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ON THE EXISTENCE OF $-CRITICAL FORMATIONS OF FINITE GROUPS

Abstract. The t-closed o-local formations of finite groups are studied, where ¢ is some partition of the set of all primes,

7 is an arbitrary subgroup functor. The question of the existence of )¢ -critical formations is investigated, i. e., such t-closed
o-local formations £ & § for which all proper t-closed c-local subformations are contained in the class of groups §. It is

proved that if §) is a o-local formation of classical type, then every t-closed o-local formation § & $ has at least one $¢ -
critical subformation.
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B. B. CkpyHnas, U. H. Cadonosa

benopycckuii cocyoapcmeennviii ynusepcumem, Munck, Pecnyonuka bearapyco

O CYLIIECTBOBAHHMH $7-KPUTHYECKUX ®OPMALMIA KOHEYHBIX I'PYIII

AHHOTaHHﬂ. I/I3y‘{eHLI T-3aMKHYTbIC G-JIOKaJIbHBIC (bopMaupm KOHEYHBIX I'pYIII, II€ G — HEKOTOPOEC pa36HeHHe MHOXE-

CTBa BCEX MPOCTBIX YMCEN, T — MPOM3BOJIBHBIN MOArpyNoBoil ¢pyHkTOp. MccaenoBan BOMPOC CYINECTBOBAHUS §) o -KPUTH-
4ecKUX (HOpMaIHH, T. €. TAKUX T-3aMKHYTBIX G-TOKaIbHBIX popManuit £ & §), y KOTOPBIX BCe COOCTBEHHBIE T-3aMKHYThIE
G-JI0KaJIbHBIE TToA(opMaLuu copepkaTes B kiiacce rpymnn ). Jloka3aHo, 4To eciu §) — G-JIoKalbHas (GopMalus KJIacCHYeCKO-

TO THTIA, TO y BCAKOH T-3aMKHYTOMH G-ToKanbHOH Gopmannu § & §) cymiecTByeT 1o MEeHbIIeH Mepe ofHa )& -KpUTHYECKAs
noagopmanus.

KiroueBble ciioBa: KOHeYHas IPyIIIa, HOATPYIIOBOi GyHKTOp, T-3aMKHYTast popmarus, popmManoHHas G-OyHKIIHS,
G-1oKanbHas GopMalusi, KpUTHUECKast G-lToKanbHas opmarus, GopMalus KIacCHUeCKOro THIa

Jas muruposanusi. Ckpynas, B. B. O cymectsoBanuu $)g -KpUTHIECKHX GopMaIuii koneuHplx rpymn /B. B. Ckpyn b,
U. H. Cadonosa / Becui HaupisinanpHaii akagdmii HaByk Benapyci. Cepsis dizika-maramareidHbiX HaByK. — 2026. — T. 62,
Ne 1. — C. 7-14. https://doi.org/10.29235/1561-2430-2026-62-1-7-14

Introduction. The study and classification of formations are inextricably linked with the investiga-
tion of questions concerning the existence of subformations of a particular kind in the studied forma-
tion and their mutual arrangement in the structure of the subformations of the given formation. Since
the lattice of subformations of any non-identity local formation has the cardinality of the continuum,
the application of inductive reasoning in studying the structure of subformations of a local formation
is rather difficult. This circumstance led to the necessity of developing special methods for investi-
gating local formations, associated with the concept of a critical formation. The special role of mini-
mal local non-f)-formations [1] or, equivalently, $-critical formations [2] (i. e., such local formations
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§ &£ $ all of whose proper local subformations are contained in the class of groups ) was first noted
by L. A. Shemetkov at the VI All-Union Symposium on Group Theory [1]. There, he also set the general
problem of studying critical formations. The solution to this problem in the class of local formations was
obtained by A. N. Skiba in a series of works from 1980—1993. The main result of this series of works
was the construction of a theory of minimal local non-$)-formations, central to which are the theorem
describing $)-critical formations for the case when $) is an arbitrary formation of a classical type [3]
(a formation is called a formation of the classical type [2] if it has a local screen such that all its non-abe-
lian values are local), as well as the theorem on the existence of §),-critical formations in every local
formation § & $. The results of the theory of minimal local non-$)-formations have been widely used
in questions of classification and investigation of the structure of local formations, as well as in the study
of irreducible factorizations of bounded and one-generated local formations [4].

Subsequently, during the development of the theory of t-closed local formations [5], A. N. Skiba de-
veloped the theory of $); -critical formations (a t-closed local formation § & ) is called $); -critical [5]
or minimal t-closed local non-$)-formation if all proper t-closed local subformations of § are contained
in the class of groups §), where 1 is an arbitrary subgroup functor in the sense of the following definition.

Suppose that to each group G, a certain system of its subgroups t©(G) is assigned. Then 7 is called
a subgroup functor [S, p. 16] if G et(G) and for any epimorphism ¢:4— B and for any groups

Het(A4) and T et(B), we have H® €t(B) and T° : €1(A). A formation § is called t-closed if
1(G) < § for any group G € 3.

The development of the theory of o-properties of groups [6, 7] and their classes, in particular, the the-
ory of o-local formations [8—15], has led to the necessity of studying and classifying c-local formations,
including the development of a theory of critical 6-local formations. The solution to L. A. Shemetkov’s
problem [1] in the class of o-local formations is given in the works [13, 14], where a description of $¢-
critical formations is obtained for an arbitrary o-local formation §) of the classical type (a formation ) is
called a 6-local formation of the classical type if § has a c-local definition such that all its non-abelian
values are o-local). Note that the results on critical c-local formations have been successfully used by
the authors [16] in the study of o-local formations with bounded ¢ -defect.

The study of minimal t-closed c-local non-$)-formations, or g -critical formations, is the subject
of the authors’ works [17, 18], where a description of minimal t-closed c-local non-$)-formations is ob-
tained for an arbitrary c-local formation § of the classical type.

Theorem A [18, Theorem]. Let § be a c-local formation of the classical type and h be its ca-
nonical o-local definition. Then § is an $g-critical formation if and only if § = I3formG, where G is
a monolithic T-minimal non-$)-group with monolith P=G®, and one of the following conditions hold:

1) G = P is a simple o~-group such that o; ¢ 5($)) and ©(G)c{1,G};

2) P is a non-c-primary group and G is a t-minimal non-h(c,)-group with P = Gen forall6; € 6(P);

3) G=PxK, where P=Cg(P) is a p-group, p € c;, and K is either a monolithic T-minimal non-
h(c,)-group with monolith Q = KMo Z O(K), where o; ¢ 6(Q), or a minimal non-h(c;-group of one
of the following types:

a) a quaternion group of order 8, if 2 ¢ 6;;

b) an extraspecial group of order ¢* of prime odd exponent q ¢ 6;

¢) a cyclic g-group, q ¢ ;.

In this work, in the framework of the general problem posed by L. A. Shemetkov [1], we study
the question of the existence of minimal t-closed c-local non-$j-formations in every t-closed o-local
formation § & 9. The main result of the work is the following theorem.

Theorem B. Let § be a t-closed c-local formation, and $ be an arbitrary c-local formation
of the classical type. If § & ), then § contains at least one minimal t-closed c-local non-$)-subformation.
We will prove Theorem B in Section 2 and also consider some of its most interesting corollaries.

1. Basic concepts and auxiliary results. All groups under consideration are assumed to be fi-
nite. The main definitions, notation, and a number of properties of 6-local formations are presented in
the works [8—18].
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Let o={c;|iel} be some partition of the set of all primes P, i e, oc={c;|iel},
where P={J,_,0; and o,nc; = for all i # j, G be a group, § be a class of groups. Then
o(G)={oi|o; "(G) #D}; o(F)=gez0(G).

A group G is called [7]: o-primary if G is a o;-group for some i#; 6-nilpotent if G =G x---x G, for
some o-primary groups Gi,...,G;; o-soluble if G =1 or G # 1 and every chief factor of G is 6-primary.

The classes of all o-soluble, o-nilpotent, c,-groups, and identity groups are denoted by &, My,
&, , and (1), respectively.

Let § be a nonempty formation. Then for any group G, G3 denotes §-residual of G, 1. e., the small-
est normal subgroup of G such that the quotient group belongs to §.

A formation § is called (normally) hereditary it H € § whenever G € § and H is a (normal) sub-
group of G.

Let § and $ be some classes of groups. The product §$ of the classes of groups § and § is defined
by the condition: G € §$) if and only if there exists a normal subgroup N in G such that G/ N € §. If, in
addition, $) is a formation, then the residual product §°$ of the classes § and § is defined as follows:

Fo9=(GIG” ).

The symbol Og; ;(G) denotes (&, B, )-radical of the group G (the largest normal (&, &, )-
subgroup of G), 1. €., O, 5;(G) = G@Gi,@ci .

A function f of the form f:c — {formations of groups} is called a formation o-function. For every
formation o-function f; the class LF(f) is defined as follows:

LF5(f)=(G|G=1orG#land G/Og;s;(G) € f(c;) forall 5; € (G)).

If for some formation o-function f we have § = LF;(f), then the formation § is said to be c-local,
and f'is called a c-local definition of §.

If f'is a formation o-function, then Supp(f) denotes the support of f, i. e., the set of all o, such that
f(o))#.

A formation o-function fis called: t-valued if f(c)) is a t-closed formation for all o; € Supp(f’); inte-
grated if f(c;) < LFs(f) for all i; full if f(c;)=®&g,f(c;) foralli. If fis a full integrated formation
o-function and § = LF;(f), then fis called the canonical c-local definition of §. The smallest o-local
definition of § is its o-local definition f'such that f(c;)< #(c;) for any o-local definition / of the for-
mation § and all 7.

A subgroup functor t is called [5, p. 16]: closed if for any two groups G and H €1(G) we have
©(H) < t(G); trivial if for any group G we have 1(G) = {G}; identity if for any group G we have 1(G)
being the set of all subgroups of G.

A partial order < is introduced on the set of all subgroup functors [5, p. 19] by defining 1, <, if and
only if for any group G we have 11(G) < t2(G). For any collection of subgroup functors {t;|ie [},
their intersection t={,_,t; is defined by: ©(G) = (/7 (G) for any group G.

If t is an arbitrary subgroup functor, then T denotes the intersection of all closed subgroup functors 1,
for which 1 < 1;. The functor 7 is called the closure of the functor t [5, p. 20].

Let $) be a class of groups. A group G is called [5, p. 38] a T-minimal non-9- group if G ¢ $, but
every proper t-subgroup of G belongs to the class .

For an arbitrary set of groups X and any o, € 5, the symbol X(c;) [11, p. 962] denotes the class of
groups defined as follows: X(c;) =(G/ Og; ,;(G)| G € X), if 6, €o(X), and X(c,) =0, if 5; ¢ 5(X).

The set of all 1-closed c-local formations is denoted by /5. Formations from /S are called IZ-for-
mations. For any collection of groups 90, Isform9M denotes a t-closed o-local formation generated by
M, i. e., the intersection of all [ -formations containing 9. In the case when 9t ={G}, the formation
lsform G is called a one-generated 15 -formation.

To prove the main result of the work, we will need some known facts from the formation theory.

Lemma 1[11, Lemma 2.1]. Let f and h be formation o-functions and let I1 = Supp(f). Suppose that
§ = LF(f)=LF.(h). Then:

(1) M=0(3);
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2= (ﬂcl_en@civ@cif(ci)) NG1. Consequently, § is a saturated formation;

(3) If every group in § is o-soluble, then § = (ﬂcieHGGiv(’ﬁcif(c,-)) NG,

@) If o, €IL, then G, (f(6)NF) =0, (o) NF)CF:

(5) 8§ = LF5(F), where F is the unique formation o-function such that F(c;)=®s,F(c;)=§ for
all 6; €Il and F(c;)=Q forall c; eIl'. Moreover, F(c;)=®, (f(ci) m%’) for all i.

Lemma 2[4, Ch. II; 20, Ch. 1V; 21, 2.2.11]. Let §, $ and M be formations. Then the following
Statements hold:

(1) FoHCFN, and HF o9, if § is nonempty;

(2) if § is normally hereditary, then §o$H =359, and T T 9, if O is nonempty;

(3) T o9 is aformation;

@) G =(G™)S forall Ge®;

(5) (FoH)oM=Fo(HoM).

Lemma 310, Lemma24]|. If § = LF;(f),then§ = LF5(t), wheret(c;)= f(c;)N§ forallc; €o.

Lemma 4 [11, Theorem 1.13]. The set S, of all n-multiply o-local formations forms a subsemi-
group of the semigroup of all formations G&. Moreover, | Sy |= 2%o Jor each o with |c|>1 and &, is
a minimal idempotent in S; for alln>0andi € I.

Lemma 5[4, Lemma 18.8]. If'a group G has only one minimal normal subgroup and O,(G) = 1
(p is a prime number), then there exists a faithful irreducible F,G-module, where F), is the field of p ele-
ments.

Lemma 6[12, Lemma 11]. If = LF;(f) and G/ O, (G) € f(c;)N$ for some c; € 5(G), then
Ge?$.

Recall that the group G is called n-closed if it has a normal Hall n-subgroup.

Lemma 7[19, Lemma 44]. Let Kc NG, KAG, K cO(G). Then the following statements
hold:

1) if NIK is m-closed, then N is n-closed,

2) Fy(N/K)=F,(N)/K.

Lemma 8 [3, Lemma 8] Every non-abelian t-closed formation contains at least one minimal
t-closed non-abelian subformation.

Recall that tform X denotes the t-closed formation generated by the class of groups X, i. e., the in-
tersection of all t-closed formations containing X.

Lemma 9 [5, Lemma 2.2.4]. A formation § is a minimal t-closed non-abelian formation if and
only if § =tform A, where A is a t-minimal non-abelian group and one of the following conditions hold:

1) A is a monolithic group with a non-Frattini monolith R = A"

2) A is a quaternion group of order 8;

3) A is a nilpotent group of class 2 and its exponent is 4;

4) A is an extraspecial p-group of order p* and its exponent is p > 2;

5) A is a nilpotent group of class 2 with a prime odd exponent.

Lemma 10 [4, Corollary 19.14]. A group is nilpotent if and only if all subformations of the forma-
tion it generates are hereditary.

2. Main result. Recall the concept of a direct decomposition of a formation (see [5, p. 171]). Let
{81 Jje€J} be anon-empty set of subclasses §; = § such that §;; N§;, =(1) forany j; # j, fromJ.
If, moreover, every group G € § has the form G=4; x...x4;,, where 4; €9j,...,4;, €F;, for
some ji,..., j; €J, then we write § =@ j;§; (in particular, § =51 ®...0F;, if J ={1,...,1}).

Lemma 11. Let §=LFs;(f), 1=0(F). Then F"Ng=MNp and 11={c;| f(c;)=}.

Proof. According to Lemma 1(1), we have IT1={c; | f(c;) # D}. Since the formation &, is he-
reditary, it follows that &, < &, (f(c;) N§) by Lemma 2. Therefore, by Lemma 1(5), we have

Qjcsl' g(ﬁci(f(ci)mg)gg

for every o; €Il Hence, My =®5,en®; = 3F.
On the other hand, it is obvious that § N9t < Dy Therefore, § NI =M. The lemma is proved.
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Lemma 12. Let h be the canonical definition of $ and G =PxK be a monolithic group with
the monolith P=Cg(P)=G? being a p-group, pec;ec, Oy, (K)=1. Then G is a T-minimal non-
$-group if and only if K is a T-minimal non-h(c,)-group.

Proof Necessity. Let G be a T-minimal non-$-group and M € T(K)\{K}. If under the iso-
morphism G/ P~ K the subgroup M corresponds to the subgroup D/P in G/P, then D e7T(G)\{G}.
Consequently, D € $). Therefore, D/ Og; 5, (D) € h(c;). Then since

D=DNG=DNPK=Px(DNK), P=Cg(P)and O, (K)=1,

it follows that O, ;(D)=Os,;(D). It is also clear that O, (D)/P=0O;,(D/P). Hence, since
D/ Osys;(D)eh(c;), we have M /Os,(M) e h(c;)=&s,h(c;). Therefore, M € h(c;). Thus, every
proper T-subgroup of K belongs to A(c)). If, moreover, the group K € i(c;), then G € $ by Lemma 6,
which is impossible. Hence, X is a T-minimal non-/4(c,)-group.

Sufficiency. Let K be a T-minimal non-/(c)-group and M €7T(G)\{G}. Let us show that
M € §. If G = PM, then obviously M " P=1. Hence, M M /| PNM ~MP/P=G/Pe$. Suppose
PM # G. Then PM / Pe=(G/P)\{G/P}. But G/ P~ K. Consequently, there exists a proper T-sub-
group D in K such that MP/ P>~ D € h(c;). Thus,

M /M AP~MP/Peh(c;)=6qho,).

Therefore, M € h(c;). Hence, every proper T-subgroup of G belongs to §). Since by condition
P=G7, it follows that G is a T-minimal non-§)-group. The lemma is proved.

Proof of Theorem B. Assume first that o(§) & o($) and let o; € 6(§)\o($). Then by Lem-
ma 1(1)(4), we have &, & $ and &,, < §. Since, moreover, &, is a hereditary c-local formation, it
follows that &, is a t-closed c-local formation for any subgroup functor 1. Since the formation (1) of all
identity groups is the only proper t-closed c-local subformation of the formation &, and (1)c H# I,

it follows that &, is the desired $¢ -critical formation contained in .

Henceforth, we assume that o(§) < o($). Let f be the smallest t-valued c-local definition of 3,
and / be the canonical o-local definition of §). Set S:={c; € 5(F)| f(c,) & h(c;)}. Since § £ 9, it
follows that S #@. Associate with each ¢; €S a group H,, which is a group of minimal order from
f(o;)\h(c;). Let H:={H ;|c; €S} and H = H, be a group of the smallest order among the groups
in the set H Denote by D the monolith of H. By condition, $) has a c-local definition & such that ev-
ery nonempty value of it is either an abelian or a c-local formation. By Lemma 3, we may assume that
the o-local definition k is integrated. By Lemma 1(5), we have h(c,)=®s, k(c,) for any o,. Since
c; €o(F) = o(H), it follows that i(c;) =G4, k(c;)# D by Lemma I(1). Therefore, k(c;) # <.

First, consider the case when k(o)) is a o-local formation. Then by Lemma 4, A(c)) is also c-local.
Since by Lemma 1(2) the formation /(o)) is saturated, it follows that D & ®(H).

Assume that D is a non-c-primary group. Then Os o, (H)=1 for all o; ec(D). Suppose that
o; £6(D) and let p €c;. Then since H is monolithic and O,(H)=1, by Lemma 5 there exists a faith-
ful irreducible F,H-module K. Let G =K x H. Clearly, K < O, (G). Since O, (H) =1, we have

05,(G)=05,(G)NG =05, (G)NKH =K (05, (G)nH) =K.

Since, moreover, G/ O, (G)=G/ K ~H € f(c;) < §, it follows that G € § by Lemma 6. Hence,
D =I5formG < §. By the choice of H, we have D=H 5 and H is a T-minimal non-A(c,)-group.
Therefore, G is a T-minimal non-$)-group by Lemma 12.

If K =GP, then D is the desired $§ -critical formation contained in § by Theorem A(3).

Suppose G/K ¢$. Then since H~G/K, it follows that H ¢$). Consider the forma-
tion £=I[5formH. By our assumption, H 9 =D, Assume that there exists o, € o(D) such that
H/Degh(c,). Since He§ and Osy 6, (H)=1, we have H € f(c,). Thus, H/D e f(o,)\h(oy).
Since |H / D |<|H |, this contradicts the definition of H. Therefore, H"°s) = D for every o, e o(D).

Let us show that A is a T-minimal non-A(c,)-group for any o € o(D). Indeed, suppose that there
exist o, € o(D) and a proper T-subgroup M of H such that M ¢ h(c,). Thensince H € f(5;) = F and
Os, 5, (H)=1, we have
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H=~H/Os, s, (H)e f(c.)=tform(4/Og, 5, (4)| A€F).

Hence, M € f(c,)\h(c,) and | M |<| H|. The resulting contradiction shows that / is a T-minimal
non-#(c)-group for every o, € o(D). But then £ is the desired minimal t-closed o-local non-$)-forma-
tion contained in § by Theorem A(2).

Suppose now that o; € o(D). Let ® = formH. Clearly, ® ¢ §. Since H"®) = p, it follows that
H/De$. If we assume that H € §), then H >~ H /Oy, s;(H) € h(c;). This contradicts the definition
of H. Therefore, D= H . As above, it can be shown that H hor) = D and H is a T-minimal non-A(c,)-
group for every o, € 6(D). Hence, by Theorem A(2), the formation ® is the desired $g -critical forma-
tion contained in §.

Suppose D is a o-primary group, i. €., a o;-group for some j. Then, due to the monolithicity of #,
we have O, o ;(H)=0g,;(H). Since D= H"®D and h(c,)=64,k(o,), it follows that j # i. Let
p€o;. Then by Lemma 5, there exists a faithful irreducible F,H-module K. Let G =K x H. Clearly,
K < O5,(G). Now since O, (H)=1, we have

05,(G)=05,;(G)NG =05, (G)NKH =K (05, (G)nH) =K.

Hence, since G/ K =G/ 0Oq;(G)~ H € f(c;) and f'is an integrated c-local definition of g, it fol-

lows that G € § by Lemma 6. Therefore, R = /sformG < §.
Let us show that G satisfies the condition (3) of Theorem A. Assume that G € ). Then

H~G/K=G/0q,s (G)eh(c)),

which contradicts the definition of H. Therefore, Gg $. If H¢$, then by Lemma 6, we have
H/ OG]. (H)eh(c;)c 9. Since Dc Ocj (H), it follows that | H / Ocj (H)|<| H |. Since the formation
o-function f'is integrated, H € § and H / Oij,cj (H) e f(o ). Hence, for some j # i, we have

H/Og;q;(H)e f(c,)\h(c)).

Thus, in H there exists a group of an order smaller than | H |. This contradicts the choice of H.
Therefore, H € $ and hence, K = GY. Moreover, by choice, H is a T-minimal non-/A(c,)-group and
D=H"), Consequently, G is a T-minimal non-$)-group according to Lemma 12. Thus, G satisfies
the condition (3) of Theorem A. Therefore, R is the desired minimal 1-closed c-local non-$)-formation
contained in §.

Now consider the case when k(o)) is an abelian formation. If D & ®(H), then by reasoning similar-
ly to the case when k(o)) is a o-local formation, we can show that there exists a minimal t-closed c-local
non-$)-formation in §.

Suppose D ¢ ®(H). Since H/Deh(c;)=®& ,k(c;) and H is a group of the minimal order from
f(c:)\h(c;), it follows that T/ D= (H / D)*°? e .. Since D < ®(H), Tis -closed by Lemma 7.
Hence, if [T/ DJ#1, then Og;(T)#1. Since O, (T) is a characteristic subgroup of 7"and T is normal
in H, Og,;(T) is a normal subgroup of H. But H is a monolithic group with the monolith D. Therefore,
D c Og;(T), 1. e, D is a o-group. The latter is impossible, since D is a o;-group and j # i. Thus,
|T/DJ=1. Butthen H /D ek(c;)< . Since the formation 91 of all nilpotent groups is saturated and
D c ®(H), it follows that H is a nilpotent g-group, where g ¢ ;.

Suppose H is a non-abelian group and ® = formH. Then © is a non-abelian formation. Hence, by
Lemma 8, there exists a minimal non-abelian subformation X in ®. Since D < ®(H), by Lemma 9 we
have X = form.X, where X is either a quaternion group of order 8, or an extraspecial group of order ¢° of
the prime odd exponent q.

By Lemma 5, in each of these cases there exists a faithful irreducible F,X-module R, where p e ;.
Let G=RxX. Then Oy, 5, (G)= 0O, (G)=R. Since

G/ 05, (G)=G/R~=X eformH c f(c;) T,

it follows that G € § by Lemma 6. Therefore, £ =1I:formG < §. Let us show that £ is the desired 9o-
critical formation. In view of Theorem A(3) and Lemma 12, it suffices to prove that R=G? and X is
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a T-minimal non-/(c,)-group. Let us show that X € . Since o(§) < o($)), by Lemma 11 we have
MNos3) S No(e) < H. Since X is nilpotent, and hence c-nilpotent, it follows that G/ R~ X e N5) < H.
Assume that G € §). Then

X ~G/R=G/0g;4;(G)eh(c;) =6 k(o).

Since X'is a g-group and ¢g ¢ 6;, we have X € k(o;). But in the case under consideration, the forma-
tion k(o)) is abelian. The resulting contradiction shows that G ¢ §). Therefore, R = G 7.

By Lemma 10, the formation formH is hereditary. Therefore, tformH = formH. By the choice made,
H is a minimal non-/(c;)-group. Consequently, all proper subgroups of /7 belong to the abelian formation
k(o).

Let X be a quaternion group of order 8. All proper subgroups of X are abelian groups of the expo-
nent dividing 4. Since X e formH, the exponent of X divides the exponent of H. Hence, X is a minimal
non-#4(c,)-group. Therefore, H is a minimal non-$)-group by Lemma 12. Thus, £ is the desired minimal
t-closed 6-local non-$)-formation contained in § by Theorem A(3).

Let X be an extraspecial group of order ¢° of prime odd exponent g. Then all proper subgroups of
X are abelian groups of exponent ¢. Since X € formH, the exponent of X divides the exponent of H.
Consequently, X is a minimal non-4(c,)-group. Hence, H is a minimal non-)-group by Lemma 12.
Therefore, by Theorem A(3), £ is the desired $g -critical formation contained in J.

Suppose now that /1 is an abelian group. Then //is a cyclic g-group, where g € 6 ;. Let p e ;. By Lem-
ma 5, there exists a faithful irreducible F,H-module R. Let G =Rx H. Then O, 5, (G)= O, (G)=R.
Since G/O5,(G)=G/R~HEe f(c;,)c§, it follows that G € §F by Lemma 6. Hence,
M =[iformG < §. Note that R=G". Indeed, if G € $, then H~G/R=G/Os; 5;(G)€h(o;),
which contradicts the choice of H. Therefore, R =G. Moreover, since, by choice, H is a minimal non-
h(c;)-group, the group G is a minimal non-$)-group by Lemma 12. Therefore, 91 is the desired minimal
1-closed o-local non-$)-formation contained in § by Theorem A(3). The theorem is proved.

In the case when 1 is the identity subgroup functor, from Theorem B we obtain

Corollary 1. Let § be a hereditary c-local formation, $) be an arbitrary c-local formation of
the classical type. If § & §) then § contains a minimal hereditary c-local non-$)-subformation.

Let ©(G)=s,(G) be the set of all normal subgroups of the group G for any group G. Then the fol-
lowing holds:

Corollary 2. Let § be a normally hereditary c-local formation, $) be an arbitrary c-local forma-
tion of the classical type. If § £ §), then § contains a minimal normally hereditary c-local non-$)-sub-
formation.

In particular, if 7 is the trivial subgroup functor, we have

Corollary 3. Let § be a c-local formation, ) be an arbitrary c-local formation of the classical
type. If § & 9, then § contains a minimal c-local non-$)-subformation.

In the classical case, when 6 =c' ={{2},{3},{5},...}, from Theorem B we obtain

Corollary4][5, Theorem 2.3.2]. Let § be a 1-closed local formation, $) be an arbitrary formation
of the classical type. If § & $), then § contains a minimal t-closed local non-$)-subformation.

If, in addition, t is the trivial subgroup functor, we have

Corollary 53, Corollary 1]. Let the formations § and $) be local and § & $. If §) is a formation
of the classical type, then § contains at least one $) -critical subformation.

Acknowledgements. The research was carried out in Buaaropapuoctn. VccnenoBanust BEINIOIHEHBI B pAMKax
the framework of the State Program of Scientific Research  3amanust ['ocynapcTBeHHOM MpOrpaMMbl HAyYHBIX HCCIIEI0-
“Convergence — 2025” with financial support of the Ministry = Banwuii «Konsepreuuus-2025» npu GpuHaAHCOBOH IMOIIEPK-

of Education of the Republic of Belarus (project 20211328). ke MunucrtepctBa obpasoBanus Pecnybmauku bemapych
(mpoexT 20211328).
References

1. Shemetkov L. A. Screens of Step Formations. Proceedings of the VI All-Union Symposium on Group Theory. Kiev,
Naukova Dumka, 1980, pp. 37-50 (in Russian).



14 Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2026, vol. 62, no. 1, pp. 7-14

2. Skiba A. N. On critical formations. Vestsi Akademii navuk BSSR. Seryya fizika-matematychnykh navuk = Proceedings
of the Academy of Sciences of BSSR. Physics and Mathematics series, 1980, vol. 4, pp. 27-33 (in Russian).

3. Skiba A. N. On critical formations. Infinite Groups and Related Algebraic Structures. Kiev, Institute of Mathematics
of the Academy of Sciences of Ukraine, 1993, pp. 258268 (in Russian).

4. Shemetkov L. A., Skiba A. N. Formations of Algebraic Systems. Moscow, Nauka Publ., 1989. 256 p. (in Russian).

5. Skiba A. N. Algebra of Formations. Minsk, Belaruskaya navuka Publ., 1997. 240 p. (in Russian).

6. Skiba A. N. On o-properties of finite groups 1. Problems of Physics, Mathematics and Technics, 2014, no. 34 (4),

pp- 89-96.

7. Skiba A. N. On c-subnormal and c-permutable subgroups of finite groups. Journal of Algebra, 2015, vol. 436, pp. 1-16.

https://doi.org/10.1016/j.jalgebra.2015.04.010

8. Skiba A. N. On one generalization of the local formations. Problems of Physics, Mathematics and Technics, 2018,

no. 34 (1), pp. 79-82.

9. Chi Z., Safonov V. G., Skiba A. N. On one application of the theory of n-multiply c-local formations of finite groups.
Problems of Physics, Mathematics and Technics, 2018, no. 34 (2), pp. 85-88.

10. Zhang Ch., Skiba A. N. On X7 -closed classes of finite groups. Ukrainian Mathematical Journal, 2019, vol. 70,
no. 12, pp. 1966-1977. https://doi.org/10.1007/s11253-019-01619-6

11. Chi Z., Safonov V. G., Skiba A. N. On n-multiply c-local formations of finite groups. Communications in Algebra,
2019, vol. 47, no. 3, pp. 957-968. https://doi.org/10.1080/00927872.2018.1498875

12. Safonova I. N., Safonov V. G. On some properties of the lattice of totally c-local formations of finite groups Zhurnal
Belorusskogo gosudarstvennogo universiteta. Matematika. Informatika = Journal of the Belarusian State University.
Mathematics and Informatics, 2020, no. 3, pp. 1-14. https://doi.org/10.33581/2520-6508-2020-3-6-16

13. Safonova I. N. On minimal c-local non-)-formations of finite groups. Problems of Physics, Mathematics and Tech-

nics, 2020, no. 4 (45), pp. 105-112.

14. Safonova I. N. On critical c-local formations of finite groups. Trudy Instituta matematiki NAN Belarusi = Proceedings
of the Institute of Mathematics of the National Academy of Sciences of Belarus, 2023, vol. 31, no. 2, pp. 63—80.

15. Safonova I. N. On n-multiply c-locality of a non-empty t-cloused formation of finite groups. Trudy Instituta matem-
atiki NAN Belarusi = Proceedings of the Institute of Mathematics of the National Academy of Sciences of Belarus, 2024,

vol. 32, no. 1, pp. 32-38.

16. Safonova I. N., Skrundz V. V. On c-local formations of finite groups with bounded $. -defect. Problems of Physics,

Mathematics and Technics, 2025, no. 1 (62), pp. 41-62.

17. Safonova I. N., Skrundz V. V. On ${ -critical formations of finite groups. Problems of Physics, Mathematics and

Technics, 2025, no. 3 (64), pp. 99-111.

18. Safonova I. N., Skrundz V. V. Minimal 1-closed c-local non-§)-formation of finite groups. Doklady Natsional 'noi aka-
demii nauk Belarusi = Doklady of the National Academy of Sciences of Belarus, 2025, vol. 69, no. 5, pp. 359-366. https://doi.

org/10.29235/1561-8323-2025-69-5-359-366

19. Shemetkov L. A. Formations of finite groups. Moscow, Nauka Publ., 1978. 272 p. (in Russian).
20. Doerk K., Hawkes T. Finite Soluble Groups. Berlin, New York, Walter de Gruyter, 1992. 891 p. https://doi.

org/10.1515/9783110870138

21. Ballester-Bolinches A. L., Ezquerro M. Classes of Finite Groups. Mathematics and Its Applications. Dordrecht, Sprin-

ger, 2006. 385 p. https://doi.org/10.1007/1-4020-4719-3
Information about the authors

Valentina V. Skrundz — Postgraduate Student of
the Department of Higher Algebra and Information Security,
Belarusian State University (Nezavisimosti Ave., 4, 220030,
Minsk, Republic of Belarus). E-mail: vallik@mail.ru

Inna N. Safonova — Dr. Sc. (Physics and Mathematics),
Associate Professor, Professor of the Department of Higher
Algebra and Information Security, Belarusian State Uni-
versity (Nezavisimosti Ave., 4, 220030, Minsk, Republic of
Belarus). E-mail: safonova@bsu.by. https:/orcid.org/0000-
0001-6896-7208

HNudopmanus o6 aBTopax

CkpyHab BajenTnHa BHKTOpPOBHA — acnupaHT Ka-
(denps! BeicmIel anredpel W 3amKTH HHPOpMauuu, bemo-
pycckuii rocynapcTBeHHbIN yHuBepcuTeT (mp. HesaBucu-
moctH, 4, 220030, Munck, Pecniy6nuka benapycs). E-mail:
vallik@mail.ru

CadonoBa Unna HukonaeBHa — JIOKTOp (HU3HKO-Ma-
TEMaTHYEeCKUX HayK, JOLEHT, Ipodeccop Kadeaps! BEICIISH
anreOpsl 1 3amuThl nHGopMmanuu, benopycckuii rocynap-
CTBEHHBIN yHHUBepcuteT, (mp. HeszaBucumoctn, 4, 220030,
Mumnck, Pecriybnuka Bemapycs). E-mail: safonova@bsu.by.
https://orcid.org/0000-0001-6896-7208



