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Abstract. This paper considers the problem of developing a rigorous analytical model for estimating pedestrian delays
at a signalized intersection when the pedestrian traffic at this intersection is controlled by a “smart” algorithm that operates
according to the following principle: if “the pedestrian call button has not been pressed”, skip the pedestrian service interval
reserved by the control scheme and pass the unused time to conflicting road users (thereby preserving the length of the control
cycle), otherwise activate the reserved interval and serve the pedestrians. Under the assumption of a Poisson process of arri-
vals, a rigorous development of the corresponding model and its comparison with the existing best-known and used analogue is
performed based on the apparatus of probability theory. By means of a computational experiment it is shown that the proposed
model is much more accurate and correct than this analogue. Finally, a primary analysis of the model is performed, with results
allowing to assess the appropriateness of implementing such a control algorithm in terms of the significant increase in individ-
ual pedestrian delays.
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AHAJUTHUHYECKAS MOJEJIb 3AJJEPKEK NIEHIEXOAO0B J1J5 AJITOPUTMA
CBETO®OPHOI'O PET'YJIMPOBAHM S C KHOIIKOM BBI3OBA MEIIEXOJA

AHHoTauus. PaccMarpuBaeTcs podieMa NOCTPOCHHUSI CTPOroil aHATMTHYECKONH MOJICIH JUIsl OLICHKH 3a/ICPIKEK TIelie-
XOJIOB Ha PEryJIHPYeMOM IEPEKPECTKe B cilydae, KOrja JBHKCHHE MEHIeX0I0B Ha 9TOM NMEPEeKPECTKe yNpaBIseTcs ¢ MOMO-
B0 KYMHOT'0» aJrOPUTMa, pabOTAIOLIEro MO MPHHIUILY: €CIIN «He Oblila Ha)kaTa KHOIMKA BBI30BA MEIIEX0/a», IPOIYCTHTh
3ape3epBUPOBAHHBIN CXEMOH PEryJIMpoBaHMs HHTEPBAT 00CITy)KUBaHUS MEIIEX00B U MepeaBaTh HEUCIIOIb30BAHHOE BpE-
M$ KOHQIUKTYIOIIUM Y4aCTHUKAM JIBHJKCHHUS (TEM CaMbIM COXPAHssS JAJIUTENBHOCTD IIMKJIA PETYJIMPOBAHNUS), B IPOTHBHOM
cllyyae aKTHBHPOBATH 3ape3ePBUPOBAHHBIN HHTEPBAI U 0OCIYKUTh TIEIIEX00B. B mpennonokeHn MyacCOHOBCKOTO IOTO-
Ka npuOBITHIl, Ha 6a3e anmnapara TEOPHH BEPOSITHOCTEH BHIMOIHACTCS CTPOrOe MOCTPOSHHE COOTBETCTBYIOIICH MOJICITH U ee
CpaBHEHHUE C CYLIECTBYIONIMM HanboJee U3BECTHBIM U UCIIOIb3yeMbIM aHa1oroM. C MoMOIIbIO BEIYUCIUTEIBHOTO IKCIICPH-
MEHTA MOKa3bIBaeTCsl, YTO MPEAJIOKEHHAs MOJIe]Ib HAMHOI'O O0Jiee TOYHAs M KOPPEKTHas, YeM ITOT aHaJor. B 3aBepuieHue
BBINOJIHSIETCS IIEPBUYHBII aHAIM3 MOJICNIH C Pe3yJIbTaTaMu, IO03BOJISIOIIMMH OLIEHUBATh L[eJIeCO00Pa3HOCTh BBEACHUS TAKO-
r'0 QJITOPUTMA YIPABJICHUS C TOUYKH 3PEHUS 3HAUUTEIBHOCTH POCTA HHINBUAYAIBHBIX 33JICPIKEK ITEIIEXO0I0B.

KuioueBbie cj10Ba: anropuTMBbl CBETOGOPHOTO PETyITHPOBAHUS, YIIPABICHHUE ¢ KHOIKOH BBI30Ba MENIEX0/a, 3a1epikKKa
MENIeX0/0B, aHATUTHYCCKAsi MOJIeIIb, BaIUJalUs HAa 0a3e MMHTALMOHHOTO SKCIEPHMEHTA, HHTEIIEKTyalbHbIE TPAHCIIOPT-
HBIC CHCTEMBI
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Introduction. Traffic signal control is one of the key elements of urban traffic management, and is
the “heart” of intelligent transportation systems. It is therefore crucial to be able to estimate effectively
the quality indicator values for such control on a theoretical level. In view of the growing emphasis on
the quality of the pedestrian traffic service in recent decades [1], there is an increasing necessity to obtain
such estimates for pedestrians (and not merely for vehicles, as was previously the case). One of the most
fundamental indicators of the quality of the control is a so-called total pedestrian delay MD;, which rep-
resents the mathematically expected number of person-seconds lost to society over a given observation
period T due to the delay of pedestrians at a prohibited traffic signal. Another related quantity is a rela-
tive (or average) delay Md,, which is the total delay divided by the mathematically expected number of
observed pedestrians [2, 3]. In general, two approaches to obtaining estimates for these quantities can be
distinguished: analytical (based on the development of analytical models, presented in the form of closed
mathematical formulae) and computational (based on the development of computational models and com-
putational experiments) [4—6]. The analytical approach has the distinct advantage of enabling the predic-
tion of the behavior/properties of the modelled object or phenomenon in a general form (through the
mathematical analysis of the formulae). Furthermore, it is frequently more straightforward to utilize this
approach to obtain the results of a given accuracy, thereby conferring greater efficiency (in terms of the
result/cost ratio) than the computational one [7]. However, the capacity to develop an analytical model
is constrained by the degree of complexity inherent to the object or phenomenon under examination. In
particular, the feasibility of deriving analytical estimates for the indicators is largely contingent upon the
complexity of the signal traffic control algorithm. The computational approach, on the contrary, does not
allow obtaining the results of the same degree of generality as the analytical approach, but has a larger
area of modelling objects. The capacity to develop a computational model is primarily constrained by
the availability of computational resources necessary to reproduce the intricate details of the modelling
object. For this reason, it is a “rescue” tool for modelling the complex transportation systems, including
modelling the pedestrian delays at signalized intersections [8—10]. In view of the above-mentioned, it can
be concluded that the analytical model is the best model option, although its development is not always
feasible. From this perspective, we can categorize the (operational-level) control algorithms with respect
to their complexity of analysis (and, consequently, the feasibility of creating analytical models) as fol-
lows:

— fixed cycle signal diagram control (FCD control); such control implies signal timing according to
a pre-defined time diagram comprising cyclically repeating sequences of signal activations in one and
the same time period (cycle length) (see Fig. 1);

— fixed cycle signal diagram operative correcting control (FCDoC control); this control is based on
FCD control and involves the correction of the cycle signal diagram (by modifying the duration of sig-
nals and/or by skipping the activation of the signals altogether) in response to the actual traffic situation
being observed with sensors; two further sub-classes can be distinguished here: cycle length preserving
control (in which the correction preserves the cycle length) and cycle non-preserving control; a common
representative of this class are variants of so-called actuated control;
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Fig. 1. Fixed cycle signal diagram control concepts
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Fig. 2. Pedestrian (random) cyclic delay calculation
as the area under the queue size dependence on time

— general signal diagram operative designing control (GDoD control). Such control implies the buil-
ding of a rather arbitrary signal diagram right during the operation process on the basis of the actual
traffic situation data.

(Details of the different control variants can be found, for example, in [11, 12].)

For FCD control, it’s relatively easy to derive an analytical formula for the pedestrian delay.
Indeed, if we assume that the random variable a,., of the number of pedestrians arriving during the
time interval [s, 7) is independent on the number of pedestrians arriving during other non-overlapping
time intervals, and if we assume that the arrival process has a constant average rate ¢, i.e. that for the
mathematically expected number of pedestrians Ea ., the relation Ea, / (# —s) = ¢ holds, then we can
proceed as follows. It is established (see, for example, [1, 13, 14]) that the delay D, of road-users over
the time ¢ due to waiting is numerically equal to the area under the queue size curve Q, of the waiting
users. Consequently, for the case presented in Fig. 2, the cyclic delay MD_. can be calculated as
follows:

C C-g C-g
"PMDe = E[Q,dt = E [ ogudt = | Eogydt =
0 0 0

C-g 1 5
I qtdt = —q(C—-g)".
0 2

For FCDoC control algorithms, a similar mathematical derivation faces considerable difficulties.
This is due to the necessity of additional taking into account already more intricate operational specifics
of the algorithms. In this paper, we consider one such algorithm: cycle length-preserving pedestrian-ac-
tuated control (a common control strategy in cities, particularly as it permits the seamless integration
of the pedestrian-actuated control with coordinated control of multiple intersections, providing uninter-
rupted traffic flow or a ‘green wave’). The underlying logic is quite simple: up to a designated decision
point, the control operates following a FCD control predefined signal diagram with a reserved for pe-
destrian service interval. When the decision point is reached, it is checked whether there is an unserved
‘call for green/walk’ (i. e. whether pedestrians have pressed the call button but have not yet been granted
the green signal to move). If there is no call, this pedestrian interval is skipped and the unused time is
transferred to serve the conflicting road users, see Fig. 3.

To the best of the authors’ knowledge, the most rigorous approach to analytical modelling of the
delays for such a control currently in use is the approach outlined in [15] with referring to the Highway
Capacity Manual (HCM)'. Namely, the following line of reasoning is employed. One may consider two
types of situations in the control cycle: 4™ — the first arriving pedestrians in the cycle have time to call
green and thereby to activate the reserved service interval; 4~ — the first pedestrians arrive later than the
time when the reserved interval may be activated. It can be reasonably concluded that the delays for the
pedestrians in the situation 4” will be close to ““’MD,., while those in the situation 4~ will be close to

"MD = q(A+C )2 /2, since the pedestrians will have to wait for the reserved interval of the next cycle
(see Fig. 4).

! Highway Capacity Manual. Transportation Research Board. Washington, D. C., 2000. URL: https:/sjnavarro.word-
press.com/wp-content/uploads/2008/08/highway capacital manual.pdf (accessed 5 August 2024).
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Fig. 4. Delay calculation for the situation 4~

Therefore, if to assume that the probability p" of occurrence of the situation 4" is known, and that
there are no other situations besides the situations 4™ and 4", then it is reasonable to find the total cyclic
delay MD . through averaging:

MDc = p*- P MDc+ (1= p*)-"MDc = " MDc +(1- p*)-(*MDc - "PMDc ).

However, this approach at least fails to consider the overlap of these situations, specifically when the
pedestrians in the situation 4~, who were unable to activate the service interval in their cycle, assist in
activating it for the pedestrians in the subsequent cycle. It is therefore evident that this approach cannot
be considered entirely correct.

It should also be noted that the original paper does not account for the decision point lead value. This
is presumably due to the fact that in the control systems with which the authors have dealt (in particular,
the North American RBC control system'), this lead is either small or absent. Conversely, in control
systems based on stages and interstages (common in Europe [12]), this value can reach tens of seconds.

Henceforth, we will refer to the version of the HCM model in which the decision point is taken into
account as the “HCM" model”.

The goal of this paper is to present a valid model that is free from such a kind of problems.

The paper is structured as follows. Initially, we develop the analytical model of pedestrian delays,
then we validate it using a simulation experiment. After that, we perform a primary analysis of the re-

"'NCHRP Report 812, Signal Timing Manual, Second Edition, Affiliation: Transportation Research Board, 2015. URL:
https://transops.s3.amazonaws.com/uploaded_files/Signal%20Timing%20Manual%20812.pdf (accessed 5 August 2024).
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Fig. 5. The control parameters (¢, is the decision point, (¢, is the green / ”walk” start point)

sulting model (among other things, to demonstrate the advantages of analytical models over
computational models). Finally, conclusions are drawn.

Model development. In this section, we employ the formal apparatus of probability theory to derive
rigorous expressions for pedestrian delays under the pedestrian-actuated control. In order to develop
the desired analytical model of the pedestrian delay, we first introduce the parameters of the control un-
der consideration as it is shown in Fig. 5.

Also we assume:

Al) pedestrian arrivals are a Poisson point process with a constant rate ¢;

A2) pedestrian queuing processes within all cycles are statistically identical (stationary).

In addition, the following notations are to be introduced:

— ., 1s a random variable of the pedestrian arrival Poisson point process value at a time ¢ since
atime s (1. e. arrivals number by the time ¢ considered as if the arrivals process observation started since
the time s only);

— v is a random variable of the pedestrian queue size at the beginning of the cycle;

— { is a random variable of the cyclic pedestrians delay (that is mathematically equal to the area un-
der the graph of the dependence of pedestrian queue size on time within the cycle).

We recall that the Poisson process has the following important properties, which we will make ex-
tensive use of later on in this section:

— “memoryless”:

k
t—
P(osy =k |a—oo:s :l) =P(as =k) :we—lﬂtﬂ), k,1=0,1,...;

— stationarity:
P(aSZZ:k):P(aS,Zt':k)s k=0,1,...,
for any non-overlapping intervals [s,), [s',t"), t —s = ¢ — "
To achieve the goal, we first need to find the probability distribution P (k), k = 0,1,..., of a random
variable v. We commence by ascertaining the value P,(0). To do this, we introduce the following events:

Z, = “the queue is zero at = 07, and Z represents “the queue is zero at t = C”. Using the law of total
probability, we can write:

P(Zc)=P(Zo)P(Zc | Zo)+P(Zo)P(Zc | Zo)- 1

According to the assumption A2) we have P(Z¢)=P(Zy) = P,(0). Therefore, with taking into ac-
count P(Zy) =1-P(Z,), we can rewrite (1):

Py(0)=P,(0)P(Zc | Zo)+(1-Pu(0))P(Zc | Zo). @

According to the control logic, the only case when Z. doesn’t occur (i. e. Z¢ occurs), conditioned
the event Z, has occurred, is when there are no arrivals until the decision point 7, and there is some until
the end of the cycle. Consequently, we can write:

P(ZC |ZO)=1—P(ZC |ZO):1_P(“a0:td =0” and “atd:C iO”)Z
:l_P(“Oto;zd ZO”)P(“atd;C iO”)Zl—e_qtd (l—e_q(c_’d))_
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Similarly, we can conclude
P(Zc|Zo)=1.
With that said, we can obtain from (2) the expression for P,(0):

1

P, = .
v(0) 14 e 94 (1 _efq(Cftd))

©)

Having obtained P, (0), now we can find the probabilities P (r) for the events A¢ = “queue size is r at
t=C"r=1,2,...Indeed, in the similar way, using the law of total probability, we can write:

P.(r) =P (AL ) =P(Zo)P( AL | Zo ) + P(Zo)P( 4L | Zo).
By the similar reasoning,
P(Aé' | Zo ) =P(a 0tqg = 0” and ”atd:C =r")=P(a 0:tqg = O”)P(”atd:C =r7)=

=g 94 Me—ﬂc_fd)’
r!

P(Ag |Zo)= 0.
And thus,

P,(r) = P,(0) e 4 @eﬂ](c_td}, r=12,.... )

As a consequence, we can easily find the expected value of v:
Ev =P, (0)e " q(C~1y). 5)

With the results obtained, we can now turn to deriving the mathematical expectation of the pedes-
trian cyclic delay C. To do this, we first introduce a random variable t, which means the time of the first
arrival of a pedestrian since the beginning of the cycle considered (irrespective of whether there was
already a pedestrian from the previous cycle at the beginning of the cycle). Since random variables 1,
v are independent, their joint probability distribution can be represented with the (generalized) density
Pav(tu)=pg (O] P (k)d(u—k), where pq (1)=ge ¥, § is the Dirac delta function. With this in
mind, using the law of total probability, we can write the decomposition:

EC = [[pan (0B [t = v =w)didu = [pey ()5 PAHEQ |11 =1,y = k)di =
00

0 k=0
= [P (OP(OEQ |t =1,v=0)dr + [pe (f)ipv(”)E(C It =t,v=r)dt. ©)
0 0 r=l1

We further decompose the integration range of the first integral in the sum (6) into [0,z)), [¢,,C),
[C,0) and the second integral - into [0,Z,), [£,,0), and for each of them we consider the integrands:
fort€[0,t4):

lg lg
g1(t)=E( |14 =t,v=0)=EI(1+at;v)dv= f(1+Eoct;V)dv=tg —t

t t

2
to —1
+q(g )

B

forte(ty,C):

C C q(C—t)2
g2)=E({|t1=¢t,v=0) =Ej'(l+at;v)dv: f(1+Eat:v)dv: C—t+T,
t t
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fort e[C,):

g3()=E(|t1=1,v=0)=0,

forte[0,¢4):

()= iP\,(r)E(Qm =t,v=r)= iPV(r)E[ f(l+oc,zv)dv+ rtg] =
r=1 t

r=1

r=1

SN < qlts ~1)’
=Y P (r) [(1+Eo)dv+ Y Py (r)rty =(1-P, (0))[tg —t +£TJ +Evi,,
t r=1
fort eftg,):

hy(t) = iP\, (NEC|t =t,v=r)= iPV (r)rtg =Evi,.

r=1 r=1

With that in mind, we can proceed with writing (6) in the following way:

td C 13 00
EC=P,(0) [ pr (1)g1(0)dt + Py (0) | pry (g2 (1)dt +0 + ]gpn (Om(0)dt + [ oy (o (2)dt.
0

td 0 tg

Hence, after the integration and simplification, we get the final models (for the pedestrians cyclic
delay):

MDc =EG =%q(C—g)2 +%qP0e_q(C_g_A) (2C(g+n)-g?), %
MdC :E_C:lﬂﬁ.lpoe_‘I(c_g—A) 2(g+A)—g—2 (8)
gC 2 C 2 c/

where

1

b= 1+ e 9(C-8-2) (1- efq(g+A))

©)

is the probability of the event “there are no unserved calls at the end of the cycle”.

Model validation with simulation. To validate the developed model, a simulation model was cre-
ated to reproduce the dynamics of the pedestrian queuing and servicing process over the time 7 = nC,
where n is the number of observation cycles, C is the cycle length. The variable under study was the

sample average cyclic pedestrian delay, namely, MD¢ = Dr /T, where D, is the sample total pedestrian
delay over the time period 7. It was assumed that the random process of cyclic delays was sufficiently
‘good’ that the value of MDc could be considered as a consistent estimator of the desired cyclic delay
MD,=EL.

To design the experiment plan, a list of parameter set variants was created, including all possible
combinations of values from the ranges presented in the Table below.

Parameters ranges

Range
Parameter -
min max step
C, (s) 60 140 10
g, (5) 5 30 2
A, (s) 5 20 2
q, (person / s) 0.003 0.03 0.001
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Fig. 6. Analytical model validation graphs “Predicted vs. Simulated”:
a is for cyclic delays; b is for relative cyclic delays

Subsequently, K sets were randomly selected, with a replication of the size m being made in the ex-
periment plan for each of them.

The values employed in the experiment were as follows: n = 1000, K = 100, m = 3.

The results of the experiment are presented in a graphical form in Fig. 6, a and 5, b. Fig. 6, a is rela-
ted to total cyclic delays MD,., while Fig. 6, b — to relative cyclic delays Md =MD,/ (qC). These figures
illustrate the comparison between the values predicted by the analytical models and those obtained from
the simulation.

The visual representation indicates that the proposed model is in accordance with the experimental
data. The results of the simple regression analysis indicate the same — the value of the free term estimate
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is statistically insignificant (can be put equal to zero). At the same time, in comparison, the HCM* model

gives statistically significant biased results (overestimated). The latter can be explained as follows. Since
=1 9(C-g-8)

for the HCM” model the corresponding probability p* has the expression p* , We can
rewrite this model in the following way:
A
MDEM® 2 g(C - g)?+ e € Gq(A +0)? = q(C- g)zj -
= %q(C —g)? +%qe_q(c_g_m (2C(g +A)—g? ) + %qe_q(c_g_A)Az. (10)

A comparison of the expression (10) with the expression (7) reveals a discrepancy due to the pres-
ence of the multiplier P, in the second summand of (10) and the third summand of (10). Given that P,

A
does not exceed unity, it can be concluded that MDEM provides values that are higher than those of

the proposed model.

It is important to note that the original, uncorrected HCM model (as it was identified during an addi-
tional experiment) yields, as anticipated, substantially biased and underestimated results.

Primary analysis. We analyze an expression for the relative delay Md,. first (since it largely reflects
the average waiting time per pedestrian in one cycle). As it can be observed, the expression comprises
two summands. The first one is essentially the relative delay for FCD control, while the second one
represents the additional delay attributed to the implementation of the pedestrian-actuated control. We
denote this additional delay by *~4 AMd and analyze it. For this purpose we introduce the following
variables: A =g/C is a fraction of green in one cycle, p=A/g is a relative lead time, k =1/(qC) is
an average number of cycles between consecutive pedestrian arrivals, and rewrite the expression for

P-4 AMd ¢ as:

1A(lp)
e K

A(1+p)

_ 1
P AAMdCZrIO\-aHaK)'Ca rlO\-aHaK)ZE (2(14‘“)_7“)7‘-

K
l+e

The value 1 can be interpreted as a fraction of the cycle time, describing the extent to which the de-
lay is increased when the pedestrian-actuated control is implemented. To investigate this value in greater
detail, we will plot the graphs (see Fig. 7).

The graphs show, for example, that for a fraction A < 0.1, the value of n for a varying « (and
also for a varying p) remains relatively low, not exceeding 0.05-0.1 (5-10 %) of the cycle length.
Therefore, referring to a typical large cycle with an approximate length C = 100 s, we can conclude
that for such A the implementation of pedestrian-actuated control will not be a major issue, since

forpg=05 forp=1

05 &R

Fig. 7. Contour plots for n =n(A,u,K)
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the additional waiting time will not exceed =~5—-10 s. Conversely, for A > 0.1, the implementation of this
control requires a detailed study of the situation (accounting for the ranges of «, the value of p, and
the cycle length C itself).

Conclusions. The findings of the study demonstrate that the proposed analytical model exhibits
greater accuracy compared to the HCM” model (and even more so when compared to the original HCM
one), while maintaining a relatively simple structure. This enables the model to be employed for the
efficient analysis, particularly in the evaluation of the suitability of implementing the corresponding
pedestrian-actuated control as a part of the development of intelligent transportation systems.

It is also noteworthy that the approach proposed in the paper allows, in principle, the calculation of
other statistical characteristics of delays (such as variance, correlation coefficient, etc.), which may be
useful in other applications.

Possible future directions of the study include: improving the model for the case when the flow of
pedestrian arrivals is not a simple Poisson process, but, for example, a Compound Poisson process that
takes into account clustering of pedestrians (which in urban conditions can be caused by the presence
of signal controlled crossings, the presence of public transport stops near the pedestrian crossing, etc.),
or inhomogeneous in time, when the flow intensity varies with time (which corresponds to the daily
variation of the pedestrian traffic intensity). It is also possible to consider the application of the proposed
approach to calculate pedestrian delays for the case when the control cycle length is not preserved, and
other variations of the pedestrian-actuated control.
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