expression has been obtained for the mass loss by a black hole:

2
_AM _(mp ) mp N, (20)
dt M)\t
where b ~2.59 - 10°°, and N is the number of states and species of particles that are irradiated. The mi-
nus sign in the left side of the last formula means that the mass of a black hole is reduced due to evapora-

.. dM . . .. . o
tion, 1. . we have 7 < 0. Unfortunately, this formula is not at all effective in calculations as it is diffi-
t
cult to estimate the number N, especially at high energies E = E,.

But using the terms and symbols of this paper, and also the results from [16], formula (20) for the
mass loss by a black hole with regard to qgcs may be written in a more precise and constructive manner.
Indeed, according to formula (45) in [16], i. e. in virtue of GUP (8), we have

2 2 2
dﬂ:_ Yl exp —2W _l(ﬂj 1_8’\{_2(%) eXp _W _l(ﬂj , (21)
d M} e\ M eyi\ M e\ M
2 2

where =T __n
780" 72 T 16128

The minus sign in the right side of the last formula means the same as the minus sign in the left side
of the formula in (20).
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Formula (21) due to (16) may be rewritten in the following way:

aMm 1 1 8y ( 1 j
—_—=— exp| 2W| ——a., l-——=a,,,exp| —W|—-——a, . 22
dt le;‘ Xp[ ( e MD[ ey . xp( e M e

The right-hand sides of formulae (21) and (22) may be expanded into a series in terms of the small para-

meter ¢! Mo/ M )2 = e_loch (formula (46) in [16]), which in terms of the deformation parameter o,

takes the form:

M 2 4 2

a _ N Sy ] 1= 22 gy, 2, 23)
dt M-I, e e eyl

Integrating the last equation with respect to the selected time period A¢ we can find the mass loss by a
black hole for this period of time. In particular, the mass loss by a black hole with regard to qgcs by the
moment of the inflation onset is equal to

tinf/ dM tinfl 2 4 2
AEvapM(tMatinfl): I = J. MY2114 [1+ZarM +_2( —ﬁjaz +] (24)
e

_ oy
tM dt tM €Y1

Here we have At =tinfjons —far, Where fing; ons 18 the inflation onset time, and #,, is the time in which
the black hole under study has been formed with regard to qgcs from formula (1).
As we have M =ry, /2G, the last formula may be written in the following form:

tinf [ . dr tinfl 2G 2 4 2
ApapM (g tiner) = | (2G) L =— | =0 (H—aw +—2[ —ﬁJan+...]. (25)
M dt oy Tilp e e ey1

Because, in accordance with the selected normalization, G =/ g, the last formula may be given only in
terms of the radius r,,, of the corresponding deformation parameter o.,,, and the known constants

finf1 2 4( 2
AEvapj‘l(tMatinfl):_ ,[ L;(l—l—_ar/w +_2( _ﬁjan +J (26)
tmy UM e e €Y1

By means of the last formula we can find the mass M ; gyap (far,tinr;) and the radius 7y gvap (a7, infs) Of
a black hole after its evaporation, from the moment of its generation to the moment of the inflation onset,
with regard to qgcs

Mq,Evap =M + AEvapj‘/[(l‘M atinfl)' (27)

Replacing ™M=y Evap 11 formula (17) and substituting it into (7) for p = const, we can obtain the
”shift” in formula (18)

4u3

qu,Evap

HO - HO,q,Evap = (28)

and the corresponding “shifts” of all the inflationary parameters in formula (19) caused by qgcs for pbh
in time from its radiation to the inflation onset.
Some direct cosmological implications. One of the most important inflationary parameters is the

number of e-folds before the end of inflation, denoted as N é“’t) , that is determined by

a(tend )

Nét()t) — 1n ,
a(torig)

where a(tenq) 1s a value of the scale factor at the end of inflation and a(t.g) 1s a value of the scale fac-
tor at the onset of inflation. The term is associated with the fact that during the period of inflation the
Universe is expanded by a factor of exp{N gt"t)}.
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Then we can define

a(tend)q

N0 <o W),
a(torig)q

where a(teng)y and a(torg )4 are values of the parameters a(feng) and a(torg) With regard to gqges.

As directly follows from formulae (6), (7), and (17), the scale factor a with regard to qgcs for
1 = const is transformed up to a calculable factor in the same way as from formula (7): ry ocaoc Hg'.
In such a manner, if by the very beginning of the inflationary process a pbh with the initial mass (radius)
M orig s "M orig » due to taking into consideration qgcs, becomes a black hole with the mass M ., , and
with the radius ry;, 4 (€. 8., as a result of the emission process (formulae (27), (28)), whereas by the
end of inflation, also with regard to qgcs, the mass and the radius are M ¢pq 4 s Mend.q » WE have

N(tot) 1 a(tend)q (rMend,q / rMorig,q )a(tend) rMend,q rMorig (tot)
e,q — 1N =In = 2 +N; .
a(torig)q (’”Morig,q / M orig )a(torig) I”Mm_ig g

A similar shift is taken by the exponent exp{N ét(’t)} as well:

rMend,q rMorig
2
r
Morig,q

exp{Né“’t)} - exp{Ne(fgt)} = x NSO,

Conclusion. In conclusion it is stated that for inflation models one can, in the explicit form, calcu-
late the shifts of the basic parameters in these models due to the quantum-gravitational corrections of
primordial black holes generated in the pre-inflation period. Besides, all cases of the expressions for the
corresponding correction of e-foldings in an inflation model have been found.

Based on the results of this work and paper [10], the following problems may be formulated for fur-
ther studies into consideration of the quantum-gravitational effects for pbhs in cosmology.

1. Which contributions are made by the shifts of the cosmological inflationary parameters, calculat-
ed (in this work and in [10]) due to qgcs for pbhs in the early Universe, into scalar and tensor cosmolog-
ical perturbations arising in the process of inflation [15]?

2. How the above-mentioned contributions are related to the general approaches to the quan-
tum-gravitational corrections for cosmological perturbations (for example, [33])?

3. As it is shown in the beginning of this paper, generation of pbhs in the early Universe has no di-
rect relation to the inflation model, the problem is: are the above-considered methods applicable to other
cosmological models, e. g., cyclic ones [34]?

The author is deeply grateful to the reviewer for a number of valuable and important comments that
enable to improve the paper.
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