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Abstract. We consider a mixed problem for the one-dimensional wave equation in the first quarter of the plane with
discontinuous initial and boundary conditions arising from the theory of longitudinal impact on an elastic semi-infinite rod
with elastic fastening at the left end. We propose a new approach to solve the problem, which constructs the solution as a limit
of classical solutions. The proposed method does not use any additional conditions that were required in previous methods
providing a more direct and rigorous construction. We find the solution in an explicit analytical form as a piecewise contin-
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Keywords: wave equation, mixed problem, discontinuous initial data, dynamic boundary condition, matching condi-
tions, conjugation conditions, longitudinal impact, elastic rod

For citation. Korzyuk V. L., Rudzko J. V. Solution of a mixed problem for the wave equation with a dynamic boun-
dary condition and discontinuous initial data in the first quadrant of the plane. Vestsi Natsyyanal nai akademii navuk Bela-
rusi. Seryya fizika-matematychnykh navuk = Proceedings of the National Academy of Sciences of Belarus. Physics and
Mathematics series, 2026, vol. 62, no. 3, pp. 193-210. https://doi.org/10.29235/1561-2430-2026-62-3-193-210

B. 1. Kop3iox'?, 51. B. Pyasko"’

1 o

Hnemumym mamemamuxu Hayuonanvnoii akademuu nayk beaapycu, Munck, Pecnybnuxa Berapyce
2 o o
benopyccxuii eocyoapcmeennuiii ynugepcumem, Munck, Pecnyonuxa benapyco

PEIIEHUE CMEIIAHHOM 3A JAUM JIJISI BOJTHOBOI'O YPABHEHM SI
C JMHAMMWYECKHUM I'PAHUYHBIM YCJIOBUEM U PA3PBIBHBIMHU
HAYAJIBHBIMHU JAHHBIMHU B IEPBOM KBAJIPAHTE IIVIOCKOCTH

AHHoTanus. PaccmarpuBaeTcs cMemanHas 3a/1a4a 1711 OZHOMEPHOT'O BOJTHOBOTO YPaBHEHHS B IEPBOM KBaAPAHTE IJI0-
CKOCTH C pa3pbIBHBIMU HAa4aJIbHBIMH M TPAHUYHBIMU YCIOBHUSIMH, BOSHUKAIOIIMMH B TEOPHH IIPOJIOIBHOTO yaapa 1o ymupy-
roMy MOJTYyOECKOHEUHOMY CTEP)KHIO ¢ YIIPYTUM 3aKperiecHHeM Ha JIeBOM KoHIIe. [IpeanaraeTcs HOBBIN MOAXO/ K PEIICHUIO
3a/laud, CTPOAIIUI PEUICHHEe KaK Mpeaell KIacCuYecKuX pemeHuil. [Ipennokennblii MeTo He NCTONb3yeT HUKAKUX JAOMOI-
HUTEJIBHBIX YCIOBHH, KOTOPBIE TPEOOBAINCH B MPEABIAYIIUX METOAaX, o0ecrieynBas 0ojee MpsiMoe U CTPOTOe TTOCTPOCHHE.
PerieHne OThICKMBACTCS B SIBHOM aHAJIUTHUYECKON (hopMe Kak KyCOUHO-HEmpepbiBHAsS GyHKIUsA. [ paccMaTpuBaeMoi 3a-
JIau¥ OKa3bIBACTCS €AMHCTBEHHOCTH PEIICHUS U YCTAaHABIMBAIOTCS HEOOXOIMMBIC U JOCTATOYHBIC YCIOBHS COTJIACOBAHUS,
P KOTOPBIX PEIICHHE CYIIECTBYET.

Ku1ioueBble cjioBa: BOJHOBOE ypaBHEHHUE, CMEIIaHHAs 3a/1a4a, pa3pbIBHbIC HAUYaJIbHbIE IAaHHbIE, TUHAMHUUYECKOE IPaHUuY-
HOE YCJIOBHE, YCIIOBHS COTIIACOBaHUS, YCIOBUS CONPSIKEHU S, TPONOIBHBINA yaap, yOpyTrHil CTepKeHb

Jas untuposanus. Kopsiok, B. 1. Pemenne cmemanHoil 3ajjauu JUIss BOJHOBOI'O ypaBHEHUS C JUHAMUUYECKUM Tpa-
HUYHBIM YCIIOBHEM U pa3phIBHBIMU HaYaJIbHBIMU JJAHHBIMHU B IEPBOM KBazpaHTe miaockoctu / B. U. Kopsiok, 5. B. Pynbko //
Becni HanpistnanpHalt akagsmii HaByk bemapyci. Cepbis ¢izika-MaTaMaTeIUHBIX HaBYK. — 2026. — T. 62, Ne 3. — C. 193-210.
https://doi.org/10.29235/1561-2430-2026-62-3-193-210

1. Introduction and statement of the problem. In the domain Q = (0,%0)x (0,00) of two independent
variables (t,x)eQ c R?2, we consider the wave equation
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2 2
(;—2 —a? ai—z]u(t, x)= f(t,%), (1)

where a > 0, with the Cauchy conditions

u(0,x)=0¢(x), xe[0,0),

Vi, x=0,

2
WZ(x)’ X e (O,OO)’ ( )

%(o,x)w(x):{

and the boundary condition

i_ 22 ) _ _ M1, [ZO, 3
(aﬂ b e Ju(t,O)—u(t)—{uz(t)’ € (0.00). 3

Problem (1)—(3) models the following problem from the theory of longitudinal impact [1; 2]. Suppose
that an elastic, infinite, homogeneous rod of constant cross-section, whose left end x = 0 is elastically
fastened, is subjected at the initial time # = 0 to an impact at the end x = 0 by a load that adheres to
the rod. We also assume that an external volume force acts on the rod, that the displacements of the rod
and their time derivatives at the initial time ¢ = 0 are nonzero, and that there are no shock waves in
the rod. Then, neglecting the weight of the rod and its possible vertical displacements, the displacement
u(t,x) of the rod satisfies problem (1)—(3), where

a=yEp~', b=NSEM™', c=NkM™",

with £> 0 is Young’s modulus, p > 0 is the density, S > 0 is the cross-sectional area, M > 0 is the mass of
the impacting load, and &k > 0 is the stiffness coefficient of the linear elastic element attaching the end
x = 0. The quantity y, — y,(0+) is the velocity of the impacting load, and the function p is the external
force acting on the end of the rod divided by the mass of the impacting load. The value y, is not arbitrary
[3]; it depends on the functions £, ¢, and vy, and will be determined later. The function f'is the external
volume force divided by p.

We assume that the functions f, @, v, and p, are sufficiently smooth; specifically,

£eCYQ), 9eC*([0,)), yreC'([0,)), preC([0,0)). @)

In the present paper, we will obtain the solution to the problem using the method of characteristics,
which is also known for the wave equation as using D’Alembert representation of the solution that gives
so-called D’Alembert type solutions. This is a fairly powerful method that is used in many recent papers
on hyperbolic equations [4—9]. We also note the works related to generalized D’Alembert formulas [10—12]
for equations with discontinuous conditions or coefficients and [13; 14] for equations with fractional
derivatives.

Boundary condition (3) with the differential operator

——b 20 +c?
ot ox

significantly complicates the study of the equation. This makes it impossible to use reflection methods.
When studying such problems using the Fourier method, a spectral parameter appears in the boundary
condition [15, p. 149—150]. However, this leaves the possibility of using the characteristics method.

Note that the presence of discontinuous initial and boundary data at point (0,0) makes it impos-
sible to directly apply classical methods. In [16], a solution to problem (1)—(3) was constructed as
a limit of classical solutions of certain auxiliary mixed problems with conjugation conditions. These
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solutions belong to the class C(Q) N C Z(Q NI, where I is a set of measure zero consisting of points
lying on the characteristics. A drawback of that approach is that some additional work, not directly
related to the immediate solution of the auxiliary problems, is needed. For example, we should find
Rankine — Hugoniot-type conditions. In the present paper, we propose an approach to solving prob-
lem (1)—(3) that avoids this drawback. The method constructs the solution as a limit of genuine clas-

sical solutions of the problem, i.e., solutions belonging to the class C*(Q). The approach proposed in
this paper does not require any additional conditions from physics other than those used in formulat-
ing the problem.

It should be noted that the signs of the numbers 5* and ¢* are mathematically irrelevant. Although
physical considerations suggest 5* > 0 and ¢* > 0, we treat problem (1)—(3) in a general form, regardless
of the signs of 4% and ¢?. For definiteness, we assume b?eR, ¢’ eR, Re(b)>0, Im(h)>0, Re(c)=0
and Im(c) > 0.

2. Construction of the solution. Let us find a solution u of problem (1)—(3) of the following form

u(t,x)= lim v -~ (t,x), ®)
(" x*)>(0,0) ¢ %)

where the limit is taken pointwise, and Vit € C*(0) is a classical solution of the auxiliary pro-
blem ’

2 2
(a——aza—]v(t*’x*)(t,x)=f(t,x), (t,x)€Q,

or? ox?
av * *
Ve o (0:0) = 9(x), %—t’“(o,x):q;x*(x), 0<x<oo, (6)
0 ,0 .
[at—z—b a‘i'c V(t*’x*)(f,())—l.lt*(f), 0St<00,

with

*

x>0, t">0,

i (0)=p, \T/x*(o)z\l’la \fo* :W2|[t*,oo)’ el :p'2|[t*,°0)’

[t ,0)

" 00)

7 - )] <2l goiey +1i = wa2(0)] forall xe (0,x7),

‘ﬂt*(t)‘ﬁmax{“ll Hz(f*)‘} forall 7 e (0,6%),

b

§ - eC([0,40)), fi.eC([0,+)).

For the functions \T/x* and [i ,+ one can take

\uz(x)Jr(\ul —wz(O))(l—x/x*)z, x<x",

*

\VZ(x)v xX>x,

V()=
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(ra) =)t .
~ + -, st
TMOESES -

*

n2 (1), 1>t

As it is well known [17, p. 135-136], the general solution of the wave equation is the sum of the gen-
eral solution of the homogeneous equation and a particular solution of the inhomogeneous equation. Let
w0 — R be the particular solution of the inhomogeneous equation satisfying

2

w(0,x) = %(O,x) =0, Z—;V(O,x) = £(0,x).

Such a solution w exists [17, p. 138—153; 18-20] and is given by

t x+a(t—-1)
w(r,x>=2ifdr [ F(uede, %)

ay - a(t—1)

where f is an extension of f'to the upper half plane:

F£(6,0)+x0,f(2,0), x<O0,

flex)= { f(t,x), x>0.

If /eC'(0), then f e C'([0,0)xR) and we C*(0).
The general solution of the wave equation can then be written as:
Vi x*)(t,x) =w(t,x)+ g(l)(x —at)+ g(z)(x +at), ®)

where g and g® are twice continuously differentiable functions.

Substituting (8) into the Cauchy conditions of problem (6) yields the system

gV +gP ) =0(x), xe[0,0),

~aDg " (x)+aDg® (x) = y(x), xe[0,),

whose solution is (see, e. g., [17, p. 139])

¢V 0= Lly @ds+ci velo) ©)
ag
g0 = 2, I\v (E)dE-Cy, xe[0,00), (10)

where C, is an arbitrary constant of the integration.
From representation (8) and the boundary condition of problem (6), we obtain the equality

62 2 0 2 ( w 0] 2) ) 82W
——b"—+ « . (6,0)==b"| —(t,0)+ D —at)+ D 1) |+—=(,0)+
(aﬂ o CJV (60 ax( )+Dg "’ (—at)+ Dg " (at) atz( )
+c2 (w(t,O) +eVCat)+ g(z)(at)) +a? (ng(l)(—at) + ng@)(m)) =i (), te(00). (1)

Introducing the substitution z = —at in this equality, we obtain the following ordinary differential equa-
tion for the function g on the ray (~0,0):
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c? (w(—i,oj +gV()+ g(z)(z)] +a’(D?gW(2)+a’D*g P (-2))-
a

—bz(g—w(—i,0)+Dg(l)(z)"'Dg(Z)(_Z)j — l’it (_Ej_a—w(—i’()j, zZ e (—00,0). (12)
X\ a a or? a

For formula (8) to define a classical solution v
It implies the equalities

(" ™) , the function g must belong to the class c? (R).

0
g"(0)=0"=gP0n=0 +—(p(2 ),

13
Do(0) 7,+(0) (3

DgM 0=y =DgM(0+)=
2 2a

We treat Eq. (12) for gV, together with conditions (13), as the Cauchy problem for a second-order ordi-
nary differential equation. Solving this problem, we obtain

(O] —_ oM _
g (Z) - gb474azc2¢0 (Z) B

2 [14 4 22 2..(0) _ 12 (0) 4 422
=exp[b j} (p(O)ch[Z b —4a“c J+2a \} b o sh[z b : 4a“c J N
2a a

2 2
b* —44°c?

2a

z 2 4
+j 2ME©) ep(b ;Zf’)] [(z 5) b —da’c }d&,, ze(—0,0], b*—4ac?*#0,
a

b* —4a’c?
or
1 1 exp(fj(a((p(o) + Z\V(O)) - cz(p(o) )
g( )(Z) - gi()4)—4a262=0 (Z) - a *
z exp( otz é)j(z HME)
+f : de, ze(-,0], b*—4a’c? =0,
0 a
where

M o~ z 82 ow z )
@) =fiq| -2 |- =20 |+6% | 2 -Z,0 |+ Dg@(-2) |-
a) a*\ a ox\ a

—c? [w(—E,Oj + g(z)(—z)] - azng(z)(—z), z € (—x,0].
a

The expression for g 4 R 0(z) also remains valid when b* —4a”c? <0, since in that case the same

real solutlon is obtalned regardless of the choice of the complex square root ~b*—4aq2c?.
If p* —44%c? =0, the expression for g 4 EE (z) is real-valued, since in this case ¢ > 0 by our as-

(M N ()
sumptions (b* > 0 and a > 0). We also note that g B4 4a2c2=0(z) b_l)l\/n;_ W aa2e?0

we can write the solution of Eq. (12) with conditions (13) by one formula

(2). It means that
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’z - 2 2,,(0) + 2.2
(1)(2) Gi(z2)= exp(i ][(p(O) hLZW}rm \|1 b sh[z b 2 4a’c J}_
a

2a° bt —4a’c? 2

TaME) (b (z— é;)J [(zg)\/b44a202

b* —4a’c? 2a°

+

S —

}d&,, 2z e (—0,0], (14)

which in the case b* —4a’c? =0 is understood as the limit b —> \2ac. Since

M(é):}]t* (—%j—CZW[ i Oj—{—czcl—c (_J'W (Tl)d’n+(p( &)j

(Ve €O 1) (Ve D 1, ) adw( g )_GZ_W(_E j -
+b( > +2<p(a)j a[ > +2<p<é)J+b ax( 20]-—3-20]}, tet=0)

z 2 20 _ 4 4202

J- 2¢°C, exp b (zzég) <h (z—=&NWb ; 4a“c dt =

0\/[)4—461202 2a 2a

b2z ) | zb* —4a*c? b* b’z ) | zb* —4a’c?
=Ci|1-exp 5 |ch 5 + exp 5 [sh 5 ,

2a 2a \/b4 —4q2%c? 2a 2a

we can write

g(l)(z):Gl(z)|C1=0 +Cy, ze(-x,0]. (15)
Under the smoothness conditions
feClQ), ¢eC*([0,0), ¥ .eC'([0,%), fi.eC([0,)), (16)

representation (8), together with relations (9), (10), and (15), defines a function v (@t € C 2(Q) if and

only if
D¥gM0-) =D gV (0+), k=0,1,2, a7

since g e C%([0,:0)), g™ e C?((~0,0]), and g® e C*([0,0)) [17, p. 137-138]. Condition (17) is
met for k=0 and k= 1 by construction. By the direct calculation we get

2 2 2
c“w(0,0 0) c“e(0) b7¢'(0 "
ng(l)(o_)_ng(l)(0+):_ (2 )+ H(z) _ (Pz( )+ (Pz( )—(P (0)+
a a a a
+b28xw(0,0) 97 w(0,0)

)
a2 az

which, by the properties of the function w, is equivalent to
D?g®(0-)-D’g M (0+) =a’ (fi,+(0)~ £(0,0) = c’p(0) + b ¢'(0) ~a’¢"(0) ). (18)

Hence, condition (17) is satisfied if and only if
i+ (0) = £(0,0)— c*9(0) + b7¢'(0) — a’¢"(0) = 0. (19)
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Combining (8)—(10) and (15), we obtain

o(x—at)+o(x+at) lx}at~(g)d§ t20, x>0, x—at>0, (20)

x—at

v(t*vx*)(t,x) =w(t,x)+ 5 2a

x+at 2
v ot (t x)=w(t, x)+2L I \y(n)dn-p%.kexp(wjx

2a?
sh[vb“ ‘4“%2(’““”}{25,2(@'(0) 0, <0)]_b2<p<0>J
¢(0) ch \/m (x—at) . 2a* 2 2a 2
2 247 \/b —4a’c?

bz(x—at—é)J
2
x—at exp( 24> Sh[\/b4—4azcz(x—at—§)JX

0 \/b4 4q°c? 2a°
x(ﬂ(—éj—czw(—é,OJ—cz(i_é . (mdn + 28 ‘i)]
a a 2a

+p2 (M n %(PI(_@J _ a2 (M n %(p"(—i)}rbz @(__

+

2a 2a
t20, x20, x—at<0. (21

Note that in the case b* —4a?c? =0, the last formula is understood as the limit 5 — «/2ac.

We now prove the uniqueness of the solution v, « o € c? (0) to problem (6). Suppose problem (6)

(

has two classical solutions, VEIZ . and v((z) Then their difference V = v((ll Y v((tz*) Y satisfies
X t X X
the problem
2 2
& S =0 o,
(’5t 8x
V(0,x)= %—V(O, x)=0, 0<x<oo, (22)
t

2
[ O _pl ch1/(¢,0)=0, 0<1<o0.
o’ Ox
From formulas (20) and (21), it follows that problem (22) has only the trivial solution ¥ =0. This proves
uniqueness.

Thus, we have proved the following lemma.

Lemma. Let conditions (16) be satisfied. Problem (6) has a unique solution v (" ™) in the class C* 0)
if and only if the matching condition (19) holds. This solution is given by formulas (7), (20), and (21).

We now turn to problem (1)—(3). To pass to the limit in (4) with (20) and (21) we use the following
statements based on dominated convergence theorem.

Statement 1. Assume [ €(0,0) and K € C([0,1]). Then
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lim IK(é)\lf (8 dE= IK(é)Wz(é)dé

X—)O

Proof. The functions \T/x* converge pointwise to the function v, so the functions K \fo* converge
pointwise to the function Ky too. There holds the estimate

7 - )| <ol oy w1 —w200), xefo.,

due to the requirements imposed on the function \Tlx* in Definition 1. Thus, the number
("W2”C([o l])+|\|/1—\|/2(0)|)||K||C([0 " uniformly bounds the family of the functions KWy « on the

range [0,/]. It means that we can apply the dominated convergence theorem (or the bounded convergence
theorem) and get

lim JK(é)w «(8) dg = IK(é)(hm\If (i))di [KE©w(E) de.

x—)()

Since y(x) = y,(x) almost everywhere on the set [0,/], we obtain

lim IK(i)\v «(8)dg= IK(E)\V(&)d& IK(é)\vz(é)d%

)C*)O

The statement is proved.
Statement 2. Assume [ €(0,0) and K € C([0,l]). Then

l !
LimOIK(i)ut*(é) d&=[K(E)ma(8) d&.
t =00 0

Statement 3. Assume [ €(0,0) and K € C([0,/]). Then

X —)00 0

: :
lim IK(i)[f\l! (n)dané IK(Q)[f\lfz(n)dﬂ]di

The proofs of Statements 2 and 3 are similar to the proof of Statement 1.
Note that we cannot directly pass to the limit in (5) due to the presence of the term

0 \/b 4a2 2

x—at 4 2.2
,[ [\/b —4a“c (x at—ﬁ)J~, (<) dE.

where the integrand cannot be dominated. However, this term can be written as

x—at a CXP( ( _at Z;)J

b4—4a c (x at=¢€) | .,
_ h dE =
£ \/b4—4a202 i { J HE9des
b*(x—at b* —4a’c* (x—at) | -
aexp[ (;aza ))sh{ az(; (x=a )}Vx* 0) . eXp(b(xzaMJ Vo (-E)

S + X

bt —4a’c? 0 2a\/b4 4a’c?
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4 422, 4 422,
x[bzsh[ b 4a20 2(at x+2’;)}+ b* —44°c? ch{ b 4a20 2(x al E")Hd};.
a a

This implies

x+at 2
Vo (EX) =L x)+2i ERZE (2+at)+exp(wjx

2a?
@ Vb4 —4a%c? (x - at) ©(0)— 24 (0)_b (p(O)
0(0) (b —4a2cX (x—ar) 2a*
X ch 5 + +
2 2a b4 —4a2c>

+
0 \/b4—4azc2

-§
X{ﬁt* (—Ej—c2w(—é,0j_c2 (L J‘ \zj* (m)dn + o(— E_»)J
a a 2a

23V (-8 1 a’ ,ow( & o*w( &
+b (TJFE(P(—E)J—?(P (=6)+b a(—g,oj—(%—z(—;aoj +

2exp[bz(_m_§)j
x-at { [\/b“ 4a202(x at—E_,)J

o (— b4 4 22, .
+WX4—(E3) b4—4a2czch[ b 4“26 (at “E»’)]}da, 120, x>0, x—ar<0. (23)
a a

Statements 1-3 applied to expression (4) with (20) and (21) allow us to write

+at

u(t,x) = u O (1,x) = w(t,x) + LEZ 4D+ @+ al) “j JACTE

2 (24)
t>20, x>0, x—at=>0,

x+at 2 _

u(t,x) =u? (&, x) = w(t, XHL I\V (Tl)dnJr(P( +at)+exp b'(x zat) x
2a 2 2a

4 422 )

sh b 02 (e=ar) (“2@'(0)—261“!1—19(2(())}
9(0) moc —at) 2a
X Ch 2 + +
2 2a b4 _ 46126'2

2exp[b2(x at— g)j
+"_I‘” \/ —4a%c* (x—at - E,)
0 b* —4a’c 2a?
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{3 {fonm 52

+b ( dva(d) 1 cp( &)) 2<P"( é)+bzaw(_§’oj_az_w(_§’on+
a a

Oox ot?

V2D b4_4azczch[\/b44a202(atx+§)]}
4a 24

dg, t>20, x>0, x—at<0. (25)

Representations (24) and (25) hold only under the condition
H1 = £(0,0)+¢*p(0) +a”D*¢(0) ~ b* De(0) (26)

since the functions Vit at are classical solutions and do not exist if the matching condition (19) is vio-
lated. Note that equahty (36) holds if and only if condition (19) is satisfied, since ﬁt* 0)=p,.

3. Properties of the constructed solution. The conjugation conditions on the characteristic
x — at = 0 for the solution u of problem (1)—(3) can be written explicitly as

)" — () 1(t,ar) =0, @7)

ou\" (ou) gy (04)
{((%j (6xj }(r,at)——a , (28)
l(%j —[Z‘j }(r af) =2 (04) . 29)

2 \* 2\~
SR

B (w1 =v2(04) - ag'(0) +a( £(0,0) =2 (0+) + ”(0) +a’¢"(0))

- — : (30)
2. \* 2.\~
(ﬂ] _(@_MJ (t.at) =
OtOx Otox
b7 (2(0)~ 1 +ag(0) — a( £(0,0) - p2(04) +7p(0) +a’¢(0)
_ = , 31)
o) (%)
) 5] feo-
2 '
- 100 -0+ 2p(0) - LDV OO) 2 ()

a

Here (k) denotes the limiting values of the function 4 on the two sides of the characteristic x — at = 0;
that s,
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(h)*(t,x=at)= lim h(t,at £3).
5—0+

Formulas (27) and (28) show that the solution u is consistent with physical conservation laws [21,
p. 71]. For the proof, we refer the reader to [16].

Under assumptions (4), the function u belongs to the classes C? (E) and C? (Q(2) ), where
OW ={(t,x):t20,x>0,x—at >0},

o ={(t,x) :t>0,x>0,x—ar<0}.

Moreover, from (27) it follows that u € C(Q).

The question arises whether the constructed function u satisfies the wave equation (1) and condi-
tions (2) and (3). By the direct calculation, we establish that the function u satisfies Equation (1) on
the set O\ {(¢,x) : x =at}, the first Cauchy condition (2) on the set [0,00), the second Cauchy condi-
tion (2) on the set (0,0), and the boundary condition (3) on the set (0,00). On the one hand, since the quan-
tities 0,u(0,0) and 0,u(0,0) are not defined in the usual sense, we cannot say that the second Cauchy
condition (2) and the boundary condition (3) hold on the closed ray [0,0) in the classical sense. But, on
the other hand, we have

li = li =\y].
amy 0)8tu(t,X) v2(0), (oim 0)’8tu(t,X) Vi
x—at>0 x—at<0

We can show that conditions (2) and (3) are fulfilled on the entire half-line [0,00) in the limit sense. To do
this, we introduce the operator

Ak+p k+p
[u](t X) = hrn —— Vv, o« (1,X).

ot*ox (t* x*)—>(0,0) Ot Fox? %)

We have

ou Vi, x=0,
—(0,x) =wy(x) :{
ot

\|j2(x)7 X e (0,00),

52 3 —up={ M 0
[_—b a_+c ]u(l‘,o)—u(t)_{}“(t), t €(0,).

Moreover, it can be shown that the function u satisfies Equation (1) in the sense of distributions
on the set Q. Let us prove that: since v « « is a classical solution of the wave equation, the function

Vit ot solves this equation in the distributional sense, 1. e.,

)
o° 0°
” Vit (t,x) {—2 —a? —2] y(t,x)dtdx = ”y(t,x)f(t,x)dtdx
0 ot Oox 0

for all yeC”(Q). Denote K =supp(y)= Q. Due to the restrictions imposed on the functions ¢,
Y+, R, andf the family of functions Vi <" is uniformly bounded on the compact set K. Thus, we
can use the dominated convergence theorem to write

2 2

lim .UV(;* . (l x)[ -a %J (t,x)dtdx =

(" x")-(0,0) 9
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. 0,0 o° , 0’
:g(t*,xll)ri(o,oiv(t*’x*)(t’X)[at_z_a ax—z]y(t,x)}dtdx=gu(t,x)(6t—2—a 6x_2 y(t, x)dtdx.

Since

. o, 0?
lim Vo« « (t,X)| ——a”—= |y(t,x)dtdx = || y(t,x) f (¢, x)dtdx,
(z*,x*)—>(0,0)£I (&%) (&2 6x2J g

due to the fact that v solves the wave equation in the classical sense, we obtain

(" x")

2 2
Hu(t,x)(;—2 —a? (j—sz(t,x)dtdx = _Uy(t,x)f(t,x)dtdx,
0 X 0

for arbitrary y e C”(Q) . The last equality means that the function u solves Equation (1) as a distribution.

Note that in the case b* —4a?c? <0 the behavior of the constructed solution u is oscillatory, unlike
the case b* —4a°c? > 0.

4. Classical solution with conjugation conditions. The solution u constructed in Sec. 2 can be re-
garded as a classical solution of Eq. (1) with initial conditions (2), boundary condition (3), and certain ad-
ditional conjugation conditions. However, since the quantities 0,u4(0,0) and d,u(0,0) are not defined in
the usual sense, we cannot require that conditions (2) and (3) hold on the closed ray [0,0) in the classical
sense. Consequently, the number p, cannot be determined within this framework and must be postulat-
ed. Moreover, formulas (27)—(32), which determine the solution u, do not contain the quantity p,.

Problem (1)-(3) with conjugation conditions on the characteristic. Find a classical solution of
Eq. (1) on the set O\ {(¢,x) : x = at} satisfying the Cauchy conditions (2) on the set (0,00), the boundary
condition (3) on the set (0,00), and the conjugation conditions (27) and (28).

Note that in this formulation, p, does not appear.

Under conditions (4), the existence of a classical solution u of problem (1)—(3) with conjugation con-
ditions on the characteristic follows from formulas (24) and (25). Indeed, a direct calculation shows that
the function u defined by formulas (24) and (25) satisfies Eq. (1) on the set O \ {(¢,x) : x =at} and con-
ditions (2), (3), (27), and (28) on the set (0,00).

We now prove the uniqueness of the solution u of problem (1)—(3) with conjugation conditions. We
use the fact that this solution consists of classical solutions of two subproblems: the Cauchy problem

on the set Q~(l) and the Picard problem on the set Q(z). Consequently, the uniqueness of the classical

solution u of problem (1)—(3) with conjugation conditions follows from the uniqueness of the solutions
of these subproblems (see [17, p. 138—142] for the Cauchy problem and [6] for the Picard problem). Note
that the proof in [6] is given for a more general case: a differential operator of the n'™ order with variable
coefficients in the boundary condition. In the present paper we have the second-order differential opera-
tor with constant coefficients in condition (2). Therefore, we can give a simpler proof than one presented
in [6]. So, we need to establish that the problem

82 82 ~
(az_z - a—z}(t,x) =f@t,x),  (t,x)e0,
X

Wt x=at) =11 (0), %(z,xw) (), (33)

2
t €[0,0), (8—2_522“2]\/(%0):1(30), t€[0,00),
ot Ox

cannot have more than one classical solution.
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Suppose problem (33) has two classical solutions, v and v'. Then their difference ¥ = v\ — y?

satisfies the problem

[82 262] ~(1)
——a"— [V(t,x)=0, (t,x)eQ", (34)
ot? o

2
(6 520, JVO,(»:V(z,x:az)=8—V(t,x=at)=0, re[0,) (5)
at a 8x

The general solution of Eq. (34) is
V(t,x) = pi(x—at) + pa(x +at), (36)

where p; e C%((—»,0]) and p; € C?([0,00)). Substituting (36) into conditions (35) yields
P ((=0,0])

p1(0)+ p2(2at) =0, pi(0)+ pr(2at)=0,

2 2( ' 2 0 2 n (37)
c (p1 (—at)+p2(at))—b (pl(—at)+p2(at))+a 1(—at)+a“ps(at)=0,
for all ¢ €[0,). The first equation of system (37) implies
P2(2)==p1(0), ze€[0,0). (39)
Substituting (38) into the last two equations of system (37) yields
pi(0)=0, (39)
(1) - 1) =b?pi(2) +a’pi(2)=0, ze(-,0]. (40)

Treating p,(0) as a constant independent of p,(z), we find the solution of Eq. (40) in the implicit analytic
form

p(z)= p1(0)+exp 5 zlcW 4
a

LAy

2[4 _4 22
+exp{%[b—2+b—§m}}c@’a ze(=0,0], b*—da’c® 20, @)
a a
p(z)= p1(0)+eXp( )C(1)+exp( jzc(z) z e (~,0], b*—4q?c? =0. “42)
a

We substitute z = 0 into expressions (41) and (42) to obtain
p(0)=p1(0)+CV+C®, b*—4a’c? 20,
p(0)=pi(0)+CY, b*-4a’c? =0,

which produces equations

cW4+c@=0, b*-4a%c%=0, 43)

cV =0, p*-4q%*=0. (44
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Due to relations (41) and (42), condition (39) implies

2 4,22 2[4, 22
l{b—z—b—‘z“”}c“)QLb—ﬁb—;‘“]C(”:o, b*—4a%c? %0, 45)
2\ a a a a

(@)
L c™=0, bt —4a’? =0 46)
a

System (43) and (45) has a unique solution V= ? =0 since

1 1
4 2.2
N
det 1[b2 \/b4—4a2c2J 1(b2_’_\/b4—4azc2 :b—zacio‘
2| N TR | L0 ND TRAC a
2| a? a’ 2| a? a’

System (44) and (46) admits only one solution Y = C? =0 too. Thus, the solution to Eq. (37) can be
represented as

pi1(=2)=pi1(0), p2(2)=-p1(0), z€[0,0). 47)

From (47) it follows that system (37) has a solution pj(-z)=a, ps(z)=-a, z€[0,0), where a is an
arbitrary real constant. Then, according to formula (36), ¥ =0, which means v\ =v® and the
uniqueness of the Picard subproblem is proved.

Note that the solution of problem (1)—(3) with the conjugation conditions (27) and (28) also satisfy
the conjugation conditions (29)—(32).

Thus, we have proved the following theorem.

Theorem 1. Let conditions (4) be satisfied. Problem (1)—(3) with the conjugation conditions (27)
and (28) has a unique classical solution u, given by formulas (24) and (25), and belonging to the classes

c(0), C* [Q(l)j ,and C* (Q(Z)j.

5. Piecewise smooth solution. Based on Sec. 4, we can introduce the following definition.

Definition 1. Assume that Eq. (26) holds. We call the function u a piecewise smooth solution
of problem (1)—(3) if it is a classical solution of problem (1)—(3) with the conjugation conditions (27)
and (28).

The following theorem holds.

Theorem 2. Let conditions (4) and (26) be satisfied. Problem (1)—(3) has a unique piecewise smooth

solution u, given by formulas (24) and (25), and belonging to the classes C(Q), C 2 (Q(l) ) and C? (Q(z) )

The proof is a direct consequence of the preceding arguments.

6. Generalized solution. There is another approach to constructing the solution of a mixed problem
(see, e. g., [22, p. 19]). This approach is based on the fact that the formulas defining a sufficiently good
solution remain meaningful even when the data of the mixed problem are not smooth enough to guaran-
tee the existence of this solution.

Indeed, consider formulas (24) and (25), which, by Theorem 2, determine the piecewise smooth
solution of problem (1)—(3) under the conditions

feCY0), ¢eC?([0,0), wreC'([0,0), peC([0,%)), 48)

w1 =p(0) = £(0,0)+c9(0) + a*D*¢(0) — b> D(0). 49)

By integrating by parts twice we rewrite formula (25) in the following form
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x+at

u(t,x)=w(t,x)+— I WZ(n)dn+
2a

4 2.2
+exp(b2(x—at)J @(O)Ch{\/b —4a’c (x—az)J+

o(x + at) .
2

2 2
a a

bp(0) - 2ay
_ p(at —x) N

\/b‘1'—4azc2 2

sh[vb“ —4a202(x—at)J(
2a*

+

2exp£bz(x—af—%)]
x—at 2a2 Sh{\/m(x—af_é)Jx

0 \/b4—4a202 2a°

2%
x(pz (_éj—czw(—é,oj—c— [wa(mydn+
a a 2 0

J’_

a
2 4 2
iw(—a—”—z@(-@wz@(_é,o)_a_y(_so)}mx
4a 2a ox\ a ot a
Xch[Wz(at—X-i-i)J(Wz:_&)_bZ;p(;@j e 0, xo0, xatc0. 50)
a a a

However, formulas (24) and (50) remain meaningful under weaker conditions, for example,
1eCi@), 9eC([0,2), w2eC([0.2)), pzeC([0,0)). (51)

This allows us to introduce the following definition.

Definition 2. Let conditions (51) be satisfied. Following [22, p. 19], we call the function u a gen-
eralized solution of problem (1)—(3) if it is defined by formulas (24) and (50).

Definition 2 of a generalized solution is based on the following property. Assume that conditions (51)

hold and the function u is a generalized solution to problem (1)—(3). Let there exist the sequences ((p(”))
and (\pg”)) such that ¢ € C?([0,%0)) for all neN, i e C'([0,:0)) for all neN, (¢) conver-
ges uniformly to ¢, and (\|/(2")) converges uniformly to v, and the equality

1= £(0,0)+ " (0)+a*D*¢™ (0) ~b> D™ (0)
u ¢ ¢

holds for all n e N. Let u, be the solution to problem

o> 5,82
——a" —= |\u,(t,x) = f(t,x),
[aﬂ axz] (t,x)=f(t,x)

n Gun Vi, X = 07
Z/I(O,X) = (P( )(X), xXe [0,00), _(09 X) = (n)
at \V2 (X), X € (0,00),

82 s 0 2 Ui, t=0,
29 u(t,0) = () =
(aﬂ ot J”( )=HO {uz(t), e (0,),
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in the sense of Definition 1. Then the sequence (u,) converges pointwise to the generalized solution u.
To prove it we pass to the limit in the formulas

(p(") (x—at)+ (p(") (x+ at) 1 xtat

wn(t,x) = w(t, x) + : j\V(")(a)dg 120, x20, x—at>0,

1 x+at ('1)
un(t,x) =w(t,x)+— _[ \p(zn)(n)dn+w+
2a 0 2

4 22
+exp[—b (a at)} (P(n)(O)ch[ b _42:2 (x—at)]+

4 2.2
h[ﬁ (x_al)](bch<"><0>—2aw)

24 Y
o (at x)+

+ —
bt —4a’c? 2

2exp

x—at

+
0 Vbt —4a%c?
x(uz(—aj—c w(—E,OJ < (”)(n)dn+
a a 2a

2
+3b vy (-8)- ch“”( £)+ b2aw(—é,Oj—a—[—é,Oj]+\/b4—4a2c2><
a a

4a ot?

[b (x— at—a)

sh

Vb* —4azc2 (x at—&)]

[\/m(at x+§)}{\l’(2( €) bz(Pz(n)( &-‘)] dg, t>20, x>0, x—at<0,
2a a a

that represent the solutions u,, where the uniform convergence allows the integral and limit signs to be
rearranged.

In view of the above, we have the following theorem.

Theorem 3. Under conditions (51), problem (1)~(3) has a unique generalized solution u € C(Q).

Proof. The existence has been proven previously. We can write u € C (Q(l)) and ueC (Q(2)j

using formulas (24) and (51) and the property of the absolute continuity of the Lebesgue integral.
Relation (27), which is a consequence of (24) and (51), yields u € C(Q).

We note that the generalized solution constructed in Theorem 3 does not depend on the behavior of
the function p on sets of zero measure. Consequently, different values of the number y, yield the same
generalized solution.

Under conditions (4), the generalized solution and the classical solution with conjugation condi-
tions (27) and (28) coincide, since both are given by the same formulas and are unique. Recall that
the classical solution with conjugation conditions does not depend on the quantity .

For the same reasons, under assumptions (4) and (26), the solution in the sense of Definition 1 and
the generalized solution coincide, since both are given by the same formulas and are unique.

Remark. In the same way a generalized solution can be defined for the data satisfying

£eC ), 0eLic([0,2), Wa2eLi([0,0), paechl([0,0)).
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Conclusions. In this paper, we have developed a new method that constructs the solution as a limit
of classical solutions of auxiliary mixed problems. This approach overcomes the difficulties inherent in
earlier methods based on auxiliary problems with conjugation conditions. We have derived necessary
and sufficient matching conditions for the existence and uniqueness of the solution. It is shown that
the constructed solution satisfies conjugation conditions on the characteristic, reflecting physical conser-
vation laws. The solution is also interpreted as a classical solution of the wave equation with conjugation
conditions. Furthermore, we have shown that the problem admits a generalized solution. Under suitable
smoothness and matching conditions, the various definitions of the solution are equivalent.
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