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A. A. I'puns, A. B. Ky3smuu

I'poonencrkuii cocyoapcmeennwiii ynugepcumem um. HAuxu Kynanei, I’ poono, berapyce

TOYHBIE OHEHKHN YUCJIA HPEJAEJIBHBIX IMKJIOB ABTOHOMHbBIX CUCTEM
C TPEMS TOYKAMMH IIOKOS HA TIVIOCKOCTH

Jl11s1 aBTOHOMHBIX CHCTEM C TIaJKUMU IIPaBBIMHU YacTAMHU pacCMaTpUBAETCA 3a7ada TOYHONH HETOKATbHON OIEHKH YHC-
JIa IPE/ICTbHBIX LIUKIIOB B OJTHOCBSI3HON 00JIACTH BEIIECTBEHHOH (pa30BOi MIOCKOCTH, COACPIKAIICH TPH MPOCTHIC TOYKH IO-
KOs ¢ cyMMapHbIM HHjekcoM Ilyankape +1. JIns pemeHus yka3aHHON 3aJauM MOCNENOBATENBHO CTPOATCS ABE QYHKIMH
[ronaka — Uepkaca, ¢ TOMOIIbIO KOTOPBIX HAXOASATCA 3aMKHYTbIE TPAHCBEPCAIbHBIE KPUBbIE, Pa30MBAOIIIE OJHOCBI3HYIO
00J1aCTh Ha OJHOCBSI3HbBIC, ABYCBSI3HBIC M, BO3MOXKHO, OJHY TPEXCBS3HYIO 10100sacTh. DPPEKTUBHOCTH pa3paboTaHHOTO
[0JX0Ja IPOJIEMOHCTPUPOBAaHA Ha IIpUMEpax MOJUHOMUAIBHBIX cucTeM JIbeHapa, 11 KOTOPBIX J0Ka3aHO CYILECTBOBAHUE
B K@XXIOH M3 IBYCBSI3HBIX I1000JaCTEH TOYHO OJJHOTO IIPE/IENIEHOTO IIUKJIA, B TPEXCBSI3HON — TOYHO JBYX IpPEIEIbHbIX IU-
KJIOB. YCTaHOBJICHBI KOHQUTYpAIIMK ATHX TIPEISNIEHBIX UKJIOB. [loydeHHbIe pe3ysIbTaThl MOTYT OBITH TPUMEHEHBI B Kaue-
CTBEHHOW TeopyH U Teopun Oudypkanuii oObIKHOBEHHBIX MU depeHnalIbHBIX yPaBHEHUI, a TAaK)Ke B TEOPHH HEITHHEITHBIX
KoJIeOaHHIH.

Kntouesvie cnosa: cucrema JIrenapa, pynxmus Hromaka — Yepkaca, 16-st mpo6iema 'nnbbepTa, mpeaenbHbIH UKL

A. A. Grin, A. V. Kuzmich

Yanka Kupala State University of Grodno, Grodno, Belarus

PRECISE ESTIMATIONS OF LIMIT CYCLES NUMBER OF AUTONOMOUS SYSTEMS
WITH THREE EQUILIBRIUM POINTS IN THE PLANE

For autonomous systems with smooth right sides the problem of precise non-local estimation of the limit cycles number
is considered in a simply-connected domain of a real phase plane containing three equilibrium points with a total Poincaré
index +1. To solve this problem, we are constructing successively two Dulac-Cherkas functions which provide the closed
transversal curves decomposing the simply-connected domain in simply-connected subdomains, doubly-connected subdomains,
and possibly a three-connected subdomain. The efficiency of the developed approach is demonstrated by the examples of
the polynomial Lienard systems, for which it is proved that there exist a limit cycle in each of the doubly-connected sub-
domains and two limit cycles in the three-connected subdomain. We determine the configurations of these limit cycles. The ob-
tained results can be applied in the qualitative theory and in the theory of bifurcations of ordinary differential equations,
as well as in the theory of nonlinear oscillations.

Keywords: Liénard system, Dulac-Cherkas function, 16" Hilbert problem, limit cycle.

BBe;[eHne. PaCCMOTpI/IM ABTOHOMHYI CUCTECMY Ha BeLHGCTBeHHOﬁ IMJIOCKOCTH

dx dy

—=Px,y), —=0(x), @

dt dt
rae P(x,y), O(x,y) — HenpepsiBHO AupPepeHInpyEeMBbIe 110 JBYM BEIIECCTBEHHBIM MIEPEMEHHBIM (yHK-
nuu. OOQHUM U3 METOJIOB, MTO3BOJISIIOIIMM IOJyYUTh HEJIOKAJIbHOE PELIeHHE PO0JIeMbl OLIEHKH YHCIIa
Y JIOKaJU3alny TpeenbHbIX nukioB [1] cucrems! (1), sBnserca npusHak Jronaka [2—4], ycoBepuieH-
crBoBaHHbIN JI. A. Uepkacom. IIpu Takom moaxone, HazplBaeMoM Ipu3HakoMm Jlromaka — Yepkaca,

© I'punb A. A., Ky3emuu A. B., 2016
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TpaHCBEPCAIbHBIC KPUBBIC, COOTBETCTBYIOIINE PyHKUMH J{fofaka, mo3BosIIOT HAXOAUTH BEPXHIOIO OLICH-
Ky 9HCIIa TIPEJeNbHBIX UKIOB cucTeMsl (1) B csizHOM obOmactu  [5—9]. [Ins nonydeHus TOYHOW OlieH-
KM 4YHCJIa IPEAEIbHBIX LUKIJIOB HEOOXOAMMO IPOBOAUTH JONOIHUTEIbHBIC HCCIEAOBAaHMS, HAIIPUMED
TOYEK MOKOSI B OECKOHEUHOCTH, YTO BO3MOXHO JIUIIb B OTAENBHBIX ciydasx. [loaTromy 1enbio HacTos-
el paboTHI sIBIsIETCS pa3padoTKa croco0a JJIs OJyYeHUsT TOYHOH HEeJIOKaJIbHOW OLEHKH YuClia | JI0-
KaJIN3allUK MpeaesIbHBIX [UKJIOB B OJHOCBS3HON 00nactu (, rae cuctema (1) UMeeT TpH TOYKH MOKOSL:
cenyo u aBa aHtucema. [IpemnaraeMplii HaMu croco® OCHOBAaH Ha IOCJIEAOBATEIBHOM IOCTPOCHHUH
nByx ¢ynkumii J{romaka — Yepkaca, KOTOpPbIE HCHOIB3YIOTCS JUISI HAX0XK/IEHUS 3aMKHYTBIX TPaHCBEP-
CaJIbHBIX KPUBBIX, OKPYKAIOIIMX OJHY UJIU TPH TOUYKH MOKOS U pa3OMBaromKX 0071acTh £ Ha OHOCBS3-
HBbIE, IBYCBSI3HBIE 1, BO3MOXKHO, OJIHY TPEXCBSI3HYIO ogodnactu. Pazpaboranusiii nonxon 3¢ dexrusno
MIPUMEHEH K NOJMHOMHAIBHBIM cucTeMaM JIbeHapa, AJIsl KOTOPBIX AOKa3aHO, YTO B Ka)KJIOW JBYCBA3-
HOM 1M0/1007aCTH UMEETCSI TOYHO OJIUH MPEIENbHBIN IIUKII, @ B TPEXCBI3HON — JIBa MPEAENbHBIX IUKJIA,
orpesesieHa UX KOHQUTyparusi.

1. IlpexBapuTeabHbIe CBeleHWsl. YCOBeplIeHCTBOBaHHBIN moxaxoxn JI. A. YUepkaca k mpusHaKy
Hronaka ocHOBaH Ha HaxoxaAeHUHM QyHkuun dronaka — Yepkaca ¥ € C 1(Q,R) [6, c. 199] B obnacTu €,

U eficTBUTEIBHOTO YHcia K # 0 Tak, 9TOOBI BBITIONHSIIOCH YCIIOBHE
. v v
d)(x,y)=k‘Pd1VX+aa—P+%Q>O(<O), V(x,y)eQc R?, @)
X i

rne X =(P,Q) — BekTopHOe 1oIe, onpeaensemoe cuctemoii (1). B ycmoBuu (2) 00bI9HO OTyCKaeTcs
[2—6], uTo PyHKIIMS D MOKET IPUHUMATH HYJIEBOE 3HaYCHHE B 00JaCTH {2 HA MHOXKECTBE MEPHI HYJIb,
HO HUKaKas 3aMKHYTasi KpUBasi TOT0 MHOYKECTBA HE SIBJISIETCS MPENEIbHBIM [IUKIJIOM CHCTEMBI (1).

3ameuanue l. Ecnmu W npencrasnser coboii pyHnkuuto Jronaka — Yepkaca cucremsl (1) B 06ia-
1

ctu Q, To U3 cooTHoeHus (2) BoiTekaeT, uto B =| WV [k sensercs Gpynkuueii [ronaka B Kax10i 1ogo6-

nactu Q, rae ¥ > 0(<0), u mroboii npenenbhblil nuki [ cucremsl (1), cymecTBytommi B Q, sBiseTcs
rpyOBIM U YCTOWYMBBIM (HEYCTOWYMBBIM) IIPU BBITIOJIHEHUH HA HEM YCJIOBUS

[ div thzjﬁ(cb—‘ii—f}t:j%dKO@ 0). ©)]
r

IIpu 3TOM NIOKanM3aLMs IpeaebHbIX IUKIOB B 001acTH {2 IPOBOAUTCS C IIOMOILBIO TPAHCBEPCATIbHOM
KPHUBOH

W=1i(xy)eQ:¥(x,y)=0j,

KOTOpast He MOXKET MepeceKaThest mpeaeabHbIMu Hukiaamu cucteMsl (1). CooTHomenue (3) Takxke onpe-
JIeNISIeT XapaKTep yCTOMYMBOCTH TOYEK TOKOS B Kaxka0i momobiactu Q, tie ¥ > 0 (< 0).

Teopewma 1 (Ilpu3nak Jromaka — Uepkaca) [6]. [lycmo Q ssasemcs p-ces3notl 0bnacmoio, 20e
Y npeocmasnsiem ¢ynuxyuio ronaka — Yepraca cucmemsot (1) 6 Q maxyro, umo xpusas W cocmoum
u3 s 06anos 6 Q. Toeoa cucmema (1) umeem ne 6onee p —1+ s npedenvHolx Yyuri08 6 L.

To ecTb B KaXI0H m-CBsA3HON noxoonactu Q u3 Q ¢ rpaHulen 0Q cW U 6Q umcio MpeeNbHbIX
LUKJIOB HE MPEBOCXOAUT m — 1. B cimydae onHOCBS3HOM 06macTu () ¢ eAMHCTBEHHON TOYKOM MOKOS — aH-
TUCEIIOM — TeopeMa 1 MoxkeT ObITh chopMyTUpOBaHA B CIICAYIOIIEM BHIE [6].

Teopewma 2. Ilycmo 6 00HoCcssA3H0U 0Oracmu Q cucmema (1) umeem eOuHCmMEEeHHYHO MOUKY NO-
kos O, asaaiowyiocs anmuceonom, a ¥ npedcmasnsiem codou ¢ynxkyuio Jronaxa — Yepraca cucmemvor
(1) npuk <0. Ecau 6 oonacmu Q kpusas W cocmoum u3 s 8107#CeHHbIX OpYe 8 Opyea 08aJ108 M;, OKPYIHCa-
tougux mouxy O, mo 6 kaxcoou uz s —1 xoavyeobpasnvlx nodooracmeti €);, 02PAHUYEHHBIX COCEOHUMU
oganiamu ®; U ®;y, cucmema (1) umeem mouno oOuH npedenvHulll YUK, d 8 YELOM OHA MOMCem UMembs
6 oonacmu L) ne bonee s npedenbHbLX YUKTOB.

2. OcHoBHBbIE pe3yJbTaThl. YTOUHUM Ipu3Hak Jronaka — Yepkaca s odmactu Q, rae cucrema (1)
WMEET TPU TOYKH TMOKOS: CEIJI0 U ABa aHTHCceaIa (puc. 1).
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Puc. 1. PacnonoxxeHnue Touek nokos u oBanoB kpuoit W B obsactu Q

Fig. 1. Location of the equilibrium points and ovals of curve W in domain Q

Teopewma 3. Ilycmb 6 00nocsessnou obracmu Q cucmema (1) umeem mpu mouku noxos.: 06a
anmuceona A u B, u oono ceono O, a pyuxyus Y npedcmasnsem coboii ¢hynxyuro Jroraxa — Yepraca
cucmemst (1) npu k <0. Ecau 6 obnacmu Q kpusas W cocmoum us:

—s1 # 0 grnoorcennvix Opye 6 Opyea 08an06 m;, OKPYIHCAIOWUX MOTKO AHMUCEON0 A,

— 82 # 0 61001cennvix Opyz 6 Opyea 06406 V j, OKPYICAIOUUX MOTLKO aHMUCEON0 B,

—s0 # 0 8r1001CEHNBIX OpYye 6 Opyea 08A108 U], OKPYIACAIOUWUX BCIO 2PYNNY TNOYEK,

TO

1) 6 xaowcooit uz sy —1 roavyeobpasnvlx nodobrnacmeti € 4;, 0ZPAHUYEHHBIX COCEOHUMU 0BANAMU

U W41, 6 Kaxcooll uz s —1 xonvyeobpasuvix noooodracmeri Q p;, 02PAHUYEHHBIX COCCOHUMU OBANAMU V |

U Vi, @ makdce 6 Kaxcoou uz so —1 konvyeobpasnvix nododracmeil ), 02paHu4eHHbIX COCEOHUMU
oganamu u; u iy, cucmema (1) umeem moyro 0OuH npeoenvHbill YUK,

2) 6 mpexceaznou nodobnacmu oo, 0ZPAHULEHHOU BHEUWHUMU O8ANAMU Oy ,Vs, U GHYMPEHHUM
oganom uy, y cucmemwl (1) mosicem Ovimv 00HA 3AMKHYMAsL MPAESKMOPUSL, OKPYICAIOWAS 8Ce MPU MOY-
Kku nokos A, B, O, unu 0se 3amMKHymule mpaekmopuu, umerouue 0OUHAKO8bII XapaKkmep yCmouiueo-
cmiu, no 00HOU 80KpYe Kaxcoo2o anmuceona A u By

3) 6 yerom cucmema (1) mosrcem umems 6 obracmu Q ne Gonee s = sy + S, + 8§ NPEOETLHLIX YUKILOE.

JoxaszaTenbcTBo. He Tepsas oOuHOCTH, OyJIeM CUNUTATh, YTO B YCIOBUU (2) BBITOIHSETCS

cootHoteHue @ >0 B obnactu Q. J{ns 1oka3aTenbCTBa MEPBOTO YTBEPKACHU S TEOPEMBI BOCIIONIb3yEM-
Csl MPUHITUIIOM KoJblla benaukcona. [{ns sToro Ha kpusoi K, Beixozsieit u3 Touku A U epecexaro-
mieil TpaHcBepcalbHO OBajibl ; KpuBod W =0, okpyxaromue Touky A, BeIOepeM MapaMeTpU3anuio
¢ mapametpom t. Toraa Gyukuust W(x, y) Ha kpusoit K sBisiercs pyHkime# @(t), UMEromei mpocTie
HYJHU T[,T2,...,Ts; , KOTOPBIE COOTBETCTBYIOT TOUKaM IepeceueHns kpusoi K ¢ oBanamu ;. ITo o3Ha-
4aeT, yTo (yHKUHUs @(T) MEHSET 3HAK MPHU MEPEexoie uepe3 KakIblid HyNb T;,i =1,...,s;. Torna nuHumn
ypoBHst W(x,y)=C B OKpECTHOCTH TI'paHHUIbI KaXKI0W KOJIbIIeOOpa3Hoi obmactu Q 4;, 3aKIOYCHHOM
MEX]y COCEIHHMHU OBaJaMH (;, OyAyT UMeTh MeHblnuil (6onbiuit) ypoBeHb mpu ¢(t) < 0(p(t) > 0)

. d¥
B paccmarpuBaemoil oonactu. M3 ycioBus @ >0 nmeeM, 4YTO IPOU3BOAHAS o ¢yaxuuu ¥ B cumy
t

CHUCTEeMBI Ha Ka)KJIOM OBaJIe ; MOJIoXKUTeIbHa. CIe0BaTeIbHO, TPAEKTOPUN CHCTEMBI ITPH YBEIUYCHUH
BPEMEHH TEePECEKAI0T TPaHUIly Kax 0N mogoomact ( 4 MeXAy IByMs COCETHUMH OBaJlaMH O; U3HY-
Tpu BoBHE ITpH ¢(1) < 0 ¥ U3BHE BOBHYTPH 00macTu mpu (1) > 0. DTO 10Ka3BIBAET CYIIIECTBOBAHMIE TIpe-
JIETLHOTO IUKJIA B KaXXIOW paccMaTpuBacMOU IBYCBS3HON momobmacth € 4; MO MPUHIIUITY KOJBIIA.
AHAJOTHYHO TOKA3bIBACTCS CYIIECTBOBAHUE MPEICIBHBIX IMKIJIOB B KOJBIICOOPA3HBIX MOA00IACTIX

Q pj, OKpPYKAIOIHUX TOUKY B, a TAKXKE B KOJIBIEOOPa3HBIX MOA00NACTAX 2/, OKPYKAIOMIUX BCE TPH TOY-
KH TIOKOS.
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Tenepp mokakeM BTOpOe yTBEPKIEHHE TeOpeMbl. B TpexcBs3HOM momodmacTu (2o COTIacHO Kiac-
cU4eckoMy Ipu3HaKy Jlroimaka MOXET CyIIecTBOBaTh He OoJiee ABYX 3aMKHYTHIX TpaeKTopuid. Teopus
[lyankape — beraukcona [2] momyckaeT cieAyromne cirydan CyIieCTBOBAHUS MPEAeIbHBIX IUKIIOB!

1) B mogo6mactu (p HET 3aMKHYTHIX TPAEKTOPHIA;

2) cymuiecTByeT OffHa 3aMKHYTasi TPA€KTOPHUs, OKpY Karomias TOJIbKO TOYKY A MIIM TOJIBKO TOUKY B;

3) cymiecTByeT O/lHAa 3aMKHYTas TPaeKTOpHUs, OKPYXKaloliasi OTHOBPEMEHHO BCE TPHU TOYKH IOKOS
A O, B;

4) cyIIecTBYIOT JIBE BIOKECHHBIE IPYT B pyra 3aMKHYTBIE TPACKTOPHUH, OKPY KaIOIINE TOJIBKO TOU-
Ky A WJIH TOJIBKO TOUKY B;

5) CyLIecTBYIOT ABE BJIOKCHHBIE IPYT B Ipyra 3aMKHYThIE TPAeKTOPUH, OKPYIKAIOIIUE OIHOBpE-
MEHHO Bce Tpu Touku rmokost A, O, B;

6) CyIIECTBYIOT JBE 3aMKHYTHIE TPAeKTOPHH, OJHA M3 KOTOPBIX OKPY’KAaeT TOJBKO TOUKY A wiH
TOJIBKO TOYKY B, a BTOpasi TpaekTopus OKpy’>KaeT OJJHOBPEMEHHO Bce TpH Touku mokos A, O, B, a Tak-
e TIEPBYIO0 3aMKHYTYIO TPAeKTOPHIO;

7) CyIIECTBYIOT JIB€ 3aMKHYThI€ TPAEKTOPHUH, OJTHA U3 KOTOPBIX OKPYXKAaeT TOIBKO TOYKY A, a BTO-
past TpaeKTOpHs OKPYXkKaeT TOJNbKO TOUKy B.

Teneps paccMotpum Biusinue GyHkuuu W (X, Y), ucmonb3ys cootTHouieHue (3), Ha BO3MOKHOCTB pe-
aNu3alluy BBIIIENEPEYHCICHHBIX CIIy4aeB, YUUTBIBAs, YTO OBAJIBI M, , Vs, U U] KaK IpaHUIIBI T0J00Ma-
cti Qqp mpu t — 400 mepecekaroTcsi TPACKTOPUSIMH CUCTEMBI TOJIBKO W3HYTPHU BOBHE (TOJILKO M3BHE
BoBHYTpB) eciu ¥ >0 (W <0) B mogobnactu 2g9. He tepsisi obmHocTH, Oyaem nosiarats, 4yto W <0
B (20, TOrJ]a TPAEKTOPUU CUCTEMBI MOT'YT EPECEKATh OBAJIBI Mg, , Vs, U U] TOIBKO TPAHCBEPCAIBHO U3-
HYTpHU BOBHE, a t00ast ocodast TpackTopust B mogobiactu gy JOIKHA OBITH HEYCTOHYHBOIA.

CymectBoBanue ¢pyHkuuu Jronaka — Uepkaca mpuBOAKUT K MPOTUBOPEUUIO ¢ (haKTaMK KIIaCCHUYe-
CKOI KaueCTBEHHOU TEOPUU MPU PACCMOTPEHUHU cinydaeB 1, 2, 4—06, 4TO UCKIIIOUYAET OMUCAHHBIE B HUX
pacnoioKeHUs MpeAebHBIX MUKJIOB. A UMEHHO, cormacHo Teopun [lyankape — benaukcona [2] o0e
o-cernaparpuchl cepia O JOJDKHBI HITM TPUXOIUTE B MoJ00NacTh Qg9 M3BHE TpH t — +00 win cTpe-
MHTBLCSI K HEYCTOWYHNBOU 0c0o00i TpaekTopum mpu t — —co, B caydae 1 cymecrBoBanne pyHknnm ¥
HCKJTIOYAET TaKylo BO3MOXKHOCTB JIIsI 00enx m-cenaparpuc. B cinyuae 2 cymectBoBanue pyHkiuu ¥
UCKJTIOYaeT TaKyl0 BO3MOXKHOCTD ISl OHOM M3 JIBYX M-CerapaTpuc.

[Ipeamnonoxkum, 4TO BBITIONHSETCS OAUH U3 ciydaeB 4—6. Torna B cunmy cootHornenus (3) ooe 3am-
KHYTBIC TPAeKTOPHH JOJKHBI ObITH HEYCTOWYUBBIMH, U3 YETO CIEAYET, YTO MEXKIYy HUMU JOJKHA CY-
LIECTBOBATH €IlIe YCTONYMBAs 3aMKHYyTasi TpaeKTopHsi. Ho 3TO HeBO3MOXKHO, TIOCKOIBKY B TPEXCBA3HOM
nogob6aactu g9 He MOJKET OBITH OoJIee IByX 3aMKHYTBIX TPACKTOPUH.

B ciydasx 3 u 7 mpoTuBOpeUHii HET, M1 BO3MOXKHBIE (Da30BbIe MMOPTPETHI MPECTABICHBI HA PUC. 2
u 3 (4, b) COOTBETCTBEHHO, I/Ie IPE/IeIIbHBIE IIUKJIBI N300paXKeHbI CILUIOIIHON TuHNEH. B ciaydae 7 nBu-
JKeHHE N300pakaroleil TOYKH Ha IBYX MPENeTbHBIX IUKIAX MPpH { — +00 MOXKET MPOXOANUTH KaK B OfI-
HOM HampaBjeHUH (puc. 3, A), TaK ¥ B IPOTHUBOIIOJIOKHBIX HampaBieHUsX (puc. 3, b).

)= cenapatpHca

v J.““K

/E{\ of
0 o> .B

— CeMapaTpHca ¥ — cemapaTpHca

\““2/%““‘_%‘;’<0 J\(_HL//

Puc. 2. ®a30Bblil nopTpeT 11 ciaydas 3 U3 TEOPEMBI 3

Fig 2. Phase portrait for case 3 from theorem 3
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Puc. 3. da3oBble TOPTPETHI 115 cayyas 7 U3 TEOPEMBI 3
Fig 3. Phase portraits for case 7 from theorem 3

JloTIOTHUTETFHBIN TPENSIbHBIN UK MOXKET CYIIECTBOBATh B ABYCBI3HOHN oOmactu (2, pacmoio-

JKEHHOH MEKly BHEIIHUM OBaJIOM Uz, kKpuBoi W n rpanuneii 0Q obnactu €. Takum o6pazom, B 061a-
ctu Q cuctema (1) mmeeT s1 + 85, + 859 — 2, WA §1 + 5o + 59 — 1, UK 5 = 51 + 57 + 50 MPEACTBHBIX ITUKJIOB.

3ameuanue 2. Ecnu B ycinoBuu Teopemsl 3 kpuBas W He MMeeT 0BaJIOB ®;, OKPYKAIOMINX TOY-
Ky A, T. €. 51 =0 (111 0BaIOB V j, OKPYKAIOIKUX TOUKY B, T. €. 52 = 0), TO BMECTO TPEXCBA3HOM 1Mo10071a-
ctH Qqp OyzeT AByCBsI3HasA M04001acTh O, (€, ), B KOTOpOi cuctema (1) nMeeT TOUHO OJUH IpPeNIEb-
HBIH UK, OKPY’KAIONIUH TOJIBKO TOYKY B (WM TOIBKO TOUKY A).

JoxasareubcTBo. g onpenesneHHOCTH OyeM Ionarark, 4To B noxoodnactu Qg, (Qy,) BbI-
nonHsroTcs yeiaoBus O >0, W < 0. Teopus [lyankape — benankcona nns cucteMbl (1) B IBYCBSI3HOM
nogobnacTu Q, (5, ) AOMyCKaeT ciIeIyIolye CIydan:

1) HET 3aMKHYTHIX TPACKTOPHUH;

2) CyIIeCTBYET 3aMKHYyTas TPAeKTOPH s, OKpY Karoiias Bce TpPH TOUKH Mokost A, O, B;

3) cymecTByeT 3aMKHYyTast TPACKTOPH S, OKPY KaroIIast TOJIBKO TOUKY TIOKOsT B (A).

B nepBom cirydae o6e o-cemnaparpucs cemna O TOIDKHBI HIIH IPUXOIUTH B Mono0macts Q g, (Qy;)
W3BHE TP ¢ — 400, WU CTPEMHUTHCS K HEYCTOMYUBOU 0COO0U TPpaeKTOpHUH IIpH ¢ — —oo, CyIIeCTBOBaHUE
¢yukmu ¥ McKirouaeT Takyr BO3MOXKHOCTB JUJISl OJJHOM M3 ®-cemaparpuc. Bo BTopoMm ciydae niBe
0l-CeTIapaTPUCHI IIPH ¢ —> 400 JOJKHBI MU MOKUIATh TOR0071acTh Q g, (€25, ) MIM CTPEMHUTHCS K YCTOI-
yuBOW 0coOoi Tpaektopuu. CymecTBoBanne GyHKIUU V¥ nenmaeT 3TO HEBO3MOKHBIM JIJIsl OHOW U3
a-cernaparpuc. B TpeTeem ciydae npoTHBOpeUHs HET.

Onnako Teopema 3 He JaeT TOYHOH OLIGHKH YHCIa MPEAebHBIX MHUKIOB CUCTEMBI (1), TOCKOIBKY
JUTSI BBISICHEHH S BOTIPOCA O CYIIECTBOBAHUH MIIM OTCYTCTBHHU MPEIEIBHOIO IIMKJIa BO BHEIIHEH ABYCBSI3-
HOHM moao0sacT )¢ HY>KHO IPOBECTH JOMOJHUTEIBHBIC UCCICIOBAHNS U ONPEACTUTH BIUSHUE JIPY-
TUX O0COOBIX TPAEKTOPHUIA, PACIIONIOKEHHBIX BHE oOnacTu (), I MOCTPOUTH JOMOIHUTEIBHYIO TPaH-
CBEPCAIbHYI0 3aMKHYTYIO KPHMBYIO, OXBAaThIBAIOIYI0 BHEIIHUH OBal Uy,. Takxke JONOIHHTEIIbHbIE
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WCCIIEIOBaHMS HYKHO IPOBECTH B TPEXCBSA3HON Mo7001acT (¢, 9TOOBI BRISCHUTH, KAKOW U3 Cllyda-
€B — 3 uiu 7 UMEET MECTO B KOHKPETHOH CUTYaIlUU.

PaccmoTpuM Teneph B yCIOBUSX TEOPEMBI 3 CIIOCOO OTpEIeIeHNs] TOYHOTO YHCa MPeAeTbHBIX I1-
KJ10B cucTembl (1) B 1BycBsi3HOMN mmogo0macTu 2, KOTOPHIH OCHOBAH Ha NMOCTPOCHHUH B HEHM 3aMKHYTOM
TPaHCBEPCAIBHON KPHBOM, OXBAaThIBAIOLIEH BHEIIHHI 0BaJl Us,, 3@ CUET HAXOXKJIEHUS B oOnacTu Q BTO-
poit dyukuuu Jronaka — Yepkaca P(X, y).

Teopewma 4. [lycms goinonusiomes yciosus meopemvl 3 u 0onornumenvHo oas cucmemst (1)
6 obnacmu Q cywecmeyem (ynxyus Jonaxa — Yepraca P(X,y) npu K <0 makas, umo kpusas W co-
cmoum u3 So +1 osana U ¢ Q, okpyscarowux éce mpu mouxu nokosi A, B, O, npuuem enewnuil osan
Usg+1 Okpyotcaem enewnuti osan Us, kpueoii W. Tocoa cucmema (1) 6 oonacmu Q umeem mouno s npe-
OeIbHbIX YUKT08, OKpYdIcarouux ece mpu moyku nokosi A, B, O.

HoxkaszaTeunbcTso. CymecrBoBanue ¢pynkuuu [romaxa — Yepkaca W(X,Y), onpeneistonieit
B obnactu  S( OBaJIOB, OKPYKAKIIUX Bce TpU ToukH mokos A, B, O, B cuity Teopemsbl 2 JI0Ka3bIBaeT
Hajguune y cuctemsl (1) So —1 mpemenbHbIX ITUKIOB B KOJIbIIe0OpasHbix obmacTsx Qp, | =1,...,50 -1,
IPaHMIAMH KOTOPBIX SBJIAIOTCS COCEHUE OBANBI U 1 Uj41, @ TAKIKE JAET BO3MOKHOCTB IS CYILECTBO-
BaHHS OJIHOTO IMPENETbHOTO IUKJIA B JABYCBSA3HOU mogobnactu (2g. CyliecTBOBaHKE BTOPOM (GYHKIIUH
Jlionaka — Yepkaca W (X, y), onpeaernsionieii B o6mactu Q Sg + 1 0BaJIOB, OKPYKAIOMIMX BCE TPU TOUKH
nokost A, B, O, B cuity Teopemsl 2 0Ka3biBacT Halnuue y cucteMsl (1) So mpeaebHbIX IUKIIOB B KOJIb-
11e06pasueix obmactsx Q, | =1,...,Sy, rpaHUIaMH KOTOPBIX SBISIOTCA cocearne oBaisl Uj i U, Kpu-
Boit W, a Takke JaeT BO3MOKHOCTB JUISI CYIICCTBOBAHHS OJIHOTO MPEJEIIBHOrO LHKIIA B M0A00IacTH
QS+1, PACIOJIOKEHHOM MEXAy BHEIIHUM 0BajioM Us, ) KpUBOH W u rpanutieit 02 obnactu Q. OgHO-
BpeMeHHoe cymectBoBanue Gpynkuuii ¥ u W rapantupyer HaaMUKE OXHOTO MPEIETBHOTO [UKIIA B MO/
obmact Q¢ \ Qg ¥ HCKITIOYAET BOSMOXHOCTB CYIICCTBOBAHHS MPEACIBHOrO IHKIA B MOX00IACTH
QS+1. DTO MOKa3bIBaET, uTo cucteMa (1) B obmactu (2 mMeeT poOBHO S( MPEACTHHBIX IIUKIJIOB, OXBATHIBA-
IOIIUX BCE TpH Touku nokost A, B, O.

3. Iloctpoenue ¢pynkuuu Jronaka — Yepkaca. B monorpaduu [6] mpencraBieHbl pa3iuvHbIe
npuemsl octpoeHus Gynkiuu Jronaka — Yepkaca, O3BOJISIONICH MONTYUYUTH OICHKY YUCIIA MTPEICITh-
HBIX IIMKJIOB C TMOMOIIBIO TIpuMeHeHus TeopeM 1 u 2. B wactHocTH, eciu pyHkuo ‘P(X,Y) uckarb
B BHJIE i

Y =%(x,y,C)=>C;¥jxy), C=(Cy,....Cp), 6]
j=1

rae Cj — BellecTBEHHbIE KOHCTaHThI, TO QpyHKIUsA O u3 ycnosus (2) Takxe OyaeT ABIAAThCA JIUHEHHOM
KoMOuHanuel n3pecTHhIX QyHkuui @ j(X,Y) ¢ Temu xe kodpdunuenTamu

n
D = d(x,y,C)=YCj@j(x,y),
=1

TOJIOKHUTEIBHOCTE KOTOPOii B OrpaHnueHHON oGnactn Q npu yenosu || C || =>" i- 1C i PaBHOCHIIbHA
CIEYIOILEH CEeTOUHOM 3a/1a4e JIMHEWHOr O IPOrPaMMUPOBAHHUS:

n
L — max, >.C® j(Xq.Yq)-L>0,/Cj[<1,LeR G)
j=1

Ha CeTKe Y3J0B (Xq, Yq), 4 =1,...,No, B3aT0ii B 0061actu Q, No = ny - Ny, rae Ny, Ny — 4UCIIO0 Y37I0B CET-
ku B1oJib oceil OX u Oy COOTBETCTBEHHO. 3az1aqa (5) sBnsieTcs 3a;[aqe1/1 JUHEWHOTO TPOrpaMMHUPOBa-
HMA ¢ nepeMeHHbIMu Cj, j = 1 n, u L. [lycts c” —(C1 ,Cz, ,C ) L - — pemienue 3anaqu (5), B KOTO-
pom L">0. Bri6op umcen N, K u N Ipou3BoAUTCs SKCIEPUMEHTAIBHO U 3aBUCHT OT BUJIA IPABbIX Ya-
cret cucteMsl (1), a Takxke oT pazmepa odmactu €. Ilocie pemenus 3amgaguu (5) cpeacTBaMy aHATH3a
CTPOTrO MpOBEpsieM, UTo HaieHHas GpyHKIusA ¥V nelicTBUTENHHO yIOBIETBOPSIET HEPABEHCTRY (2) B 00-
mactu L.
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B orpanmnuennoii oonactu Q gpynkunio ¥ (x,y) Takxke MOXKHO UCKAaTh ¢ IOMOIIBIO PEIyKLHHU K ce-
TOYHOH 3a/1a4€ JINHEITHOTO MPOrpaMMHUPOBaHU S, aHAJIOTUYHOM 3a1aue (5):

L—max, YC;® ;(x;,y5)-L>0,|C;|<1,LeR,C=(Cy,...,C) (©)
j=1

- - - i .
Ha CETKE y3II0B (Xg,Yq), 4 = 1,...,No, B3aT0l B obnactu Q, rane No = 71, - 11, ® = Zde)j.
j=1

®yukmuio Tromaka — Yepkaca W(x, y) win ¥(x, y) wis nomusoMuansHex cucteM (1) yno6HO wc-

KaTh B BUJIC TIOJIMHOMA CTETICHU p), TIIE 11 = (;94—1)%—%2) B YaCTHOCTHU
W =C1+Cox+Cs3p+Cax?+Csxy+Cey® +...+Cyy?. @)
B cnyuae cuctemsbl JIbeHapa
dx dy
—_—=y, —=— X)— X)y, 0 = 0, 8
P g(x) = f(x)y, g(0) ®)

¢byukuo Hromaka — Yepkaca ¥ yno0HO CTPOUTH ¢ TIOMOIIBIO MeTOma CBeACHUS PYHKINU @ K QyHK-
I[MY, 3aBUCSIICH TOJBKO OT OJHOH (pa3zoBoi mepemeHHOH [6, . 229]. [l atoro ¢yukuuo ¥ crpoum
B BHJIC MTOJIMHOMA CTEIEHU 1 — 1, n >3 OTHOCUTENhHO (Pa30BOW MEPEMEHHOU ) ¢ ko3 duirenramu, 3a-
BUCSIIIIUMU OT IEPEMEHHOU X:

‘P:é‘Pi(x,C)y”_i, )

rne C =(Cy,...,C,) — KOHCTaHTBI HHTETPUPOBAHUSI, KOTOPBIC MOSBIISIOTCS IPU HAXOXKACHUHU (QYHKIIHH

VY, =C,,¥Yr=(k+n-1D)FC,+C,, ¥; =f‘P',-(x)dx+C,-, i=3,_n 3a CUET UHTErPUPOBAHUS 110 X CIEIY-
fommx aupdepeHnanbHbIX ypaBHEHHIH:

X
Y1=0, V5 =(k+n-1)fC, F(x)=jf(u)du, Vi=k+n—i+)f¥Y, 1 +(n—-i+2)g¥,—», i=3,n
0
Torna ¢pyukius © nmeet Bug @(x,C), U BBIMOTHUTH YCIIOBHE (5) YIOOHO 3a CYET pEIlIeHHS 3a1a4K
JIMHEITHOT'O MTPOrPAMMHUPOBAHUS

n
L—max, Y C;D;(x;)-L>0, |C[K], (10)
i=1

rae x;, [ =1,Ng, ABIAIOTCA y371aMU CETKM Ha OTpe3Ke [X[,Xyq], KOTOPBIH COOTBETCTBYET HOJIOCE
Q. ={(x,y):x €[x1,xn, ],y € R} TOKanM3a11K NPEAEIBbHBIX IIUKJIOB CUCTEMBI (8).
4. Ilpumepsl. [Tokaxkem Tenepb NpakTUUYECKYI0 3P PEeKTUBHOCTH TeopeM 3 U 4 B HEKOTOPBIX CITyda-

AX cuctemsl JIbeHapa.
IIpuwmep 1. g cucrems JIbenapa B epBoii hopme

=y, y=x(1-x)(1+2x)—=0.1(=2+x+1.2x%)y, (11)

UMeIoNIeld B KOHeYHOW 4yacTu (a3oBoi miockocTu Tpu Touku mokos: A(—0.5;0), B(1;0) — doxycer
u 0(0;0) — cemyo, ¢ moMoIbo MeTona cBegeHus GyHkuuu P(x,y) kK QyHKIHH, 3aBUCSIIICH TOJIBKO
oT onHOW (pa30BOM MEepeMEHHOH, W pelleHHs] CETOYHOHN 3ahavu JIMHEHHOro nporpammupoBanus (10)
B nonoce Q, = {(x,y):x€[-1.2;1.7],y € R} Ha paBHOMEPHOI CETKE ¢ KOIUYECTBOM y3710B Ng =150 mo-
crpoena ¢pynkuus dronaka — Yepkaca W (x, y) Buna (9) npu n =8, k =—1.5. Halinennoe pemenue 3ana-
gu (10) umeeT BUI

Cc’ = (—0.3739,0.999812,-0.100051,0.999812,-0.127654,-0.999812,-0.183349,-0.650099).
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2
N

[ N —

Puc. 4. Pacnionoxxenne oBasioB kKpuBbix W u W, a Takxe npeaeiabHbIX HHKIOB cucTeMbl (11)

Fig 4. Location of the ovals of the curves W and W, and of the limit cycles of system (11)

ITpu 5ToM B osoce €2 BoIONHsETCS HEpaBeHCTBO @ > 0, u kpuBas W cOCTOUT U3 JIBYX OBAJIOB V,
¥ U, OKPYKAIOUIUX COOTBETCTBEHHO TOJIBKO TOUKY B M BCIO rpymiy Touek. Ha puc. 4 aTu oBasisl u30-
OpakeHbl KPYIHON NMyHKTUpHOU ymHuel. CyriecTBoBanue Takoi GpyHkiuu ¥ o3Havaer, 4TO B COOT-
BETCTBUU ¢ TeopeMoi 3 u 3amedanueM 2 cuctema (11) nmeer npenensHblil Uk LC1, okpyKaromui
TOJILKO TOYKY B, U MOKET MMETh NPENENbHbIN MUK LC2, OKPYKAKOWUKA OBaJI i, U BMECTE C HUM BCE
Tpu Toukd A, B u O. J1151 npoBepKH CYIECTBOBAHUS TAKOTO MPEAEIBHOrO IIUKJA C TIOMOILBI0 METOa
cenenus Gynximn O(x, y) Kk GyHKIMH, 3aBUCAIIEH TOTBKO OT OHOM (a30Boil IEPEMEHHOI, 1 pelie-
HUS CETOUHO# 3a1aun uHeiHoro nporpammupoanus (10) B momoce Q = {(x, y): x €[-3;3], y € R} na
pPaBHOMEPHOH CETKE ¢ KOJU4YecTBOM y3i10B N =150 moctpoeHa Bropast GpyHkius Jromaka — Yepkaca

¥(x,y) Buma (9) npu n =10, k = —1.5. Haiinerroe pemenue 3agaqn (10) mMeet BHL

C" =(0.000887,-0.021562,—0.008507,0.48476,0.000132,0.999796,—-0.193633,
—0.999796,-0.289041,-0.784093).

[Ipu 3TOM B monoce Q) BBINOJIHSETCS HEPaBEHCTBO ®>0,u KpuBas W cocrour u3 TpeX OBAaJIOB V,ii|
U iip. OBall V| OKpy’KaeT TOJIBKO TOUYKY B, a OBaJjbl ii],iiy — BCIO Tpymiry Todek. Ha puc. 4 3Tu oBams
M300paKeHbl MEJIKOH MyHKTUPHOH jJuHuel. Takum 00pa3oMm, B COOTBETCTBHH € TeopeMaMu 3 U 4 cu-
crema (11) B momoce Q x IMEET TOYHO JIBa MPEACIbHBIX IMUKJIA: OAUH yCcTOHUnBhIi LC1, OKpy Karomuit
TOJIBKO TOYKY IOKOsI B, BTopoii HeycToiunBblii LC2 — BCIO TPYTITY TOYEK.

X
[Tpuwmep?2. Cucrema JInenapa (8) ¢ TOMOIIBIO IOACTAHOBKH Y =u + F(x), F(x) = j f(t)dt u nepe-

0003Ha4YeHUsI IEPEMEHHOH 1 Ha y IPUBOAUTCS K BTOPOH Gopme 0
dx dy
—=y—-F(x), —=—-g(x). 12
5V Fe), — =g (12)

Ins cuctemsl JIbeHapa (12) B Buze

§=y—(x—0351667x%), y=x(1—x?), (13)

MeroIeil B KOHEYHOW YacTh (pa30Boii rmmockocTy Tpu Touku mokos: A(—1;—0.648333), B(1;0.648333) —
tdhoxycer u O(0;0) — ceno, ¢ MOMOIIBIO PEIICHUS CETOYHON 3aaUd JTUHEHHOTO TTPOrpaMMHUPOBaHUS (5)
B obsactu Q ={(x,y):xe[-1.7;1.7],y €[-1.7;1.7]} npu n =153, k =—1.2 Ha paBHOMEPHOM CETKE C KO-
nudectBoM y310B Ng = 4355 nmocrpoena gynkius [Jronaka — Uepkaca W(x,y) B Bune noiauHoma (7)
crenenu p = 16. HalinenHoe perienne 3anadn (5) UMeeT BUJI
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C" =(0.838868,—-0.001237,0.000541,0.096024,-0.171371,-0.062015,
0.001073,0.001087,0.004712,-0.004594,-0.171371,-0.171371,0.035799,
0.171371,0.061481,0.002786,0.007066,—0.01711,-0.002555,0.007576,
0.002188,0.076251,-0.099992,-0.171371,0.171371,0.171371,0.171371,
—-0.171371,-0.007323,-0.019457,0.017525,0.002791,0.00486,0.003473,
—-0.009928,-0.001725,-0.042819,0.171371,-0.133172,0.171371,0.171371,
0.035816,-0.171371,-0.152245,-0.078961,0.007375,0.020558,-0.012407,
0.005082,-0.002054,-0.011076,—0.001945,0.009681,-0.000472,0.002453,
0.117375,0.171371,0.171371,-0.142911,-0.171371,-0.171371,-0.112638,
—-0.171371,0.152204,0.171371,0.171371,-0.003945,-0.010246,0.006868,
—-0.006811,-0.002349,0.005683,0.004411,—-0.002974,0.003889,—-0.008573,
0.003169,-0.001614,-0.104607,-0.171371,-0.011977,-0.136675,0.092708,
—-0.0358,0.171371,0.171371,0.171371,-0.114082,-0.085167,-0.073482,
—-0.105678,0.001081,0.002329,-0.002072,0.002619,0.000955,-0.000817,
—-0.000935,0.000434,-0.002821,0.002986,-0.001665,0.002552,—-0.001183,
0.000472,0.035751,0.040013,-0.020143,0.093655,-0.043404,0.060341,
—-0.079686,0.028167,-0.122805,-0.007541,-0.062467,0.086517,0.020745,
0.015762,0.028252,-0.000117,-0.000189,0.000233,-0.000313,-0.000081,
0.000018,0.000032,-0.000109,0.000443,-0.000304,0.00038,-0.000462,
0.000237,-0.000237,0.000133,-0.000049,-0.004282,-0.00196,0.003841,
—-0.013182,0.00725,-0.010039,0.013859,-0.015645,0.018638,-0.015645,
0.018638,-0.004248,0.023779,-0.006538,0.003805,-0.013958,0.000375,
—0.001353,-0.003011).

[Tpu »Tom B obmactu  BeimonHseTcst HepaBeHCTBO @ > 0, u kpuBas W COCTOHUT U3 TpeX OBAJIOB V|, ®|
¥ U, OKPY/KAIOIMX COOTBETCTBEHHO TOJIBKO TOUKY A, TOJILKO TOUKY B 1 Bce Tpu ToukH. Ha puc. 5 5tu
OBaJTbl M300pa’KEHBI MEIIKOM MyHKTHpHOW InHued. CymiecTBoBanue Takor GpyHkuu W o3Havaer, 4To
B COOTBETCTBUHU ¢ Teopemoii 3 cuctema (13) MOXKEeT UMeTh IBa IPENCTBHEBIX UK, OKPYKAOIUX OBa-
JIBL V], ®], ¥ MOXKET UMETh NPEAEIbHBIN UKL, OKPYIKAIOUMA OBAJI U,.

3arem jiist cuctemsl (13), cmemyst pabore M. H. Cugopenko!, ¢ moMoms0 METoaa CBeJACHUs (yHK-
i D(x, y) K GYHKIHH, 3aBUCAIIEH TOTBKO OT OJHOI (ha30BOil IEPEMEHHOI, H PEIICHHS CETOUHOM 3a-
Jladu TuHeiHoro nporpammuposanus (10) B momoce Q, ={(x, y):x €[-2.6;2.6],y € R} Ha paBHOMEp-

HOU ceTke ¢ konmdecTBoM y350B Ng =500 moctpoena ¢hynkuus Jromaka — Yepkaca P(x, y) Buna (9)
npu n =9, k =—1. Halineanoe pemenne 3anaun (10) mmeet Bun

C" = (0.459621,0,-0.999774,0,-0.10952,0,—0.538428,0,0.0190266).

Ipu 3ToM B monoce (), BEIMONHsETCS HepaBeHCTBO @ >0, i kpuBas W COCTOMT M3 YETBIPEX OBAJIOB
®1,V1,U] ¥ 2. OBall @] OKPy’KaeT TOIBKO TOUKY A, OBaJ V| — TOJIBKO TOYKY B, a OBaJIbI il],li) — BCIO
rpynmy Todek. Ha puc. 5 3Tu oBanbl W300pakeHBI KPYIHOW MyHKTUPHOU NuHUEH. Takum oOpasom,
B COOTBETCTBHHU C TeopeMaMu 3 U 4, a Tak)ke Ha OCHOBAaHHUH Pe3yJIbTaTOB UCCIIEIOBAaHUS TOBEJCHHS Ce-
naparpuc ceaa O B mogobmactu gy IPUXOIUM K BEIBOAY, uTo cuctema (13) B monmoce O, nMeeT TOHO
TPH NIpeeNbHBIX LUKIA: OAUH ycToWYUBBINA LC1, OKpY>KaIOMMK TOIBKO TOUKY TIOKOsI A, BTOPOH yCTOM-
yuBblil LC?2, OKpYKaIOMUK TOJIBKO TOYKY MOKOS B, TpeTuid HeycToiunBblii LC3, OKpYKaIOMIHA BCIO

'Cunopenko U. H. [IpenenbHble NUKIBI «HOPMAJIBHOTO pa3Mepay cucteM JIbeHapa, KBaJpaTUYHBIX U KyOHMYECKHX CH-
CTeM: JHC. ... KaH[. ¢puz.-maT. Hayk : 01.01.02. Morunes, 2010. — 100 .
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Puc. 5. Pacnionosxenue oasios kpuBblx W u W, a Taxxe npeaenbHbIX HUKIOB cucTeMsl (13)

Fig 5. Location of ovals of the curves W and W, and of the limit cycles of system (13)

rpyriy Touyek. [Ipu 3ToM JBUXKEHHE N300paXKaroIiei TOUKU Ha BCEX IUKJIAX MPH { —> +00 MPOUCXOIUT
10 YaCOBOU CTpEJIKE.

3akaroyenue. Takum 00pa3zom, B HACTOSAIIEH pabOTe MPEIOKEH CIIOCO0 SISl TOYHOH HEJTOKaIbHOM
OIIEHKM YHMCJIa TIPEICIBHBIX [IHKJIOB, OCHOBAHHBIN HA TMOCIEIOBATEIbHOM NMOCTpoeHNH (PyHKINHU [[fo-
nmaka — Yepkaca. Ilpaktnueckas 3(hpeKTHBHOCTh pa3paOOTaHHOTO TOAXOMAa IMPOASMOHCTPHUPOBaHA Ha
IIpuMepe TTOJTMHOMUANIBHBIX cUcTeM JIbeHapa.

Cnucok ucnoJjib30BaHHBIX HCTOUYHUKOB

1. Ilyashenko, Y. Centennial history of Hilbert’s 16" problem / Y. Ilyashenko // Bull. Amer. Math. Soc. —2002. — Vol. 39. —
P. 301-355.

2. KauecTBeHHas TEOpHsI JMHAMUYECKUX CHCTEM BTOPOro mopsiika / A. A. Auaponos [u ap.]. — M.: Hayxka. 1966. — 568 c.

3. Ye, Y. Theory of limit cycles / Y. Ye // Transl. of AMS Monographs, Providence, RI, 66. — 1986. — P. 435.

4. Qualitative theory of differential equations / Z. Zhang [et al.] / Translations of Mathematical monographs. Providence,
RI, American Mathematical Society. — 1992. — Vol. 101. — P. 461.

5. Yepkac, JI. A. ®ynknus /[1onaka HOTHHOMHAJIBHBIX aBTOHOMHBIX cucTeM Ha rmockocTh / JI. A. Uepkac // Auddepent.
ypaBHeHus. — 1997. — T. 33, Ne 5. — C. 689—-699.

6. Uepkac, JI. A. KoHCTpyKTUBHBIE METO/IbI HCCIIEAOBAHUS MPEIENbHBIX I[UKIOB aBTOHOMHBIX CHCTEM BTOPOT'O MOPsIIKa
(ancnenno-anredpandeckuit moaxon) / JI. A. Uepkac, A. A. I'punb, B. U. Bysnrakos. — I'poxnno, 2013. — 489 c.

7. Uepkac, JI. A. O ¢pynxuun dronaxa nist cuctemsl Kykineca / JI. A. Uepkac, A. A. I'punb / Auddepenu. ypaBHeHUS. —
2010. — T. 46. Ne 6. — C. 811-8109.

8. Cherkas, L. A. Dulac-Cherkas functions for generalized Lienard systems / L. A. Cherkas, A. A. Grin, K. R. Schneider
[Electronic resourse] // Electron. J. Qualitative Theory of Differential Equations. — 2011. — N 35. — P. 1-23. — Mode of access:
http://www.math.u-szeged.hu/ejqtde/.

9. Ky3emuu, A. B. Beiienenue knacca 0000meHHbIX cucTeM Kykieca ¢ e IMHCTBEHHBIM MpeAeIbHBIM KoM / A. B. Ky3b-
mud // Bectn. I'pI'Y nm. fInku Kymanst. Cep 2, Matematuka. @usuxa. Mudopmarnka, BEIYUCIUTENbHAS TEXHUKA H yIIPaB-
nenne. — 2015. — Ne 3 (199). — C.18-26.

References

1. llyashenko Y. Centennial history of Hilbert’s 16™ problem. Bulletin of the American Mathematical Society, 2002, vol. 39,
pp. 301-355. doi: 10.1090/50273-0979-02-00946-1.

2. Andronov A.A., Leontovich E.A., Gordon LI, Majer A.G. Qualitative theory of second order dynamic systems. Mos-
cow, Nauka Publ., 1966. 568 p. (in Russian)

3.Ye Y, Cai S.L., Chen L.S., Huang K.C., Luo D.J., Ma Z.E., Yang X.A. Theory of limit cycles, Translations of Mathe-
matical Monographs, vol. 66. Providence, American Mathematical society, 1986. 435 p.

4. Zhang Z., Ding T., Huang W., Dong Z. Qualitative theory of differential equations. Translations of Mathematical mo-
nographs, vol.101. Providence, American Mathematical Society, 1992. 461 p.



Proceedings of the National Academy of Sciences of Belarus, Physic and Mathematics series, 2016, no. 4, pp. 7-17 17

5. Cherkas L.A. Dulac function for polynomial autonomous system in plane. Differerntial equations, 1997, vol. 33, no. 5,

pp. 692-701.

6. Cherkas L.A., Grin A.A., Bulgakov V.I. Constructive methods of investigation of limit cycles of second order autono-
mous systems (numerical-algebraic approach). Grodno, 2013. 489 p. (in Russian)

7. Cherkas L.A., Grin A.A. On a Dulac function for the Kukles system. Differentsial’nye uravneniia - Differerntial equa-
tions, 2010, vol. 46, no. 6, pp. 818-826. doi:10.1134/S0012266110060066.

8. Cherkas, L.A., Grin, A.A., Schneider, K.R. Dulac-Cherkas functions for generalized Lienard systems. Electronic
Journal of Qualitative Theory of Differential Equations, 2011, no. 35. Available at: http://www.math.u-szeged.hu/ejqtde/.

9. Kuzmich AV. Emphasizing of a class of Kukles generalized systems with the unique limit cycle. Vestnik GrGU
im. lanki Kupaly. Ser. 2. Matematika. Fizika. Informatika, vychislitel’naya technika i upravlenie [Vesnik of Yanka Kupala
State University of Grodno. Series 2. Mathematics. Physics. Informatics, Computer Technology and its Control], 2015, no. 3 (199),

pp.18-26. (in Russian)

HNudopmanus o6 aBTopax

I'punb Anexcanap AnekcaHApPOBUY — KaHIUAAT QU3H-
KO-MaTEeMaTHYECKHUX HayK, JOLCHT, 3aBEAYIOUINi Kadeapoi
MaTeMaTH4YeCcKOro aHanusa, IudQepeHnnaIbHbIX ypaBHe-
HUH 1 anreOpsl GakyabreTa MaTeMaTUKd U MHYOPMATHKH,
I'poHEeHCKUIT TOCYAapCTBEHHBIM YHUBEPCUTET MM. SIHKH
Kynansr (yn. Oxemniko, 22, 230020, r. I'poxno, Pecy6nuka
benapyce). E-mail: grin@grsu.by

Ky3pmunu Anapeii BuktopoBuu — crapmuii npenozaa-
BaTenb Kadenpsl GyHIaMEHTAJIBHOM U IPUKIIaHONH MaTeMa-
THKH (aKyJIbTeTa MaTeMaTuku U WHdopmaTtuku, I'pogHeH-
CKHMH rocylapcTBeHHbIH yHuBepcuTeT uM. SlHku Kymnaisl
(yn. Oxemko, 22, 230020, r. I'pogno, Pecniybnuka bBena-
pycs). E-mail: andrei-ivn@mail.ru

st uuTHpOBaHUA

I'punb, A. A. TouHble OLEHKM YMCIIA TPEIETbHBIX LIH-
KJIOB aBTOHOMHBIX CHCTEM C TPEeMsi TOUKAMH MOKOsI Ha IJIO-
ckoct / A. A. I'punb, A. B. Ky3smnu / Bec. Ham. akan. Ha-
Byk bemapyci. Cep. diz.-mar. HaByk. —2016. — Ne 4. — C. 7-17.

Information about the authors

Hryn Aliaksandr Aliaksandrovich — Ph. D. (Physics
and Mathematics), Assistant Professor, Head of the Depart-
ment of Mathematical Analysis, Differential Equations and
Algebra, Faculty of Mathematics and Informatics, Yanka Ku-
pala State University of Grodno (22, Ozheshko Str., 230020,
Grodno, Republic of Belarus). E-mail: grin@grsu.by

Kuzmich Andrei Victorovich — Senior lecturer, De-
partment of Fundamental and Applied Mathematics, Faculty
of Mathematics and Informatics, Yanka Kupala State Univer-
sity of Grodno (22, Ozheshko Str., 230020, Grodno, Republic
of Belarus). E-mail: andrei-ivn@mail.ru

For citation

Grin A.A., Kuzmich A.V. Precise estimations of limit
cycles number of autonomous systems withthree equilibrium
points in the plane. Vestsi Natsyianal 'nai akademii navuk Be-
larusi. Seryia fizika-matematychnykh navuk [Proceedings of
the National Academy of Sciences of Belarus. Physics and
Mathematics series], 2016, no. 4, pp. 7-17. (in Russian)



18 Becui HanpisnansHaii akagdmii HaByk benapyci. Cepbist (isika-MaTaMaTedHbIX HaBYK. 2016. Ne 4. C. 18-22

ISSN 0002-3574 (print)
YK 512.542 IMocrynuna B penaknuro 13.07.2016
Received 13.07.2016

H. H. Bopo6seB, A. P. Ky3nenosa

Bumebcxuii eocyoapcmeennviil ynueepcumem um. 1. M. Maweposa, Bumebck, bBerapyco

OF UHJIYKTUBHBIX PEHIETKAX HACBIIIEHHBIX ®OPMA A

Bee pacemarpusaembie rpynnbi koneunbl. Cumposom £ (G) 0603Ha4ai0T HanOOIBIIY K0 HOPMAJIbHY 0 P-HUIIBIIOTCHTHY O
noarpymnmny rpymis! G, a cuMBoioM 1(G) — MHOXKECTBO BCEX PA3IHUHBIX MPOCTHIX ACNUTENCH nopsiaka rpymisl G. OyHKIHH
[P — {dbopmauuu rpymnn} conocraisor kiacc rpynn LF () =(G | G/ Fp (G) € f(p) nas Beex p € n(G)). Ecnu hopmanus
§ TakoBa, uto § = LF (f) 1y HEKOTOPOH (DYHKIHUH f, TO § HA3BIBAIOT HACKIIIIEHHON (hOpMAIIHE ¢ JIOKATBHBIM CITY THHUKOM f.
ycts § — HackimenHas dopmanus. CumBornoM § /, § N N 0603HAYAIOT HOMHYIO PEMIETKY BCEX HACHIIICHHEIX (QOpMAIIHI,
3aKT0ueHHBIX MeX Iy § N N u §, roe N — krace Bcex HUIBMOTEHTHBIX TPy, J[JIst Mpon3BOIBHOI MOTHO# perneTkn Gopma-
it @ cumBosiom ©' 0603HAYAETCS TIOTHAS PEIIETKA BCEX TAKUX (pOPMAI[HiA, KOTOpbIe 00JIaAI0T JIOKAIBHBIM O-3HAYHBIM
cnyTHUKOM. CIIyTHHK f Ha3bIBaeTCsi ®-3Ha4HBIM, €CITH BCE €0 3HAYCHU S MPUHALIeKAT ©.

IlycTs © — monnas pemerka Gopmanuit. Torna BepXxHss IpaHb NPOM3BOIBHON COBOKYMHOCTH {F, | i € I} >neMeHTOB
u3 O obosnauaercs uepes v o (§; |i € 1). Pemerka ©' nasbiBaetcs nuaykTuBHOM (cM. Cxknba A. H. AnreGpa popmanuii.
Mumnck: benapyc. naByxka, 1997), eciu i mo6oro nabopa {§,= LF (f,)|i € I } hopmauuii §, € ©' u 115 BCAKOTO TaKo-
ro Habopa { f,| i € I } ©-3HaUHBIX CIIyTHHKOB f,, TJI€ f, — HEKOTOPbIii BHYTPEHHU CIyTHUK (OPMAILMHU § , HMEET MECTO
Vel Silie)=LF(ve(f; | iel)), rae cumBon Ve (f; i € I') obo3nayaeT TaKoi CyTHHUK f, 4T f (p) ABAseTCA BepXHel

rpaubio 1t { f,(p) | i€ 1} 8O, ecmn | fi(p) # D, uf(p) = B nporusnom ciyuae. B nacrosimeii paGore 1oka3zaHa cie-
Ayromas iel

Teopewma. ITycmos § — nacviyennas gpopmayus. Tozoa pewemxa § 1, N N undoyxmuena.

Knwouesvie crosa: hopmanus, monHast pereTka GopManuii, penerka HachIeHHbIX (HOpMallnii, HHIYKTHBHAS PElIeTKa
(bopmariuii.

N. N. Vorob’ev, A. R. Kuznetsova

Vitebsk State University named after P. M. Masherov, Vitebsk, Belarus
ON INDUCTIVE LATTICES OF SATURATED FORMATIONS

All groups considered are finite. The symbol Fp(G) denotes the p-nilpotent radical of a group G; n(G) is the set of primes
dividing the order of G. Let f be a function of the form

f: P — {formations of groups}. (k)

We consider the class of groups LF (f)=(G| G/ F, (G) e f(p) forall p € n(G)). If § is a formation such that § = LF (/) for
a function £ of the form (), then § is said to be saturated and f'is said to be a local satellite of §. Let § be a saturated forma-
tion. We write § /,§ N I to denote the lattice of all saturated formations lying between i§ and § N 9t, where J is the class of all
nilpotent groups.

Let ® be a complete lattice of formations. Then we denote by @' the set of all formations having a local ®-valued satellite.
A satellite f'is called ®-valued if all values of f'belong to ®. Let X  § € © be a collection of group. We write @formx
to denote the intersection of all formations of @ containing all groups of X. Let {§§, | i € I} be an arbitrary collection of for-
mations in ®. We denote

Vo (8,1 € I) = ©form [U %ij.

iel

Let {f, |i € I} bea collection of ®-valued satellites. Then v, (f;| i € 1) denotes the satellite f'such that

f(p)= ©form (U fi(p)J
iel

foreveryp € P

A complete lattice @' is called inductive (see Skiba A. N. Algebra formacij [4lgebra of Formations]. Minsk, Belaruskaja
navuka Publ., 1997) if for any collection {§,= LF (f,)|i € I }, where f, is an integrated satellite of i§, € @', the following equa-
lity holds: 2 (Silie)=LF(ve(f; | iel)). In this paper, we prove the following

Theorem. Let § be a saturated formation. Then the lattice § |,§ N N is inductive.

Keywords. formation, complete lattice of formations, lattice of saturated formations, inductive lattice of formations.
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Bce paccmarpuBaemble rpynmnbel KOHEUHB. Mbl OyneM paccMaTpuBaTh TepMHUHONIOTHIO U3 [1-3].
CumBonamu FP(G) u Op(G) 0003Ha4Yal0T COOTBETCTBEHHO HAHOOJIBIIYI0 HOPMAJIBHYIO p-HUJIBIIOTEHT-
HYIO0 TOArpymniy rpynisl G ¥ HauOOJBIIYI0 HOPMAaJIbHYIO p-TIOATpyHIy rpynmsl G, a cuMBoioM I —
KJIACC BCEX HMJIBIMOTEHTHBIX I'pynn. HamoMHuM, 4yTo opmanueil Ha3pIBaeTCsl KJIacc Py, KOTOPBIH
3aMKHYT OTHOCHTEJIBHO B3SITHSI TOMOMOP(HBIX 00pa30B U MOANPAMBIX npousseneHuil. Ilycts f'— npo-
M3BOJIbHAS (PYHKLIMSI BUJA

f: P — {popmarnuu rpym;}. (1)
Crenys [1], comoctaBuM GyHKIUH f KJIacc Ipynn
LF(f)=(G| G/Fp(G) € f(p) nna Becex p € n(Q)).

Ecnu dpopmarus § takosa, uto § = LF (f) nns Hekotopoii dyHkiuu £ Buaa (1), To § Ha3pIBAIOT HACHI-
IIEHHOH (popmanmeli ¢ TOKaIbHBIM CITyTHUKOM f [1].

CoBoKymHOCTE popMariuii ® Ha3bIBaETCS TOTHOM pereTkoi Gopmarinii [2], eciti mepecedeHue Jro-
00if coBoKymmHOCTH (opmarnii u3 ® cHOBa MPUHAMICKUT ® 1 BO MHOKeCTBE ® mMeeTcs Takas Gopma-
s §, 9to H < § s moboit hopmanyu H € O. TIycts § — HacwmeHHas GopMaIis. 3aMeTHM, 4TO
OTHOCHTEJIBHO BKJIIOUCHHSI C MHOXKECTBO BCEX HACBIIICHHBIX (OpMaInii, 3aKII0YeHHBIX MeKIY § N N
u §§, 00pa3yIoT MONHYIO0 PEIIETKY, KOTOpyto 0603Ha4aT § /,§ N N.

Jlnst mpou3BOIBHOM MONMHOM pemieTku (opmaruii @ cumBonom @ 0003HaUaeTCsi COBOKYITHOCTD
BceX Takux (opMmanuii, KOTopble 001aJat0T JOKAIbHBIM ®-3HAYHBIM CITyTHUKOM, T. €. TAKUM JIOKaJb-
HBIM CITYTHHKOM, BCE HEIYCTBIC 3HaYeHHUsI KOTOporo mpuHajiexar @. Herpynno ydeautses (cM. mo-
apoGuee [2, ri. 4]), uto @ — nonHas penieTka, U OHAa HACIIEyeT MHOTHE CBOMCTBA peieTKH ©.

Ilyctp ® — momnast pemertka dopmanuii. Torma BepxXHsSS rpaHb MPOU3BOJIBHONW COBOKYITHOCTH
{8, i € I} amementos u3 © obosmagaercs (cm. [2]) uepes v o1 (8 |i € 1). Pemerka © HaspiBaeTCs WH-
MYKTHBHO# [2], eciu s moGoro nadopa {§, = LF (f,) |i € I} Gopmanmii §, € @' u 1ns Besikoro Ta-
Koro Habopa { f; |i € I } ©-3Ha4HBIX CIIyTHUKOB f, T/Ie f, — HEKOTOPBIH BHYTPEHHHUH CIIy THUK (popma-
UK § , IMEET MECTO Vol (i | iel)=LF(ve(f; | i€l)), rae cumBon v (f i € I) obo3nauaeT Takoi
CYTHUK f, uTo f ( p) ABNAETCA BepxHeii rpanbio 1 { f (p) [i € 1} 8O, ecim | fi(p) # D, uf(p) =
B IIPOTHBHOM Cily4ae. 3aMEeTHUM, YTO HHAYKTHBHOCTb PELIETKH ® 10 cymeCTBlyE 103HaqaeT, YTO HCCIIEAO-
BaHUE OICPALNH V o/ HA MHOKESCTBE ©' MOXHO PelyIHPOBATH K UCCIICOBAHUIO OOJIee POCTOil ornepa-
LUK V, Ha MHOXKECTBE .

BriepBbie nHAYKTHBHBIE pemieTky Havdasa u3ydatb A. H. Ckuba (cMm. [2, ri. 4]), KOTOpBIH 10Ka3ai
MHAYKTUBHOCTb PELIETKH BceX (DYHKTOPHO 3aMKHYTBIX 7-KPAaTHO HACBIIEHHBIX (hopmanmii [2, Teope-
Ma 4.1.1]. B pabote [4] Obli1a ycTaHOBIIEHA MHAYKTUBHOCTB PEIIETKH BCEX (PYHKTOPHO 3aMKHYTHIX TO-
TaJIbHO HACHIIEHHBIX (popManmii, 4To HanUIO MpHUiIoKeHue B padorax B. I. Cadonosa [5, 6] mpu moxa-
3aTeIbCTBE MOAYJISIPHOCTH U AMCTPUOYTHBHOCTH PELIETKH BCEX TOTAJIBHO HACBIIIEHHBIX (hOopMaLuii.
Bnocnencteun H. H. BopoOseBbiMm 1t A. A. Llapessim [7, 8] u, HezaBucumo, I1. A. Kuzuesckum [9] mo-
Ka3aHa WHJIYKTUBHOCTh PEIIETKH BceX (DYHKTOPHO 3aMKHYTBIX #-KPATHO (M-KOMITO3UITMOHHBIX (hopma-
IUNA. DTOT pe3ysbTaT MO3BOJUI YCTAHOBUTH MOIYJISAPHOCTH TakoW pemeTku [7, 9], a Takxke cwrpaln
KJIFOUEBYIO POJIb B MCCIICIOBAaHUHU TOXJECTB pemieTok (opmanuii [10]. OTMETHUM, HAKOHEIl, YTO CBOM-
CTBO MHAYKTHUBHOCTH PELICTKH BCEX Pa3pelIMMbIX TOTAJIBHO HACBHIIIEHHBIX (OpPMaLUi MPUMEHSIIOCH
C. Paiiepiueiin B padore [11, mpemioxkenue 3.3] mpu 10Ka3aTeIbCTBE JUCTPUOY THBHOCTH 3TOU PEIICTKH.

OCHOBHBIM pe3yNbTaTOM JaHHOW paOOTHI SBISETCS CICAYOMIas

Teopewma. llycmo § — nacviuwjennasn gpopmayus. Toeoa pewemxa § 1§ N N unoykmusna.

HanoMHUM HECKOJIBKO M3BECTHBIX YTBEP)KICHUMH, KOTOPBIE OTPEOYIOTCS AJIsl JOKa3aTeabCTBa OC-
HOBHOTI'O pe3yJIbTara.

JNemma 1 [12, nemma 2]. ITyemo § =) S, 20e §. = LF (f)). Toeoa§ = LF (f), 20e f =) fi.

[yets {f | i € I} —nabop Beex CHYT;{EI{IKOB dopmanuu §. Beuny nemmst 1, 1= f; —ﬁIHHMMam)-
HBII CIIyTHUK (OpMAIHH §. iel

ITycts X — npousBosibHAsE COBOKYMHOCTH rpymil. Yepes formX o6o3Hagaercst HaumeHbInas popma-
s, comeprxkanias X, a uepes [formX — manMensInas HacelieHHas hopmarusi, coaepskarias X.
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Crienyromas JeMMa JaetT crocod moCTPOSH st MUHUMAIbHOTO Iy THHKA opmaruu § = [formX.

Jemma 2 [2, teopema 1.1.5]. ITycmo X — nenycmas cosoxynnocme epynn, § = iform¥ u f— munu-
MAIbHBLL TOKAbHGIL cnymuuk gopmayuu §. Toeoa cnpasednusvt ciedyiowue YmeepicOeHus:

D) n(&) = n(S);

2)f(p) = form(G/FP(G) | G € X) onsecex p € P,

3) ecau § = LF(h), mo ons nobozo p € n(F) umeem mecmo

f(p)=form(A|A e h(p) N §, O (A)= 1)

Hanomuuwm, 4To monydopmMaiiuei Ha3pIBaeTcs KJace TPy, 3aMKHYThIil OTHOCHTEIBHO B3SITHS TO-
MoMopdHBIX 00pa3oB. HeenuunuHas rpynna G Ha3plBaeTCss MOHOJTUTHYECKOW, €CIIM B HEH MMeeTcs
JIUIIb 0JJHA MUHUMAaJIbHAS HOPMallbHasl MOATpyIa (MOHOIHT Tpynibl G).

Jemma 3 [2, nemma 2.1.6]. ITycmo A — mononumuueckas epynna ¢ neabenegoim monoaumom, M —
nexomopas nonypopmayus u A € formM. Tocoa A € M.

JTemma 4 [2, nemma 4.1.5]. ITycme M — nonygpopmayus u A € formM. Toeoa, eciu Op(A) =1, mo
A € formM,, 20e M, = {GIO (G)| G € M }.

Jlemma5 [2, nemma 1.£6]. Ecnu'§ = LF(f) u GIO (G) € f(p) N'§ o nekomopoeo p € n(G), mo
Gef. g

JlokasaTenbcTBO Teopembl. [lycts {§, | i € I} — npou3BONbHBIN HAOOP HACKILIEHHBIX HOpMa-
Ui, 3aKkaoueHHbIX Mexkay § N N u §. U nycts J; — HEKOTODBIil BHYTPCHHUH JIOKAJIbHBIN CITYTHUK
dopmanmu § . Tlycts

§§=vl(§§i|iel),9ﬁ=LF(v(fi|ie[))

u N — MUHUMAaJTbHBIH TOKaNbHBIH cyTHUK hopmariu § .
[okaxem npesxne, uro h=v(h. |i € ') — MUHHMATBHBIH JIOKANBHBIH CTy THUK popManuu §. [TycTh

w=a{ UB |- Un(3)=(3).
iel iel
W nycTh t — MUHHUMAJIbHBIH JIOKaIbHBIH cyTHUK (opmanuu §. Torma, eciau p € P\x, To ms mo6oro

i € I mmeet mecto h (p) = &. 3uaunr, h(p) = &. TlonsTro Takxe, uto #(p) = <. [ycts p € . Torna Haii-
neres Taxoe i € I, uto h (p) # &. 3HauuT, COrNAcHoO JeMMe 2 MMEeT MECTO

t(p)zform(G/Fp(G)|Ge Ugij:

iel

:form(U form(G / F,(G)| Ge%’,-)j:

iel
= fOYmLU hi(p)j =(v(h; i€ ))(p)=h(p).
iel
Wrax, h — MUHMMaIBHBIN JTIOKAIBHEIN CITyTHUK (hopMaIuu §.

Hoxkasxem, uto h < f=v(f,|i € I). llockonbky h, < f, To 1u1st Beex p € P uMeeT MeCTO BKIIOYEHNE
h.(p) =/ (p). 3naunr,
Uhi(p)= U filp) = forrn(U fi(p)]-
iel iel iel

Clie1oBaTeIbHO,

form(u hz-(p)] c form(u ﬁ-(p)] - form(form(u fi(p)D.
iel iel iel
Takum obpaszom, h <f".

VYeranosum, uto § < M. Ilycts G € §. 3HauuT,

G/ Fy(G)ehlp)= fOI‘m(U hi(p)) c fOHn(U fi(p)j =f(p),

iel iel
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rae p € n(G). lostomy G € M. Cnenosarenbho, § < M.
[Mpenmnonoxum, 4to oOpaTHOE BKIFOYEHUE HeBepHO. [lycTh G — rpynmna MHHUMAIBHOTO MOPSIKA U3
M\ §. O603Haunm uepe3 R moHonut rpymmsl G. Torma R = G¥u R € ®©(G). [ycts p € n(R).
[pexnonoxum, uto R —neabenesa rpynna. 3nauut, R € C_(R). [Tostomy C_(R) = 1. CnenosaTensHo,
Fp(G) = 1. 3naywr,

GEG/FP(G) € (v(fl,|ieI))(p)=v(fi(p)|ie])=f0rm(Uf,-(p)].

iel
BBuny nemmbi 3

GelU/filp) e USicS.

iel iel

[Iporusopeune. Cnenosarensho, R — p-rpynmna. Ilokaxem Tenepsb, uto R = C (R) = Op(G) = F (G).
HeiicTBuTenbsHo, Tak kak R € ®(G), To B rpynie G HalaeTcs Takas MaKCHMaJIbHasl MOATPYIIa A//,D 4TO
R & M. Tlycts C = C(R). Torma C = C N RM = R(M N C). Ouesunno, uro M N C — HOpMasbHas MO~
rpymma rpymnmsl G. CrenoBaTelbHO, BBUY MOHOTUTHYHOCTH niocnenuei, M N C = 1. Takum obpazom,
C = R. Ilocnexuee o3nauaer, 4to R = C_(R) = OP(G) = Fp(G).

CorracHO TPEIITOI0KECHHIO,

GeM=LE(M(f|iel).

3Ha4wT,

G/FP(G)zG/Reform(Ufi(p)J.

iel

ITockoNBKY MPH 3TOM UMEET MECTO OP(G /Op(G)) = Op(G / R) =1, T0 cormacHo siemme 2 u iemme 4

G/Op(G)zG/Reform(A/Op(AH Ae Ufi(p)j=

iel

=form(Uform(A/Op(A)| Aefi(p))jz

iel

= fom{ Ui (p)] =(v(hi| ieD))(p)=h(p).
iel
3HaunT, BBUIY JEMMEI 5, imeeM G € §.
[Mony4eHnHoe mpoTUBOpeUne mokaseiBaet, uro M < §. CienosarensHo, § = M. Teopema gokaszaHa.
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B. C. Myxa

Benopyccruii cocyoapecmeennuiii ynusepcumem ungopmamuru u paouosiekmponuxu, Muwnck, berapyco

CUMMETPUYHASA AIIITPOKCUMALINSA BEKTOPHBIX CTATUCTUYECKUNX JAHHBIX
JUHEWMHBIMHA MHOT' OOBPA3USAMMU

PaccmaTpuBaeTcs 3a/1aua TMHEHHON aMPOKCHMAIIMK BEKTOPHBIX CTaTHCTUYECKUX JaHHBIX. Kak m3BecTHO, KIaccuye-
cKas TUHEeHHas QyHKIUs perpeccHy MUHUMHU3UPYET CyMMY KBaJpaTOB BEPTHUKAIBHBIX PACCTOSHUI OT CHCTEMBI TOYEK /10
anmpOKCUMHUPYIOLIEH MIOCKOCTH. B 1anHOI cTaThe paccMaTpuBaeTCss HHOM MOAXOJ K alMPOKCUMALINHU, KOTJIa MUHUMU3HPY-
eTCsl CyMMa KBaJIpaToB MEPHEHAUKYIIAPHBIX PACCTOSHUN OT CHCTEMBI TOUYEK /10 IIJIOCKOCTH. Takast alpoKcuMalus Ha3BaHa
cuMMeTpuyHOi. [lomydeHsl (GOPMyJIBl aNNPOKCUMHUPYIOUIMX JIMHEWHBIX MHOrooOpasuili B mHapaMeTpuyeckoi (opme.
Pemienne 3a1aun BEINOJIHEHO B BEKTOPHO-MaTpU4HOM (opme. [IprBeieHbl YUCICHHBIE TPUMEPHI U UX I'padUuecKue HILTIO-
CTpalllK B CPAaBHEHUU C U3BECTHBIMU Pe3yIbTaTaMU U3 JIUTEPATYPhl U KJIACCUUECKOI0 JINHEITHOIO perpecCHOHHOI0 aHaIu3a.

Kniouesvle cnoga: annpokcuManusi, BEKTOpPHbIE CTATUCTHYECKHE JaHHBIC, JIMHEHHbIE MHOr000pasus, JTHHEHHBIN pe-
TPECCUOHHBIN aHAIN3, KOMIBIOTEPHBIN aHAIU3 JaHHBIX.

V. S. Mukha
Belarusian State University of Informatics and Radioelectronics, Minsk, Belarus

SYMMETRIC APPROXIMATION OF VECTOR STATISTICAL DATA BY LINEAR VARIETIES

The problem of the approximation of vector statistical data is considered. As it is known the classical linear regression func-
tion minimizes the sum of squares of the vertical distances from the system of points to the approximating plane. The problem

in this case consists of choos the parameters ¢, ¢, ..., ¢, | of linear function x,, = co +c1x +...+ ¢-1x,-1 from the condition
n
2 .
2 (Xmi—Co—CIX1i == Cp1Xpm-1,;)” =  min
i=1 €0,Cl5Cm—1

where x,, ;, izl,in, are the observations of endogenous component Em of random vector €=(&1,..-,Em) and n is the size of
the sample. In this article, another approach to the approximation is considered when the sum of squares of the perpendicular
distances from the system of points X; = (x1,,....xu;) € E", i =1,n, to the plane x,, =cq + c1x] +...+ Cpy_1X 1 is minimized.
Such an approximation was called as symmetric approximation of vector statistical data. We solve the problem in more
general form. We look for the linear variety in E” ((m — r)-dimensional plane) in parametric form

X=C0+11C1+...+tm_rCm_,eE”’, 1<r<m, tozl,

where C,, C,, ..., C  are the unknown linear independent vectors in E”, ¢,..., ¢, are the scalar real parameters, E” is
the m-dimensional Euclidean space. This variety can be presented in form of vector-vector linear dependence
X,=A+BX,_,,

where X = (X it ls X i 25X )s X .= (x1,X2,..Xm—p), Bisthe (rx (m—r))-matrix. We give the solution in vector-matrix
form and the numerical examples compared with the known results from literature and the classical linear regression analysis.
Keywords: approximation, vector statistical data, linear varieties, linear regression analysis, computer data analysis.

BBenenue. B Hacrosiiee BpemMsi TeOpeTHUYECKOe 0OOCHOBaHHME M IHPOKOE MPUMEHEHHE MOy
JIMHEHHBIN PETPECCUOHHBIN aHaIN3 B BUJIC MHOKECTBEHHOU (CKaJIspHO-BEKTOPHOM) IMHEHHOW perpec-
cuM. 3ajaya B 3TOM CJIy4ae COCTOMT B BBIOOPE MApaMeTpoB C;, C,, ..., C, | JUHEHHOH (QyHKIUU
Xm =Co+C1X] + ...t Cpy_1X -1, JOCTABISIOMINX MUHUMYM CyMMe KBaJApaTOB PAacCTOSHUI OT HalJI0-
AeHUH X ., OHJOICHHON KOMIOHEHTHl &, caydaiiHoro Bektopa &=(&i,....,Em) A0 3HAUCHHMI
€ +Ci1X1; + .o+ Cpo1X -1, I = 1,n, IpeJiCKa3aHHBIX TAHHOH QyHKIMEH:

n

2 .
D (Xmi—Co—CIX1j == CpeiXpy—1;) " —>  min . )
i=l €0,C15-Cm—1

© Myxa B. C,, 2016
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Anmnpokcumupyomas GyHKIHS Xy =Co + C(X| +...+ Cm_1Xm_1 MPEACTABISICT COOOH THIEPIIOCKOCTh
B E™, a kpurepnii (1) MUHUMH3MPYET CyMMY KBaIPaTOB PACCTOSHUH OT TOUEK X = (X iy, Xmi) € E"
JI0 9TOH THIIEPIIOCKOCTH, OTCYMTHIBAEMBIX BIOJIb OCH Xm, T. €. TI0 BepTukann. [lomydeHHas mpu sToM
(yHKIHS SBISIETCS YCIOBHBIM OMITMPUYECKAM MAaTEMaTHYECKUM OXXKHJIAHWEM CIy4YaifHON BETUYHHBI
&m Ha cITyYaifHbIe BEIHYHHBI &1, ..., Em_l.

B03MOKEH TaKKe MHOM MOAX0/ K alMPOKCUMALIMH BEKTOPHBIX TAHHBIX X = (Xyj,...,Xmji) € E™, co-
CTOSAIIMIA B MUHUMH3ALUKM CyMMBbI KBaJpaToB paccTosHuii ot Touek Xj € E™ 1o nckomoii runeprio-
ckoctu B E™, koTopeIii paccMarpuBaics B paborax [1, 2], oMHAKO HE MONYYHII ITHPOKOTO OCBEIIECHHS
B CTaTUCTHUUECKOH nmuTeparype. B mamHol paboTe maeTcs HE3aBHUCHMOE PEIICHHE 3TOW IMPOOJICMEL.
B otninume or [1, 2], perrenne noiaydeHo B BEKTOPHO-MAaTPpUYHON opme.

1. JInneiinble MHOT000pa3usi B MHOTOMepHOM apugMeTH4YecKoM npocTpaHcTBe. Kak u3BectHo [3],
B R™ MOXHO OIpeieIuTh IMHENHBIE MHOr000pa3us B MapaMeTPHUECKOi (opme

X:CO +t1C1+...+tm_rCm_reRm,ISrSm,tOZI, (2)

Co = Cl = Crr = i
rae Co =(Co1,....Com), C1 =(C115--.C1m), -, Cm—r =(Cm—r1>.--»Cm—r,m) — TMHEHHO HE3aBUCUMBIE BEK-
Topsl B R™, t,..., tm_r — CKalspHBIe neiicTBUTENBHEIC MapamMeTphl, X — BekTop-cTonben B R™. Muo-
roo6pasue (2) HazpiBaeTcs (M — r)-MepHo# runepmiockocteio B R™, a Bektopsl Cy,..., Cy_y — Hampasis-

FOIIMMH BEKTOPAMH 3TOH THIIEPILIOCKOCTH.
J1715 BEISICHEHUSI COACPIKATEILHOTO CMBICTIA JIMHEHHOTO MHOT000pa3us (2) 3aluIieM ero B BUC

X =Co +CT, ©)
roe C=[C;,C»,....Ch_r] — (Mx(M—r))-MaTpuma, CTOIONAMH KOTOPOH SBISIOTCS BEKTOPHI-CTOIOIBI

Ci1,C2,...,Chr, a TT =[t},t,....tm_r ] — BexkTOp mapametpoB ti,ts,...,ty_r. [IpencraBum marpuiy C
u BekTophl X, C( B BUIIE

Cm- X Com-
C= _mr,X: _mr'CO: _O,mr, (4)
Cr XI’ CO,r
e Cpor — ((m=r)x(m-—r))-marpuna, Cr - (rx(m-r))-matpurna, X%—r=(X1,X2,---,Xm—r),

vl ~T ~T
Xt =Xmor+1>Xm-r+25+--Xm)s Com-r =(C0,1,C0,25---,Co,m-r )» Cr =(Com-r+1,Co,m-r+2,---Co,m). Torna eme-
CTO ypaBHEHUS (3) MBI MOXKEM 3aITHCATh IBA YPABHCHHUS

>Zm—r = Co,m—r +6m—rT,

= ®)
Xr =C0,r +CrT

B cuny nuneiinoii nezaBucumoct BekTOpoB C;,C,,...,Cp_r Matpuna Cp_y He BBIPDOKACHHAS, U MBI
MOYKEM U3 IIEPBOT'0 YPaBHEHUS CUCTEMBl ypaBHEHMH (5) HAWTH BEKTOP MapaMeTpoB 1.

T= (C_:m—r )_1 ()zm—r - c_:O,m—r ).
[loncTaBnsig 3TO pelieHUe BO BTOPOE ypaBHEHHE CUCTEMBI (5), TOTYyYUM
X, =C_:O,r +Cy (Cm—r)il(zm—r —C_:O,m—r)- ©)

[locnenHee BrIpaXkeHHE MOKA3BIBAET, YTO B cirydae (M — I')-MepHOi rumnepruiockoct B R™ I mpon3BoIIh-
HBIX KOMIIOHEHT BeKTOpa X, IPUHAJIJIEKAIIETO TUIIEPILIOCKOCTH, IMHEHHO BBIPAXKAIOTCS Yepe3 OCTalb-
HbIe (M —I') KOMIIOHEHT 3TOro BekTopa. Dopmyra (6) mpenacTasisieT co00il ATy 3aBUCUMOCTD B SIBHOM
(dhopMe 11 mocHeHUX I KOMIIOHEHT BekTopa X. B wactHocTH, pu m —r = 0 MmHOr00Opa3ue (2) Ha3biBa-
eTcs HyJbMepHoii runepriockoctsio B E™ ¢ ypasnennem X = C | u siBnstercs Touxoid B R™. Tlpum—r =1
9TO OJHOMEpHas rumnepriockocts B R™, 1. e. mpsimas ¢ ypasuenunem X = Cg +1,Cy, nmpoxozsiias yepe3
touky C¢ B HanpasieHuu Bekropa Ci. [Ipu m—r =m—1 5370 ypaBHerue (M — 1)-MepHOI I'MIIEPILIIOCKO-
cru B R™ (runepruiockoctu B R™ B Kilaccuveckom nonnManum). tak, Beipaxenue (6) siBIsETCS 9KBUBA-
JICHTHBIM MPECTABICHUEM TUIIEPIIIIOCKOCTH (2).
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O0patHo, JIeTKO 3aMETUTh, YTO BhIpaKeHHE (0) MPEACTABIICT COOOH BEKTOPHO-BEKTOPHYIO (MHOTO-
MEPHYIO) JTHHEHHYIO CPEIHION KBAIPATHUHYIO PErPECCHIO, eCli canTath, 910 C ey = Doy ) = Dy —
JMCTIEPCHOHHAS MATPHIIA HEKOTOPOTO CTyYaifHOr0 BEKTOPA Mm—r, Cy = COV(M s Moy ) = R, -y — KOBa-
pHAIlMOHHAS MaTPHUIIA CIyYaHBIX BEKTOPOB 1, M 1 ;y—r (_fo,m_, =EMm_r), C o0 = E(M,) — MaremaTnue-

CKME OXUJAHUS CIyYalHBIX BEKTOPOB 1 ,—, U 1, COOTBETCTBEHHO. DTO 3HAYMUT, YTO MHOrOMEpHas
JIMHEWHAs CPEIHss KBaJpaTUUHasl pErpeccus BUIA

)?r = éo,r + Rr,m—r (Dm—r)_1 ()?m—r - 5O,m—r)

MPECTABIISAET i (7 — r)-MepHOE MHOT ue B R”, uMeroliee napaMeTpuIecK BHECHH
€IICTABIISICT COO0 epHOoe MHOrooOpasue B R”, UMEIoIIee rapame eckoe ypaBHeHHe (3) ¢

Dy )?mfr (_jmfr Nm—r
C= , X = _ ,Co=| _ =K .
Rr,m—r X, C, MNr

2. [TocTaHOBKA W pelIeHNe 32/1a41 CHMMETPHYHOI anNMpOKCHMAIIUM BEKTOPHBIX CTATHCTHYe-
CKHX JaHHbIX. [TycTh E_,T =(&1,....&m) € E™ — ciyuaiinsiii BekTop B E™ co cpenrnm 3uauennem A; = E (&)

¥ HIOJIOXKUTENIBHO ONPeJIeIeHHOMN aucnepcuonHoi Marpuneit D = E((§ — A4: )(§ — Ag)T ). TlocTaBum 3a-
nady ompezaeneHus sekropos Cy, Cy,..., C,,_, THHEHHOT0 MHOT000pasus (2), 00ecreynBaoIuX MUHU-
MaJIbHYO BapHaIlnio KBaJpaTa PaCCTOSIHUS P° OT TOYKH & 10 MHOr0OOpasusi:

E(pz(a,CO +6,C +...+tm,rCm,,))—> min . (7)
C0,C1,eees Cop—rr

Ilepeiinem k pemenuto 3agaun. KBagpar paccTosHus p2 OT TOYKH & 0 TMHEHHOTO MHOT000pa3ust (2)
BBEIYHUCISAETCS 110 popMmydie [3]:
»  det(CTC)

- bl (8)
det(CTC)

rne C=[C1,C>,...,Cy_, ] — (mx(m—r))-mMaTpuna, cTONOIAMH KOTOPOH SABISIOTCS BEKTOPHI-CTOIOIIBI

C,Ca,....Cryrs C= [C1,Ch,.... Crirr , E—Co]1=[C,E — Co] — (mx (m —r +1))-marpuma. PaccmarpuBas 3Ti

MaTpulbl KaK 6H0‘-IHLIC, IoJIyuyum

Z:CTC:(ZZ',]'):(ClTCj)ai,j:Lm_ra

CiTCj, i,j=Lm—r,
T ) .
~ =T A ~ (&_Co) Cj, l:m_7"+1,]=1,m—r,
Z2=CC=Gp= mr .
Ci (E;_CO), izl,m—r’j:m_r+1’
(£-Co)' (¢-Co), ij=m—r+l,

Bynem uckath equHUYHbBIE OpTOroHanbHble BeKTOpsl C1,C>,...,Cpy—,. B 3TOM cilyyae HCKOMBIMU KOM-
noHeHTaMu BeKkTopoB C1,Cy,...,C,,—, OyIyT HampaBisSIOMIME KOCHUHYCHI, OyIyT BBIOTHSATHCS PaBEH-
crea C; C j=0mpui=zj,C fCi=1, Marpuna Z OyZeT eIMHUYHOM, a MaTpula Z B pa3BepHyTO# Gopme
IIPUMET CIENYHOIIUN BUL:

1, 0, o 0, Cl (£-Cp)

0, 1, L 0, CI(E-Co)

;| o 0o .. 0 cg(a—co>

0, 0, o, 1, Cr_(=Co)
(E=Co) 1, (E=Co) Ca, .., (E=C0)' Cpury (E=Co)' (£ C)
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Onpenenutens Marpuubl Z paseH exunuue: det(C T C) =1. OnpesienuTenb MATPUILI Z IOTYIUM, Pac-
KpBIBasi €ro 10 3JIEMEHTaM MOCIIEeIHEH CTPOKU MATPULIBI £ :

2 _ et(T A T & AT T
p”=det(C" C)=(£-Co) (§-Co)— 2 Ci (§-Co)(E-Co) Ci.
i=1
Hac untepecyer MaTeMaTuuecKoe 0KHAAHUE CTyYaHON BEIUYUHBI p2. Jlerko noHsATH, YTO
2 ~ m-r T =
E(p®)=trD-Y, CT DC, ©9)
i=I

rae D = E((§—Co)(§—Co)"). TIpeobpasyem marpuiy D cieayrommm o6pasom:

D=E((E-Co)(E—Co)") = E((E— E(®)) +(E(&) - Co))((E - E(€)) + (E(€) - Co))T ) = De + M,
riae
De =E((E-EE)E-EE)T),
M =(E() - Co)(E(E)-Co),

D¢ — nucnepcronnas MaTpuna ciay4aiHoro Bekropa & C y4eToM NaHHOTO NPENCTaBIECHHs MATPHULBI [
BeIpakeHue (9) npuHUMaeT BHJ

E(pz)z(tng —mfclTDgc,.j—(trM—mfc,TMCij. (10)

i=1 i=1

HeoOX0AMMBIMHU YCIOBHSIMHA MUHEMYMa GyHKImH E (p?) SBISIOTCS CIeayoIie ypaBHeHHS:

0
0, —E 0, 1—1 m-—r,
aCo E(p?) = ac, (p?) =
(p ) E(pz) i =1,m—r, — IPOU3BONHbIE CKATAPHON QyHKIINK E(pz) 10 BEKTOPHBIM ITe-

aco
pEMEHHBIM CO,CI,CZ, ,Cp—r (CKaISIPHO-BEKTOpPHBIC Mpou3BoaHbIe) [4, 5]. Jduddepenuuposanue

E(p?) (10) o Cp 1aeT ypaBHEHHE

—E(p?)=—o (trM zcTMcJ=—2(E(g)—co)+erC,~CiT(E(ﬁ)—Co)=0,
0Co i=1 i=1

U3 KOTOPOTO MOJTydYaeM
Co=E(E) = 4e. (11)

m-r
ITpu takom 3uauennu Co momyuum M =0, trM — ) CI MC; =0, tax uto BMecTO nupdepeHupoa-

i=1
aus o C1,Co,...,Cp—, GYHKIHH E(pz) (10) MBI MO’KEM BBIIOHATH TUPPepeHIIPOBaAHIE (YHKIIH

O(C1,Corers Conr ) =[trDa -y C,-TD;CZ-} (12)
i=1

B pesynbraTe nudhepeHIupoBaHus MOJIYYUM YPaBHEHUS

—d)(C],Cz, m_r)=—2D§Ck=0,k=1,m—r,l£r£m. (13)
dCy

[Ipencrasum marpuny Dg B Buae Dg = Dy + Al, tine I — enuHUYHAS MaTpUIa, A — IEHCTBUTEIBHOE
yucino. Torna ypasaenus (13) npuMyT Buj

DICy =ACy, k=1lm—r,1<r<m.
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DTO 3HAUUT, YTO UCKOMbIE BEKTOPHI Cy ABIAIOTCA COOCTBEHHBIMU BeKTOpamu MaTpuibl Dy = Dg —Al.
OmnHako, Kak U3BECTHO [6], MATPHUIILI Dg u Dg — Al UMEIOT OJTHU U TE K€ COOCTBEHHBIC BEeKTOPHI. B Ta-
KOM clly4ae B KauyecTBe UCKOMBIX BEKTOpOB Cy MOKHO B3STh COOCTBEHHBIC BEKTOPHI AUCIIEPCHOHHOM
matpuubl Dg cinyuaiinoro Bexropa & Matpuna D imeeT M coOcTBeHHBIX BeKTOPOB. [Ipu oThickanuu
(M —r)-mMepHOro MHOroo6pasus HaM HeOOXOAMMO U3 M COOCTBEHHBIX BEKTOPOB MaTpullbl D 0T0OpaTh
(m—r) BekTOpOB, MOCTaBISIOMIMX MUHUMaIbHOE 3HaYeHue GyHKImU ¢p(C1,Co,...,Cm_r) (12), uiu, B cuny
TIOJIO)KUTENILHOM OMPEENICHHOCTU MaTpuIlbl De, MakcHMasbHOE 3HaUeHHE QyHKIMH

m-—r T
W(CLCZy--qu—r) = Z C| DéC| .

i
Mosxkno moxkasatek [6], uto eciau Cy, Cp, ..., Cy — enuuu4HbIE COOCTBEHHBIE BEKTOPhI MaTpulbl De

U A1>A2 >...> Ay — COOTBETCTBYIOIINE UM COOCTBEHHBIC YHCIIA, TO ClT D:Cy > C; D:Co>...> C% D:Ch.
B cuiy sToro cpoiicTBa B KauecTBe Hampabistomux BeKTOpoB Cq1,Cy,...,Cp_; MCKOMBIX JIMHEHHBIX
MHOroo0pasuii cienayeT B3aTh (M —Tr) coOCTBEHHEIX BEKTOPOB MAaTpuilbl D¢, COOTBETCTBYIOIMX MaK-
CUMaJIbHBIM COOCTBEHHBIM unciiaM. Hanpumep, npu oThickaHuu NpsiMoii TUHUU (I = M —1) Hy»HO BbI-
OpaTh OMH M3 M COOCTBEHHBIX BEKTOPOB, @ HMEHHO, COOCTBEHHbIH BeKTOp C,, COOTBETCTBYIOMMM
MaKCHMaJIbHOMY COOCTBEHHOMY 4uciy A1. IIpu oTbickanuu (M —1)-mepHoit runepmiockoctu (f = 1)
BbIOMpatoTcs M —1 cobctBeHHBIX BeKTOpoB C1, Cy,..., Cp_1, COOTBETCTBYIONINX COOCTBEHHBIM YHCIIAM
A1>A2>...>An. [Ipu oThickaHUKM TOYKH COOCTBEHHBIC BEKTOPHI HAXOIUTh HE HYKHO: HCKOMOM TOY-
koii Co Oyzet MareMaTHueCKOe OKHJIaHUE CiTy4yaitHoro Bekropa & (11).
Takum 00pa3oM, MbI JJOKa3aJiu CICAYIOIIYI0 TSOPEMY.

Teopewma. Ilycmo &T =(&1,....Em) € E™ — cayuaiinwiii 6exmop 6 m-mepHom e6KIUO080M NPOCHPAH-
cmee E™ co cpeonum snavenuem Co = Ae = E(E) u nonoowcumenvro onpedenennoii oucnepcuonnoi mam-
puyeti De = E((€ — A )(§— Ag;)T ), A1 > Ao >...> Ay — cobcmsennvie yucna mampuyst Dg, C1,Co,...,Cp —
coomeememeytowue dMum yuciam cobcmeaenmvle eekmopol. Toeoa nunetinoe muo2oobpasue (2) (uau (3))
obecnevusaem munumansiyio sapuayuio E(p? (&, X)) keadpama pacemosnus p? om mouku & 0o smozo
muo2006pasus. Tpu pazouenuu 6 (3) eexkmopos X, Co u mampuywvt C na 6noku 6 suoe (4) nonyuennoe
mroz2006pasue (3) mosicem 6oims npedcmasieno 6 gopme (6).

Ecmu teopetndeckne MomeHThl Ag, D¢ cirydaliHOro BekTopa § 3aMEHMTh COOTBETCTBYIOIMMH M-
MAPUICCKUMH MOMEHTaMHU

~ 1N
A: ==> Xoi, (14

Ni=g

~1a - ~ 7
D¢ :HZ(XOJ = A:)(Xoi —A:) (15)
i=1

rae Xoi, 1=1,N, — BEKTOPBI-CTONOLBI HAOIIOACHHN CIy4ailHOro BeKTOpa &, TO MBI MOJIYYUM CHMMe-
TpI/IT-IHYIO SMHI/IpI/I‘IeCKYIO aHHpOKCI/IMaHI/IIO BeKTOpHBIX CTAaTUCTUYCCKHUX OTAaHHBIX J'II/IHCf/iHLIMI/I MHOT'O-

obpazusamu.
3. Illpumepsbl. [l TeMOHCTpAIIMU TEXHUKH MPEIJIOKCHHON aNlpPOKCUMAIMH U €€ T'PauIecKoi
WJUTIOCTPAIMU PACCMOTPHUM JIBa PUMEPA.

IMpumep 1. Dror mpumep B3sT U3 padoTtsl K. ITupcona [1]. 3amansr 4 Touku X J,i =(Xo.1,X0.2,%X03)
B TPEXMEPHOM TIPOCTPAHCTBE:

Xg1=1(2,16,219), X ¢ =(2,26,261), X g3 = (4,16,127), X g 4 = (4,26,231). (16)
B [1] monyuena cienyromias CHMMETpUYHAs alllIPOKCHMAIINS 3TUX JaHHBIX IJIOCKOCTHIO:

X3 +38,02187x; —7,35823%, —169,03778 =0. a7
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B cooTBeTCTBUY € TIOAXO0M Halllel paOOTHI JJIs TOIYUYEHUS CAMMETPHYHOH alllpOKCHUMAIIH HE00X0-
JHMO TI0 HMEIOUIMMCS JIAHHBIM HaiTH BbIOOpOUHOE cpennee Ag (14) 1 BBIOOPOYHYIO TUCTIEPCHOHHYTO

MaTpuLy 55 (15). Homyuum

3,0000 0,000 0  -0,0305
A: =| 21,0000 ||D:=| 0 00250 0,1825 |-10°
209,5000 -0,0305 0,1825 2,5027

Jlanee HEOOXOMUMO HAWTH COOCTBEHHBIC UHCIA A| > A, > A3 U COOTBETCTBYIOIIHE UM COOCTBEHHBIC

BekToprl Cy, Cy, C3 MaTPUIIBI ﬁg. Nmeem

A =2,5165-10%, 1, =0,0121-10%, 13 =0,0002-103,

—-0,0121 0,1913 0,9815
Cy=| 0,0730 |,C,=| 0,9791 |,C3=|—0,899 |.
0,9973 -0,0694 0,0258

Haxkonerr, 3anuicbiBaeM anmpoKCUMUPYIONIFE MHOToo0pasust B mapamerpudeckor dopme. st 1ByX-
MEPHOH TIOCKOCTH

Y = A: +4,Cy + 1,0y, (18)
NPpSMOM JTUHUU ~
Y= Ag +1Cy (19)
1 TOYKH -
Y = 4. (20)

C nmomomnpio ypaBHeHUs (6) BMECTO ypaBHEHHMsI IUIOCKOCTH B mapaMeTrpuueckoil ¢opme (18) Ml
MMeeM SKBUBAJICHTHOE ypaBHEHHE B OOBIYHOM (hopme:

x3+38,02214x; —7,35822x, —169,04363 = 0. 21

CootBeTcTBytomue kodpdurinenTs! ypaBaenui (17) u (21) coBmamaroT ¢ TOYHOCTHIO IO YETHIPEX 3HA-

yamux nugp. Kparuaiimee paccrosaue ot ToUku X 2,3 =(4,16,127) no nnockoctu (18) (unu (21)), moxa-
cuutanaoe 1o dopmyie (8), paBasercs 0,1984, B To BpeMs Kak pacCTOSTHHE OT dTOW TOYKH A0 IIOCKO-
CTH TI0 BEPTHUKAJU COCTABJISIET 7,6867. DTH YUCIIA COTIIACYIOTCS C COOTBETCTBYIOIIMMHU YHCIAMU pa-
6otel [1]. CymMMa KBaJpaToB KpaTUalIIMX PAcCCTOSHUH OT BCEX YeThIpeX TO4eK 10 miockocTH (18)
(umm (21)), moncunrannas o Gopmye (8), cocrasisieT 0,7913, a cyMMa KBaapaToB PacCTOSHUM OT 4e-
TBIPEX TOYEK JI0 ITOH e TUIOCKOCTH o BepTukaiu — 1187,7. [lomydeHHbIe TTUGPHI CITYKaT MOJATBEPK-
JCHUEM MPaBUIBHOCTH PEIICHHS ONTUMHU3AITMOHHON 3a1aun (7).

Kunaccuueckas nuHeiiHas cpeqHsis KBaJlpaTHyHas perpeccus, pacCunTaHHas 1o TeM ke JaHHbBIM (16),
OIIpEIeIIIETCS BBIPAKEHHEM

X3 =209,5-30,5(x; —3)+7,3(x2 — 21). 22)

CyMMa KBaJIpaTOB PAaCCTOSIHUM OT YE€THIPEX TOYEK JIO ITOW IUIOCKOCTH IO BEPTHUKAJIU COCTABIISICT
961. DT0 MeHbIIIe, YeM JIJIS IPEABIAYIIeH alPOKCUMAIIUHU, YTO TAKKE COTIACYETCS C TEOPHUECH.

Ha puc. 1 n3o0pakensl 3aganHbie Todku (16), anmpokcumupytomue miockoctu (17), (21), (22), an-
npokcumupytomias npsamas (19) n anmpoxcumupyromas Touka (20). Kak BumgHO, anmpoKCHMHUPYOTIIAsT
II0CKOCTh (21) maHHOU cTaThu coBmagaeT ¢ MiIockocThio (17), momydennoit K. Ilupconom. Bmecte
C TeM 3TH IIOCKOCTH OTIUYAIOTCS, XOTS W HE3HAYUTEINBHO, OT IIIOCKOCTH (22), onpenensieMoi Kilaccu-

4eCKOW JTMHENHOMN cpeHel KBaipaTUYHON perpeccue.
[Ipumep 2. MonenupoBalluch peann3auy 4eThIPEXMEPHOTO CITy4aifHOro BEKTOpa &T =(&1,8&2,E3,84)

C HOPMAJILHBIM (TayCCOBCKHMM) PACIpEe/ICHUEM, HYJIEBbIM CPEIHUM 3HAYCHUEM Ag =(0,0, 0, 0), nuc-
niepcusimu KoMrioHeHT D(E1) = D(&,) = D(&3) = D(&4) =1 1 KOppenssnHOHHON MaTpuIleit
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300 ... _.-"hngcxom—:l (17),(2i)

*—Tomar (16)
250 . : :

150

Puc. 1. I'paduueckast minmocTpanus K npumepy 1

Fig. 1. Graphical illustration to example 1

1 0,6 03 0,7
0,6 1 06 06
0,3 0,6 1 0,5/
0,7 0,6 0,5 1

p:

ITo onHoit 13 BEIOOPOK 00BeMa 7 =100 MmoTydYeHbI CIeAYONNE XapaKTEPUCTHKU: BRBIOOPOYHOE CpEeIIHES
AT —cT =
¢ =Co = (0,1698 —-0,1051 -0,0761 —0,0524),

BBIOOPOYHASI JUCTICPCUOHHAS! MaTPHLIA
2,5210 11,5246 0,4992 11,5448
_ 1,5246 12,5348 1,4030 1,4540
< 0,4992 11,4030 3,2561 1,1649
1,5448 11,4540 1,1649 2,5803

b

cOoOCTBEHHBIC UnCia A1 > Ay > A3 > A4 BEBIOOPOUHOM JTUCTIEPCUOHHON MATPHIIBI ﬁé
A1 =6,5369, Ao =2,5226, A3 =1,0973, L4 =0,7354

¥ COOTBETCTBYIOIIME 3TUM COOCTBEHHBIM YHciiaM cOOCTBeHHBIE BeKTOpHI C1, Cy, C3, Cy:

0,4620 0,5481 ~0,1678 0,6767
0,5336 0,0575 0,6257 0,5661
"710,4826 2 | —0,8088 " 2| 0,0349 || —0,3343 |
0,5186 0,2052 0,7610 0,3315

[Tony4eHHbIe COOCTBEHHBIC BEKTOPBI MO3BOJISIOT 3aMMMCATh YPABHEHHUS allllPOKCUMHUPYFOIIMX IIOCKO-
cTeil: HynbMepHOU X = Ag, onHomepHoit X = A +4C, nBymepHoii X = A +11C +£,C) 1 TpeXMeEpHOi
X = Ae +1;Cy +1,C5 +13C5. OcranoBumcs 6osiee NoAPOOHO Ha JIBYMEPHOM annpOKCHMHUPYFOIIEH 110~

ckoctH X = Ae +1Cy +1,C,, A1 9€T0 MONyYnM €€ SKBUBAJICHTHOE NpeacTaBienue B Bue (6). B coor-
BETCTBHU ¢ hopMynamu (4) nmeem
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0,4620 0,5481 X 0,1698
0,5336 0,0575 X2 —0,1051

C=(C,Cy)= X=| "} Co= ;
0,4826 —0,8088 X3 —0,0761
0,5186 0,2052 X4 —0,0524

— 0,4620 0,5481) — 0,4826 -0,8088) — X1) = X3
Cm—r= aCr: ,Xm_rz ,sz >
0,5336 0,0575 0,5186 0,2052 X X4

— 0,1698 \ — -0,0761) = — o (L7271 2,3999
CO,m—r: ,CO,rZ aCr(Cm—r) = .

—-0,1051 —-0,0524 0,2997 0,7123
ITo popmyme (6) momyaum
X3 -0,0761 -1,7271 2,3999) ( x; —0,1698 ”3
(X4] - (—0,0524} +[ 0,2997 0,7123) ' [Xz +0,105 J’ @)
HJIIn
X3 =-0,0761-1,7271(X; —0,1698) + 2,3999(X, + 0,1051),
X4 =—0,0524 +0,2997(x; —0,1698) + 0,7123(X, +0,1051). 24)

Takum 00pa3zom, IByMepHas alMpPOKCHMHPYIONIAs MIOCKOCTh X = Ag +1,Cy +t,C, pKkBUBaNCHTHA TTHU-
HelHOU cBs3u (23) AByMepHOTO BeKTOpa (X3,X4) C ABYMEPHBIM BEKTOPOM (X[, X3 ).

[To BekToOpy Ag U MaTpUIle ISQ MOYKHO TaKKe MOJYyYHUTh KJIACCUYCCKYI0 JTUHEHHYI0 CPEIHIOI KBa-
ApaTHIHyIo perpeccuio (&3, £4) Ha (&1, €2) [7]:

x3) (0,076l N 04992 1,4030) (2,5210 1,5246) " (%, —0.1698 ~
Xs) (=0,0524) (1,5448 1,4540) \1,5246 2,5348 X, +0,1051)

_(—0,0761 N -0,2149 0,6827) ( x; —0,1698
~(-0,0524 0,4179  0,3223) { x5 +0,1051)

niin
X3 =—0,0761—0,2149(x; —0,1698) +0,6827(X» +0,1051),

X4 =—0,0524+0,4179(x; —0,1698) +0,3223(X, + 0,1051). (25)
Ha puc. 2 uzobpaxensl cnydvaiftable yncia (X, Xp,X4) ¥ allPOKCUMHUPYIOIINE UX MIOCKOCTH (24),

(25), momydeHHbIe pa3TUYHBIME MeTofamMu. Kak BUIIHO, pa3iudHbIe METO/bI alllIPOKCUMAIINH TTPHBO-
IAT B JAHHOM TIPUMEpPE K CYIIECTBEHHO Pa3TMYHBIM alllIPOKCUMHPYIOIIIM TLIOCKOCTSIM.

l'l:Jlocxoc:n (24)

Cny4afiHEIE TOUKH .

Hﬁocxocn. (25)

Puc. 2. I'pacduueckas niuocTpanus K npuMepy 2

Fig. 2. Graphical illustration to example 2
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3akiouenue. [lpennoxenHast B cTaTbe CMHMMETPUYHAS AlIITPOKCHMALIKS MOXKET OBITH BBITIOJHEHA
T o
KaK B ciyydae, korga Bektop & =(&1,...,Em) ABIACTCS CIy4allHBIM 110 IPUPOJIE, TaK U B cIydae, Koraa

OH TIPEJCTABISCT COO0M U3MEPEHHBIE C OIIMOKAMH BXOJHBIC M BBIXOJHBIC IMEPEMEHHBIE HEKOTOPOIO
JIETEPMUHUPOBAHHOTO O0OBEKTA, U MBI KEJIAeM allPOKCUMHUPOBATH 3TOT OOBEKT JTUHEHHON 3aBHCUMO-
cTbi0. OHAKO BOMPOC MPEANOYTUTEILHOIO UCIOIb30BAHUS CUMMETPUYHON JIMHEHHOW anmpoKkcuma-
MW WA TMHEHHOW perpeccuu TpeOyeT OTAEIBHBIX HCCIEIOBaHHM. MOXKHO JHUIIb C YBEPEHHOCTHIO
CKa3aTh, YTO CHMMETPHYHYIO alPOKCHMAIIHIO CIEAyeT MPUMEHSTh TOTAa, KOTjla MUHUMHU3AIUS €€
KPUTEPHS SIBISETCS OYE€BUTHON IIETBI0 alITPOKCUMAIINH, HATIPUMED, TIPUA OTHICKAHWUHY JINHEHHBIX MapIl-
PYTOB, 00JIaTAIOIINX MUHIMAITBHBIM (MaKCHMAITBHBIM) CyMMapHBIM YAaJIEHHEM OT HEKOTOPBIX OOBEKTOB.
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BBLIYMCJEHUE ®YHKIIMOHAJLHBIX WHTETPAJIOB
C TOMOIIBIO MOCJEJOBATEJABHOCTEN IITYPMA

JanHas pabora KacaeTcsi JBYX HalpaBieHUH TeopuM (yHKIMOHAJILHOTO MHTErPUPOBAHUSA: MpPEACTaBIeHH Qu3Hye-
CKMX BEJIMYHMH, B YACTHOCTH spa ONEepaTropa 3BOJIOLUH, B BUAE (yHKIMOHAJIBHBIX MHTEIPAJOB U METOJ0B BBIYMCIIEHUS
(byHKIHOHANBHBIX HHTerpanoB. IIpennoxeH HOBBIH MeTOJ NPUONMKEHHOTO BBHIYHCIEHHS (YHKIMOHAIBHBIX MHTETrPajioB
T0 YCJIOBHOI Mepe BuHepa, KOTOpbIH OCHOBBIBAeTCS Ha UCNoNb30BaHuM hopmyinsl Deitnmana — Kana, natomeid HHTerpaib-
HOE IIPeJICTaBJIEHHE 1JIs AAPa ONepaTopa BOJIIOLMH, ¥ HA IPEJCTABICHUH S1Pa C IOMOIIBIO COOCTBEHHBIX 3HAYEHUH 1 c00-
CTBEHHBIX BEKTOpOB omneparopa. IIpennaraemsiii moaxon 3GQEeKTHBEH NMpU BHIYUCICHUN (QYHKIHMOHAIBHBIX HHTErpPasioB
II0 TPOCTPAHCTBY (DyHKIMH, 3aJaHHBIX HA OTPE3KaX OOJIBLION JUIMHBI.

Kniouesvle criosa: GpyHKIMOHAIbHBIE HHTErpaibl, hopmyina Oelinmana — Kara, a1po onepaTopa 3BOJIIOLNH, T10CIIEI0BA-
TenbHOCTSH ITypMma.

V. B. Malyutin

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Belarus
EVALUATION OF FUNCTIONAL INTEGRALS USING STURM SEQUENCES

The present work deals with two directions of the theory of functional integration. The first is the representation of phy-
sical quantities, in particular the evolution operator kernel in the form of functional integrals. The second is concerned with
the methods for calculation of functional integrals. A new method for approximate evaluation of functional integrals with re-
spect the conditional Wiener measure is proposed in this work. This method is based both on the use of the Feynman — Kac
formula giving the integral representation of the evolution operator kernel and on the representation of the kernel using eigen-
values and eigenvectors of operator. The proposed method is effective for calculation of functional integrals over a space of
functions defined on the intervals of large length.

Keywords: functional integrals, Feynman — Kac formula, evolution operator kernel, Sturm sequences.

Benenue. B Hacrosiee BpeMsi B TeOpuH (HYHKITMOHAIBHOIO WHTETIPUPOBAHUS CYNIECTBYIOT pas-
JUYHbBIC HAMIPABICHUS MCCIIEAOBaHUS: pa3paboTKa METOJI0B MPHUOIMIKECHHOTO BBIUYUCICHUS (PYHKIIHO-
HAJILHBIX MHTETPAJIOB JUIsl Pa3IMYHBIX THIIOB HHTETPAIoB U Mep [1-4], uccnenoBanue cBs3u Mexay QyHK-
LMOHAJIBHBIMU MHTErpajlaMHi W PEIICHUSIMU CTOXaCTHYECKUX MU QepeHInalbHbIX YpaBHeHUH [5, 6],
NpUMeHeHHEe (YHKIIMOHAIBHBIX HHTET'PAJIOB B Pa3NUUHbIX oOnacTsax ¢pusuku [7-10] u T. 1. annas pa-
0oTa Kacaercsl IByX HalpaBICHUN TEOpPUU (YHKIIMOHAIBHOIO HHTEIPUPOBAHUS: MPEACTaBICHUS (U-
3MYECKUX BEIMYMH, B YACTHOCTH SIpa OIEpaTopa SBOJIOLUH, B BUAE (QYHKIHUOHAIBHBIX HHTETPAJIOB
1 METOJIOB BBIYUCIICHUS (PyHKIIMOHAJIBHBIX HHTETPAJIOB.

Cy1ecTBYIOT pa3iudHble METOIBI JJIs1 BBIUYMCICHHS PA3JIMYHBIX THUIOB (YHKIHOHAJIBHBIX WHTE-
rpanoB [1-4]. Cpenn HUX oTMeTHM MeTox MouTe-Kapiro 1t mpuOIrKeHHOTO BEIYUCICHUS (DYHKITHO-
HaJIBHBIX mHTErpanoB [1, 11, 12], cyTh KOTOPOTO 3aKJI0YAETCS B TOM, UYTO BBIYHCISIEMBIA WHTETpall
MPEJCTABIISICTCS KAK MATEeMaTHYECKOe OXKUIaHNEe HEKOTOPOH ciydaifHON BEeTMYMHBI, cpeiHee apudme-
THYECKOC HE3aBUCHMBIX pealin3aliii KOTOPOH JlaeT MpHONMKEHHOE 3HAYCHUE TAHHOMY HHTErpaly.
OnuH 13 METONIOB MPHUOIMKEHHOTO BEIYHCICHUS (DYHKIIMOHATBHBIX HHTETPAIOB — 3TO UCIIOIB30BaHHE
NpHONHMKEHHBIX (HOPMYJI, SBISIOUIUXCS TOYHBIMH Ha Kiacce (yHKIMOHAIBHBIX MHOTOUJICHOB 3a/1aH-
Holi crenend (cM. [1-4] u Gubnuorpaduro k HUM). Takue GopmyIbl HazbIBatOTCs (HOpMyIaMH 3aJaHHOM
CTENEHU TOYHOCTH U IIUPOKO MPUMEHSIOTCS A1l HPUOIMKEHHOTO BBIYUCICHNS (DyHKIMOHATBHBIX UH-
terpasnoB. OHu ocoOeHHO 3¢ dekTuBHBI 115 GYHKIUOHAIBHBIX HHTETPAJIOB 10 MPOCTPAHCTBY (QyHK-
LUH, 3a1aHHBIX Ha OTPE3KaxX MaJION JIJINHBI.

© Mamrotun B. b., 2016
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B ,I[aHHOﬁ pa60Te paccMaTpruBacTCA HpI/I6J'II/I)KCHHO€ BBIYHCIICHHUC (I)YHKI_II/IOHaJ'IBHLIX HUHTCTpajoB
BHa

f exp{—]V(x(r))dr}dum,xl (x), )

rae V — QyHKUus, 3a1aHHas HA MHOXKECTBE BEILECTBEHHBIX YHCe) R ¥ IPUHUMAIOIIAs 3HaYeHUS B R,
Wy, .x, — YCIOBHas Mepa Bunepa Ha mpocTpaHcTBe (yHKIMH, 3aJaHHBIX HA OTpE3Ke [s,/] ¥ yI0BIETBO-
PAIOIUX yCIOBUAM X(5) = X4, X(f)=x;. IHTerpan mo Mepe [, y, ONPEAENIETCI PAaBEHCTBOM

j exp{—j V(x(r))dr}duxs,m ()= tim [ (n~1) Jexp{—iaj —tJ-l)V(xj)}ﬁl KD ), @
A J:

n—OR R J=1

_Grjmx)® 10
2ox%’

1IZTE(ZJ'—tj_l) 2(tj_tjfl)

s=tg<t) <..<t,=t, xj=x(tj).

rae Ktoj i (Xjo1,xj)= — siapo oneparopa exp(tHg), Ho =

B nacrosimeit padoTe s BBIYHCICHUS (YHKIIMOHANBHBIX MHTErpasioB (1) mpearaeTcs HOBBIN
METOJI, KOTOPBI OCHOBBIBACTCS Ha MCIOJIb30BaHUU Qopmyibl Deitnmana — Kana [7], naromeid naTe-
rpaibHOe TpecTaBieHue s aapa K (x,x) oneparopa spomouuu exp(tH) = exp(t(H,— V)), u npen-
craBiieHuy sjpa K (x,x) ¢ OMOIIbIO COOCTBEHHBIX 3HAYEHUH U COOCTBEHHBIX BEKTOPOB orepaTopa /.
[Ipennaraemslit MeTox 3(h(eKTUBEH NMPH BBIYUCICHUN (PyHKIHOHAJIBHBIX MHTETPAJIOB IO MPOCTPaH-
cTBY (DYHKIMH, 3aJaHHBIX HA OTpe3Kax [s,f] OONBIION AIUHBI.

AHaJIMTHYeCKHe Pe3yJbTaThl. PaccMOTpuM ypaBHEHHE

5(t,x) _ HS(t,x), ©)
ot
rne H=H —V—li—V(x)
° 2 ox? '

C nomomsio hopmynsl Deitnmana — Kana [7] aapo K (x ,x ) onepaTtopa sBontonuu exp(tH) npencrasis-
ercst B Buae GyHkuonanpHoro unterpana (1). C apyroi croponsl, sapo K (x,x) MOKeT ObITh Hpes-
crasieHo B Buje [13]:

Ki(xy.x,) = io W (e W () exp o (£ = 5)1 @)

e — A,y (x) — coOCTBEHHbIE 3HAYEHHUs M COOCTBEHHbIE BEKTOPBI oreparopa .
Takum 00pa3oM, CripaBeIMBO PABEHCTBO

t 0
Jexp{_I V(X(T))dT}duxs,x, (x) = Z \Vn(xs )\Vn(xt)exp {_xn(t _S)}~ (5)
s n=0
Jns Beraucnenus —A , y (x) B ysnax xj=-A+ jh, 1< j<N -1, A — HEKOTOpOEe MONOKUTETLHOE

YHCII0, 3aMEHUM QY HKIHH \Vj(x), —A< x< A, BeKTOpamMu \V—J =(yj~A+h),yj(=A+2h),.,yj(A-h)),
2

hN =2 A, oneparop H = 56—2 —V annpokcuMHupyeM KOHEYHO-Pa3HOCTHBIM ONEPATOPOM C MaTpHUIIeH
X

H pasmeproctu (N —1)x (N —1), monydvaromieiicsi B pe3yibraTe alnpoKCUMAaluyd BTOPOI MPOU3BOI-

HOM B y3I1€ X; BEIPAXKCHHEM h? (xjs1—2xj+xj1).
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~1-h?y, — 0 0
b o 0 0 1 2 1
a by 0 0 — ~1-h%, — 0
— . 1 2 2
HZ :h_2 1 h2 N
0 O by_2 cn-2 0 E -1-h"Vz .- 0
0 O an—y by
0 0 0 o —1-hAy

rae Vi =V(=A+ jh), 1<j<N-1.

JUist BEIUKCIIEHUS! COOCTBEHHBIX 3HAYEHUN —A | TpeXAHaroHaJbHOW MaTpULbl [ MOXXHO BOCIIOJIb-
30BaThCs METONOM TocnenoBarenbHocTel Lltypma [14]. PaccMoTpuM ClieqyronIyro MOCIeIOBaATEIb-
HOCTB TTOJIMHOMOB, H3BECTHYIO KaK TocleAoBaTeabHOCTD LlTypM™ma:

Do(M)=1, Di(R)=b =, Dj()=(bj~2)Dj () -ajaciiDja(). 2<j<N-1L.

Jly1st mpou3BOJILHOTO A omnpeneiuM (QyHKIHIO S(A) KaK YHUCIO COBNAJACHUN 3HAKOB y CICAYIOIIMX JAPYT
3a JIPyrOM YJICHOB MOCJICOBATEIIBHOCTH

Do(2), Di(X), Da(A)..... Dy-1(h),

MIpUYEM ECITH Dj(k) = (0, TO B Ka4eCTBE 3HAKA ATOTO ujicHa OyaeM OpaTh 3HAK DH(X). Torma 3nadeHme
¢dbyHKIUY S(A) paBHO YUCTy COOCTBEHHBIX 3HAUCHUH MaTpHUIIbl H OONBIIMX WIIA PABHBIX A.

JList BBIYUCIICHHS COOCTBEHHBIX BEKTOPOB Y | TPEXIHATOHAIBHONH MATPHIBl /{ MOXKHO HCIIONB30-
BaTh METOJl 00paTHOM nrepamuu [14].

C moMoIIbI0 BEIYUCIEHHBIX TPUBEIEHHBIM CIIOCO00M mpubmmxenuit —A , y (x), 1 Gopmyisi (5) mo-
JydaeM pUOIMKeHHBIC 3HaUeHUS (QyHKITHOHAIRHOTO HHTEerpata (1).

YucieHHbIe pe3ybTaThl. B kauecTBe nmpuMepa pacCMOTPUM BbIUUCICHHUE (DYyHKITHOHATIBHOIO HH-

1
terpana (1) B cnyuae V(x) = E(_l + xz). Jlnst manHoro moTeHnuana V(x) ¢ moMoIIsI0 METO/Ia TIOCIET0-
BarenbHOcTel IlITypma momyvaeM NpHONMIKCHHBIC 3HAYCHUS JJISi COOCTBEHHBIX 3HAYCHUU Ag, Aj
TPEXIMArOHANIbLHOM MaTpullbl . 3HadeHust Ao, A AnmpOKCMMHUPYIOT COOCTBEHHbIE 3HAYEHUS A, A,

oreparopa H. [lpu A = 4, N = 20, —R =0,0022, —X_l =—-0,9736. Jlns cpaBHEHUS TOUHbBIC 3HAYCHUS
Ao =0, —A; =-1.

C moMoIIpI0 METOIa 00paTHOM UTEPAIIMH HAXOAUM TPUOIMIKEHUSI COOCTBEHHBIX BEKTOPOB Y, /1

TPEXIMArOHAILHOM MaTpuibl H. BEKTOpB Yo, Y| aANIPOKCUMHUPYIOT COOCTBEHHBIE BEKTOPBI VY , |
oneparopa .

Ha puc. 1, 2 npuBeneHs! YnucieHHbIe 3HAYCHUS s (DyHKITHI %(x),m(x) COOTBETCTBEHHO IPH
A=4,N=20.

C moMONIBIO MOJTYYEHHBIX TIPUOIHKEHUH 11t Ay, A, ¥ Wy, W, U3 popmyisl (5) monmydaem mpuoiu-
JKCHHOE 3HaYeHHe JUUIs pyHKIMOHaIbpHOro uHTerpana (1). Ha puc. 3 npuBeneHbl YUCIICHHBIC 3HAUYCHUS
nist pyHKuoHanbHoro unterpana () mpus =0,x =y =0,7=1, A=4, N =20 u pasnu4nbIX 3Ha4e-
HHSAX X = X,

Tounble 3HaYeHUe UHTErpaia npu s = 0 noayyarorcst u3 paBeHcTsa [7, 13]:

t

2 Celex=x0)® 2. >

e- exp - —Xx"+Xx0
\J2msinh(f) 2sinh(z)

Kt(x()axt):
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0.1
02
-03
04
-05
-06
-07
-08
-09

10

=== — IPUGNIVIKEHHOE 3HAYEHME o (x) / approximate value i (x)
o—e—e—e — TOYHOE 3HA4YEHME Yy (x) / exact value yy(x)

Puc. 1. 3nauenns dpynxuun y (X)
Fig. 1. Values of the function v (x)

107y (x)

==—=a — IPUONVKEHHOE 3HA4YEeHMe y,(x) / approximate value y,(x)
o—e—o—s — TOYHOE 3HAYEHNE Y, (x) / exact value y,(x)

Puc. 2. 3nauenus Gpyukunu vy, (x)
Fig. 2. Values of the function ,(x)
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==-=-= — [IPNOSIVKEHHOE 3HAYeHMe NHTerpana / approximate value of integral
e—e—o—e — TOYHOE 3HAYEHME MHTErpana/ exact value of integral

Puc. 3. 3nauenns nis QyHKIIMOHAIBHOTO HHTETpaja

Fig. 3. Values of the functional integral
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MOHOTOHHBIE PASBHOCTHBIE CXEMBbI JIJISI MOJAEJIN LIHOKEHBEPI'

B nacrosmeii paboTe mocTpoeHa KaHOHHUYECKas popMa BEKTOPHO-PAa3HOCTHBIX cxeM. J[aHO ompeneneHne MOHOTOHHO-
CTH TAaKHX PA3HOCTHBIX CXEM, CBSI3aHHOE CO CBOMCTBOM IMOJIOKHUTEIBHOCTH PA3HOCTHOTO pemeHus. Ha ocHOBe 3Toro onpene-
JICHHSI IOCTPOCHBI MOHOTOHHBIE Pa3HOCTHBIE CXeMbI 7151 Mozienu LIIHakenOepr ¢ rpaHuYHBIMU ycnoBusMu Jupuxie u Heii-
MaHa. DTa MOJeIb MPEACTABISAET COOOI MONyHEINHEHHYIO PeaKIIHOHHO-IU(D]Y3HYIO CHCTEMY U HI'PAeT BAXKHYIO POIIb ITPU
MaTeMaTHYCCKOM MOJCIIUPOBAHUH B 00JACTAX HU3NUCCKON XUMUHU 1 Orostoruu. [Ipu MOCTpOSHUH MOHOTOHHOU Pa3HOCTHOM
CXEMBI JJIs1 YKa3aHHOM MOJIENTM ¢ TPaHUYHBIM yciioBreM HeliMana OCHOBHas MJiest COCTOMT B TOM, YTOOBI UCIIOJIB30BATH MOJTY-
LeJIble Y3716l B IPAHUYHBIX TOUKAX 3alaHHs KPAaeBbIX YCIOBUH BTOporo poaa. IIpencTaBieHbl pe3ynbTaThl BEIYUCIUTEIbHBIX
9KCIIEPUMEHTOB, MMOATBEPKIAIONNX () (HEKTUBHOCTD IPEIIIOKESHHBIX METOA0B. UHCIeHHOe pelIeHue ojrydeHo 6e3 Hedusn-
YEeCKHUX OCHMILISIUH.

Kuroueswvie cnosa: monens IlInokenGepr, MOHOTOHHAS Pa3HOCTHAS CXEMa.

Vo Thi Kim Tuyen

Belarusian State University, Minsk, Belarus
Hue Industrial College, Hue, Vietnam

MONOTONE DIFFERENCE SCHEMES FOR THE SCHNACKENBERG MODEL

In this article the canonical form of the vector-difference schemes is constructed. The definition of the monotonicity
of difference schemes is given. This definition is related to the positivity property of the difference solution. Based on this
definition, the monotone difference schemes for the Schnakenberg model with the Dirichlet and Neumann boundary
conditions are constructed. This model is a semi-nonlinear reaction-diffusion system, and it plays an important role
in mathematical modeling in the fields of physical chemistry and biology. In constructing a monotone difference scheme
for this model with the Neumann boundary condition, the idea of half-integral nodes at the boundary points under the second-
kind boundary conditions is used. The results of numerical experiments have confirmed the effectiveness of the suggested
methods. The numerical solution without nonphysical oscillation is obtained.

Keywords: Schnackenberg model, monotone difference scheme.

Brenenue. MOHOTOHHBIE Pa3HOCTHBIE CXEMBI UTPAIOT BAXKHYIO POJIb IPH MaTEMaTH4YECKOM MoJe-
JUPOBAHUM MPHUKIAJHBIX 33/1a4, TaK KaK IMO3BOJIAIOT MOJYyYHTh YUCICHHOE pelieHue 0e3 Heduzuue-
ckux ocumisinui [1]. McenenoBaHuio MOHOTOHHBIX Pa3HOCTHBIX CXEM MOCBSIICHA OOIINPHAs JTUTEpa-
Typa (cM., Hamp. [2, 3]). Ciaeqyer Takke OTMETHTH paOOTHI 110 M3yYEHUIO CBOMCTB MOHOTOHHBIX pas3-
HOCTHBIX CXEM IJIs HEIMHEHHBIX KpPaeBBIX 3a7ad MaTeMaTHdeckod (Gu3uku [4]. 3HAUNUTEIHLHO MEHEe
HCCIICIOBAHBI 3TH BOIPOCHI IJIsI CHCTEM MapadoIMdecKux ypaBHeHHH [5, 6]. B ctatbe [7] ctpouTcs
MOHOTOHHAsI Pa3HOCTHAs CXe€Ma AJId CUCTeMbl Hopoynpyroctu. MccinenoBanue cxem 1uist €i1abo CBs-
3aHHBIX JTMHEWHBIX JTUITHYECKUX ¥ KBa3WIMHEHHBIX MapaOOINIeCKUX CUCTEM ypaBHEHUH MTpOBee-
HO B [8].

Henbto HacTosime pabOTHI SBISETCS MOCTPOCHUE MOHOTOHHBIX PAa3HOCTHBIX CXEM ISl MOACIH
[IHsKeHOepr, KOTOpasi MPEIACTABISACT COOOH IMOJIYHEIUHEHHYIO PEaKIIMOHHO-TU(PPY3HYIO CHUCTEMY.
Ota Mojenb, BBeAeHHasd B 1979 1., urpaer BaKHYIO poJIb NP MaTeMaTHYECKOM MOJEIMPOBAHHUU
MPHUKJIAIHBIX 33734 Qu3ndecko xumMun U ouosoruu [9—11]. B maremaTrueckoMm miaHe 3TH CHCTEMBI
OTHOCATCS K TaK HAa3bIBAEMBIM cJ1a00 CBS3aHHBIM Napa0OIMUECKUM CUCTEMaM ypaBHeHUH [12].

1. Moneas lIn3kenbepr. Moaenb ONUCHIBAET TPUMOIEKYIISIPHYIO XUMUYECKYIO PEAKIIUIO MEXKIY
IBYMS XUMHUYECKUMHU TPOAYKTaMU X, ¥ ¥ IByMsI XUMAUYECKUMH UCTOUYHUKaMu A, B [11]:

© Bo Txu Kum Tyen, 2016
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2
Z—uzdla—;l—ku+u2v+a, xeQ, t>0,
o xeQ, 0<(<T, )
@zdzﬂ—uzwrb, xeQ, t>0,
ot ox?
C HaYaJIbHBIMU YCIIOBHSIMH
u(x,O)zuo(x), v(x,O)zvo(x), xeQ, 2

e Q= {x :0<x< l}, Q=0QuUdQ, Q= {x =0,x= l} , u(x,?) u v(x,f) — KOHIEHTPAIUH XUMHUYCCKHX
NPOAYKTOB X M ¥ B MOMEHT / U IOJIOKEHUH X € (2, OJIOKMTENBHBIE KOHCTAHTHI d, d, — K03 hunnen-
Thl JUPPY3UH XUMHUYECKUX NPOAYKTOB X, Y, TOJOKHUTEIIbHBIE KOHCTAHTBI ¢, b — KOHICHTpPALHH
XUMHUUYECKUX HCTOYHUKOB A W B, KOHCTaHTa k — TMOJOXUTelbHas. HauyajabHble KOHICHTpPALMH
ug (x),vo (x),x € Q — HeoTpHIIATEIbHbIE DYHKIIHH.

Bynem paccmarpuBarh TpaHUuHBIC yCiaoBUs Jupuxie (XMMUYecKash peakius I0J[ BO3JCHCTBHEM
BHEIIHUX yCJIOBUN):

u(t,x)zul(t), v(t,x)zuz(t), xedQ,t>0, 3
WJT TPaHWYHBIE yeIoBUs HelimMaHa (XMMUUYecKast peakus B 3aKPBITOU CpeJie):
a—”‘:@:o, xedQ,t>0. @)
on On

TpumonekysipHbIe PeaKkIK MPEICTaBISIIOT cO00H peaknuu, KOTOpbIe TPEOYIOT yUacTHs TPeX UH-
JMBHlyaJdbHBIX YaCTHII B JIEMEHTAPHOM ITPOLIECCE.

2. BenomorareJibHbIe pe3yJabTaThl. [IpuBeneM HECKOIBKO PEe3yIbTaTOB U3 [8], KOTOPBIE UCIIONIb3Y-
IOTCS 17151 10Ka3aTelIbCTBA MOHOTOHHOCTH Pa3HOCTHBIX cXeM 11t Moaenu LlnskenOepr.

ITycTh B HEKOTOPOM OorpaHmueHHON obmactu Q € R” 3amaHa ceTka ®p = ®h U 0®h, TIE O — MHO-
KECTBO BHYTpeHHI/IX y3HOB nu a(&)h — MHOX>XXECTBO I‘paHI/IT-IHI)IX y3J'IOB.
PaccMoTpuM BEKTOpHOE YpaBHEHHUE BUJA

A(P)Y(P)= Y. B(P,0)Y(Q)+F(P), Peon, )

QeM'(P)
AQHAJIOTUYHO CKAISIPHOMY CITy4alo Ha3blBaeMOe KAaHOHHYECKOH (hOpMOIi 3aMMCH BEKTOPHO-Pa3HOCTHOM
cxembl [2]. 3mech MaTPHUIIBI A(P) = {aij (P)} e ? B(P,Q) = {b,-j (P,Q)}mxm 1 BEKTOPHO-IIpaBasi 4acTh
F(P) = (f1 (P),f2 (P),. I (P))T 3aJlaHbl, BEKTOpHAsT QyHKIHUS Y(P) = (y1 (P),y2 (P),. vy Vm (P))T
Heu3BecTHA. MHOXECTBO M(P)c o — mabnoH ypasHeHus (5) B y3ie P € @p, coaepxaliee qaH-

Hyto 104Ky, M'(P)=M(P)\ P — 0KpecTHOCTb TOUKH P.
IpeanonaraeM 3aJaHHBIME IPAaHHYHBIE YCIOBHs JIUPUXIIe 1715 BCEX TIEPEMEHHBIX, T. €.

Y(P)=H(P), Pedop, (6)

o i(P) = (1 (P).p2 (P).cattn (P))
OHpeL[eJ'II/IM CICAYOIINC BEJINYNHBIL:

max ¥ (P) = max (max Yk (P)J, min ¥ (P) = min (min VK (P)), )
Peon 1<k<m\ Pewh Peoh 1<k<m\ Pe®h
17 = s s o ) e, = e g o (P ®
bynem ucnonb3oBaTh cheayromiee ompenencHue u3 [§]: Marpuia Az{aij}mxn MOJIOKUTEIbHA —

A=ia; >0, eciu BCE €€ AJIEMEHTBI OJIOKUTENIbHBI — a;; >0, Vi=1,...,m; j=1,...,n.
Y'J mxn y
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Onpenenenue [8]. BektopHo-pazHocTHas cxema (5)—(6) Ha3bpIBaeTCS MOHOTOHHOM, €CITH JUIS
€¢ PELICHHUSI BBITIOJIHEHBI CIICTYOIIHNE TPEITIOKCHHUS:

ecmn F(P)20, Pewn, i(P)20, Pedon, To Y(P)20, Pecon,
ecnI/IF(P)SO, Peowy, ﬁ(P)SO, Pedwy, TO Y(P)SO, Peoy.

Beenem matpuiisi pW (P) = {dl-(jl) (P)} u D(P) =diag {d“ (P),d22 (P),. el m (P)}, orpese-
JIsieMbIe CIIEAYIOIIUM 00pa3oM: e

Il
M=
Q
—
~
\u_/
I
J—*
3

pY(P)=4(P)- X B(P.Q) du(P)
0<M(P) j=

Marpuuy A(P) moxHo nepenucats B Bute A(P) = Al (P)- A®) (P), rae

AV (P)=diaglal) (P).af) (P).....alih (P)]. al(P)=au(P), i=Lm,

2
AP(P)={a(P)] @l (P)=0, afP (P)==ay(P), i=j. i,j=Lm.

i ii i
mxm

Torna BekTopHOE ypaBHEHHE (5)—(6) 3amHUIIEM B BUIC
AV(P)Y(P)= Y B(P.Q)Y(Q)+ A (P)Y(P)+F(P), Peon, ©)
QeM'(P)
Y(P)=ji(P), Pedwn. (10)

Teopewma l [8]. Ecru onsa mampuunvix kod¢puyuenmos cucmemoi (9)—(10) gvinoanensvt yciosus
AV(P)>0, 4P (P)20, B(P,0)>0, D(P)>0 YQeM(P), (11

moeda eexmopno-pasznocmuas cxema (5)—(6) monomonna u 01 Hee umeem mecmo O08YCMOPOHHSA
OYEHKA 8U0A

mlﬁyj(P)sz, Pewy, j=1..,m, (12)
20e

m = mm{ngh (P).pin (0! (P)F(P))}, = max{;ggﬂi(h (P).ax (0! (P)F“(P))}.

Jloka3arenbCcTBO MOHOTOHHOCTH BEKTOPHO-PA3HOCTHOM CXEMbI IIPOBOAMTCS HAa OCHOBE aHAaIM3a
IBYCTOpOHHEH oteHKH (12).

3. BekTOpHO-pa3HOCTHAsA cXeMa s 3aJa4M ¢ TPAHHYHBIMH ycaoBusiMu Jupnxie. [loctpoum
MOHOTOHHYIO BEKTOPHO-Pa3HOCTHYIO cxemy 1Jis 3azaun (1)—(3). Beenem cnenyromue paBHOMEpHbIE
MIPOCTPAHCTBEHHO-BPEMEHHBIE CETKH My = Op X O

®c={t, =nt, n=0,1,..,No, tNo=T}, ®:=w;U{t=0},

L
®h = oh uamh,mhz{xizih, i=l,N-1, hzﬁ }, 00y ={xo=0,xy =L}.

Jns HaxoKIeHUsT TTPUOTNIKEHHBIX 3HAYEHUH MCXOMHBIX (DYHKIMI Oy/IeM HCIONb30BaTh CIEAYIO-
e CETOYHBIC (yHKITHH:

n+l n+l

BAK; =)’1(xi,t+T), Yo, =y2(xi,t+1), i=0,N.

Ha cetke oy, anmpoxkcumupyem cucremy (1)—(3) pasHOCTHOH cxeMo# Bua
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~ ~ ~ 2 ~ .
Yigi =diVizxi — ki +yiiyei+a, i=0,.,N-1,

- ~ 2~ (13)

Vosri=dayaxxi—Viivai+b,
ylo,i:uo(-xi)3 yg,i:vo(xi)a i:L"-aN’ (14)
P1(x)=f1, p2(x)=02, xedop. (15)

3anuiieM ee B kKaHOHUYecKoM Buje (9):

Al(l)}_;in+l = Bll')_;l'zirl + BZi}_;iﬁfl + 141'(2))_;1'”Jrl + Fin, i= 152""9N_1, (16)
YiOZUOiai:sz"')N, (17)
Y™ (x)=@"", xedon. (18)

31echb

! 1+l .
Y = ( i yar ) , 1=0,N — Heu3BecTHast BEKTOPHAS DYHKIIHS;

L . T
F'=Y"4+F = (yff,- +1ta,y5, + ‘Cb) , i =1, N —1— BeKTOp IpaBoii 4acTu;

—n+l _( n+l n+l )T .

3 =M1 LH2 >
Al-(l),Ai(z),Bli, i=1,N-1, By, i=1,N—1—xBagparHbie MaTpUIbl KOAPPHUIIUEHTOB pazmMepoB 2x2:
. 2 2 2 i
A0 =d1agl{1+—:d1 +k, 1+ ds 41 } 42 2|0 (o) L i=LN-1,
h h 0 0

. T T . T T .
By =d1ag{h—2d1,Fd2}, By, =d1ag{h—2d1,pd2}, i=1,N—1.

Tak kak Bce Bxoadmye B (16) MaTpHUIlbl MOJOKUTEIBHBI, TO UMEET MECTO
Teopewma 2. Bekmopno-pasznocmuas cxema (16)—(18) sensemces monomonnoii.
JokaszatenbcTBo. [lo mHAYKIHK mpeanonaraeM, 4ro yi; >0, y;; > 0. [Tokaxem Teneps, 4To

ceTouYHbIe (DYyHKIIUU ylnjl, yﬁf{l TaK)Ke HEOTPHIATENbHbI Il BeeX I. JIs ynoOcTBa cHauasga JOKaxeM,

4TO yé’j{l >0,i=0,1,...,N. Ecnmu MuHUMyM QyHKIIHH yfjl JIOCTUTAETCs Ha TPaHUIE O, TOTAA

n+l . n+l n+l
y2; =2 min yy; =u; =0. (19)
0<i<N

Ecnmu MmuanMyM GyHKIHH yﬁ’j{l JIOCTUTAETCsl B KAKOM-TO BHYTPEHHEH TOYKE X0 : 1 <7 O<N-1, 10

u3 ypaBHenus (13) Haxoqum

2t n 2 n+l T n+l T n+l n
1+—h2d2 +T|y o) V.o =—5d2y +—day Y, o TTh,
i S

Li 20 p2 2% g 2,i%41
1
n+l > n >
V0 E T 7 (yz,io + ’Eb) > 0. (20)
1+ T(yln 0 )
i

13 (19) u (20) mosyuum y51 >0, i=0,1,...,N.
Tereps pokaxkem, uto y{f' 20, i=0,1,...N.

Ecnu MuarMYM QyHKIIHH y{f;rl JOCTUTAeTCsl Ha TpaHUIe O® , TOra

n+l : n+l n+l
yii = min yr;=pup 20. @D
0<i<N
. .*
Ecmu min yf = y:’ﬂ, 1<i <N -1, Torna u3 ypasuenus (13) momydaem
0<i<N S
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Puc. 1. Yucnenusie pemreHus: a — ans pysaknuu U(X,t); b — mmst dysxmmm v(X,t)

Fig. 1. Numerical solutions: a — of the function u(x,t); b — of the function (x,t)

5 2
(1+h—d1+rk)y1”|+*1 htzdlylni*,}1 > d1yn+1 (ylni*) y;Ti+y . +18,

2,

2
(1+rk)y1”;;1 > r(ylni*) yn+l + y L +1a> ylni* +1a,

s

1
Mt > > ——(yfi +1a)>0. 22
yii = min yi; lﬂk(yl,. T ) (22)
W3 (21) u (22) nas Beex | = 0,..., N monyunm

n+1

y1| 2

CrnenoBarenbHO, TEOpeMa JOKa3aHa.

BobruucauTebHbIH 3kCIepuMeHT 1. PaccMOTpUM BBIYHUCIUTEIbHBINA 9KCIIEPUMEHT JIJIs1 MOJICJTH
[askenbepr. CooTBETCTBYIOMIAss MoAelb B3saTa w3 [13] co clenyrmuMu BXOTHBIMH TaHHBIMH:
a=06;b=02;d =d, =1/40; k = 1,2; 0<x<1; 0<t<1; u(0,t) = u(l,t) = 0,6; v(0,t) = v(1,t) = b/a;
u,(¥) = 0,2 +x (1 —x); v,(x) = b/a + x*(1 - ).

HetpyaHo ybeauTscs, 9TO BCce BXOAHBIE JaHHBIC MOJOXKUTEIBHBI IS BCEX X € [0,1], MO3TOMY IO
TeopeMe 2 moctpoenHas cxema (16)—(18) MOHOTOHHA M COOTBETCTBYIOITHE KOMIIOHEHTHI BEKTOPA petlie-

Vi T
HuaY = (y1 , yz) HEOTPHIIATEIbHBI.

Beenem maru h = 1/10 u t =1/20. Pemmas 5Ty cXeMy METOIOM MAaTPUYHOM TPOTOHKH, MOJTYYHM YHC-
JIEHHOE pelleHne He(hU3NUeCKIX OCIMIUISINN, n300paxkeHHOe Ha puc. 1.

4. BekTOpHO-pa3HOCTHasicxeMa /ISl 32/1a4¥ ¢ TPaHNYHbIMU ycaoBusiMu Helimana. B sTom pas-
nene paccMoTpuM Mmozenb IHakenoepr (1)—(2) ¢ rpannunbiMu yenoBusimu Helimana (4). [Toctpoum
JUTSL 9TOM MOJIETTM MOHOTOHHYIO Pa3HOCTHYIO cxeMy. OCHOBHAsI HJIesl COCTOUT B TOM, YTOOBI UCIIOIB30-
BaTh MOJIYLEJBIE Y3JIbI IPU alllIPOKCUMAIIMK I'PaHUUYHBIX YCIOBUH BTOpOro pozna [1].

Moxkno nepenucath 3aga4dy (1)—(2) ¢ rpaHUYHBIME YCIOBHSIMH (4) C UCTIONIB30BAaHUEM IIOTOKOB

ou(x,t ov(Xx,t
Wl(x’t):7((3x ), W2(X,t)zigx )Z
a—_dlawl ku+u’v+a
N @
=d,—2-u’v+b
ot OX

u(x,0)=uo(x), v(x,0)=vo(x), (24)
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x,=0 X, Xis1)2 Xy Xy = [
O o o ° o PREEEDR
n+l Wn+]
H/;r.l) a,N

Puc. 2. IIpocTpaHCTBEHHBIE CETKU
Fig. 2. Space grids

Wi (2,0)=W,(2,0)=
Wi(L,t)=W(l,t)=

0, (25)
0. (26)
BBeznem cnenyromue paBHOMEPHBIC TPOCTPAHCTBEHHO-BPEMEHHBIE CETKH Mh; = Op X O (puc. 2):

O ={t, =nt, n=0,1,..,No, WNo=T}, ®;=w;U{1g=0},

([Q)A ={x,-+1/2 =(i+1/2)h, i=0,N—-1, hZ% }

I[J'IS[ HaXO0XIACHU A HpI/I6J'II/I)K€HHLIX 3HAYCHH I HCXOOHBIX (bYHKLII/Iﬁ 6yz[eM HCIIOJIB30BATh CICAYIO-
e CETOYHBIC (I)YHKLII/II/II

yﬁ::rll/z :yl (Xi+1/2,t+'f), y;:lr_}_l/z :J/2 (Xi+]/2,t+T), l:()a:N_la

T. €. MPUOIVIKEHHBIE 3HAYEHUSI CETOYHOTO PEIICHUS OyZeM BBIYHCIATH B MOMYIENBIX Y3IIaX.
Ha cetke oy, ucxomuyoo muddepeHnuanpayio 3agady (23)—(26) anmpokCHMHUPYEM CIETYIOIICH
Pa3HOCTHON CXEMOIA:

Win, iv1 =W,

Vigivy2 =di f —kyriy2 + y12’,'+1/2)’}2,i+1/2 +a, i=0,.,N-],
A A @7)
Vauivyj2 =d2 M - ylz,,-ﬂ/zf/z,nl/z +b, i=0,..,N—1],
y=uo(xi), ¥3i=vo(x;), i=1..,N, 28)
Winy =Wan =0, (29)
Wiy =Way,y =0, (30)

- N Va,i+l/2 = Va,i-1/2
tine Wapi = Yax,it12 = / - / , a=12.

B nmanwneiimem moncraBum ypaaenus (29) u (30) B ypaBuenus (27), npu i = 0 u i = N cOOTBeT-
CTBEHHO, U 3aIUIIIEeM 3Ty CXeMY B KaHOHHYECKOM Buie (9):

n+l n+l n+l
AL T = BV + BV 4 AR T =12, N -2, 31
Don }’l n
Al(/Z)Yl/z+l Baypl. /§1+A1(/2)}’1/2“+F/2, =0, (32
1 n 1 n .
A()1/2 N- I/Z_B”V 1/2 3/2+Az(v)1/z N+1/2+F Ly I=N- (33)

rIe

T
v+l n+l n+l - 1 .
Yl+1/2 (y1 120V z+1/2) , 1=0,...,N —1 — Heu3BecTHas BEeKTOPHAS PYHKIUS;

T
(y1 i41/2 T T y2 i+1/2 +ﬂ:b) , i1=0,..., N —1 — BekTOp 1paBoii yacTu;

l+1/2
Al.(g /20 Ai(+l)/2 ,Biivy2, Baiyij2, 1=0,..., N —1 — KkBajpaTHbIE MAaTPUIIbI KOO(GPUIIMEHTOB Pa3MEPOB 2X2:

1 . 21 21 " 2.
Al.(g/z:dlag{l+h—2d1+r,l+h—2d2+r(yl,i+1/2) } i=1,.,N=2,
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(1) _ g ?
Al/z—dlag +h—d1+r 1+h ds +r(y11/2) )

1 . T T n 2
AZ(V)_I/zZdlag{l+h—2d1+f,1+h_2d2 +T(yl,N—l/2) }:

2
Al.(fl)/zz 0 T(yl,i+1/2) L i=0,...N—1,
0

Bl,i+1/2 =diag{h dl,hzdz} 1,...,N—1,

BZ,i Zdiag{hizdl,h—’gdz}, i=0,.,N-2.

Bce marpuunsie koadduunentst B cxeme (31)—(33) monoxuTenbHbIe, OTCIOJa HA OCHOBE OIlpeselie-
HUS [8] MBI IPUXOJIUM K CIIEAYIOLIEH TeopeMe.
Teopewma 3. Bekmopro-pasznocmuas cxema (31)—(33) asrsemcs moHomouHou.

Jloka3zaTenbCcTBO. DTa TeopeMa IOKa3hIBaCTCsA AHAIIOTHYHBIM O0pa3oM, Kak M Teopema 2.
n n
Ilo mHaykuuM npearosiaraeM, 4ro \oT, +1/220, y2,i+1/220’ U TIOKaXXEeM, YTO CETOYHbIe (YyHKIUN
n+l

1
Yiivy2 205 y;tﬂ/z 20,i=0,1,...,N-1.

CHavasa JOKa)keM, 4TO y2 +1/2 >0,i=0,...,N—1. Ecnu ¢ysxuus y;ﬂl/z JIOCTUraeT MHUHUMYMa

B KaKOH-TO BHYTPCHHEH TOUKE X 0, w2 1<i® <N -2, 10 u3 (31) ciemgyer
1
n+l n
> >
V202 = 2 (yZ,iOH/Z - Tbj 20. (34)
(y +1/2)
Ecnu dpynkms y;:f}rl /2 IOCTHTAET MUHUMYyMa B KaKOU-TO BHYTPEHHEH TOUKE X|/2, TO
1
y;j/lz > —z(y;,l/z + rb) >0. (35)
I+ T(y L2 )

Ecnu ¢pynkmms y;J;L /2 IOCTUTaET MUHUMYMa B KaKOU-TO BHYTPEHHEN TOYKE X y_1/2, TO

n+l 1 n
PEN 2 — ( Vit rb) > 0. (36)
I+t (yl,N—l/Z )
U3 (34), (35), (36) momyuum

Va2 0i=0, N -1, (37)

AHAJIOTUYIHO, UCTIONB3YS PE3yIbTaT yﬁil 2 >0,i=0,..., N — 1, Haxoqum

1
1 . +1 .

Vi 2 min i, 2 —— (] +70)20, i=0,.,N-1. (38)
W3 (37) u (38) Teopema okaszaHa.

Boruncaurensnsiii 3xcnepumenT 2. Tenieps paccmoTpum 3aaauy (23)—(26) ¢ BXOAHBIME JaHHBIMH
w3 [11]: 0<x<3m; 0<7<100; a=(B-a)/2; b=(B+0a)/2; a=0,02; p=0,3; d, = 0,01;d, = I; k = 1
au(x,t) av(x,t)
Ox Ox
Tak Kak BXOIHBIC JaHHBIC MOJIOKHUTEIBHBIE, TO MOCTpoeHHas cxeMa (31)—(33) sBisIeTCS MOHOTOH-
Hoii. [lomydeHHOE COOTBETCTBYIOIIEE YHCICHHOE pelieHue 0e3 He(PU3nIeCKIX OCITUIIISIIN H300paxe-
HO Ha puc. 3.

=0, x € 0Q, navanbuble GyHKIMH 1 (x) = 0,3 + 0,001sinx; v (x) = 1,778.
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1779

1.778

1.777

1.776

Puc. 3. Uucnenusie pemenus: a — s Gyukunu u(x,?); b — st pysxuun v(x,?)

Fig. 3. Numerical solutions: a — of the function u(x,?); b — of the functionv(x,?)

3aMedaHue. AHaJIOTMYHOM 00pa30M MOXKHO IOCTPOUTH MOHOTOHHYIO PA3HOCTHYIO CXeMY AJIs
mozenu LIIHaKeHOepr ¢ TpaHUYHBIMU YCIOBUSIMH CMEIIAHHOTO THIIA, KaK 3TO cliesiaHo B padoTe [1].
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BE3YCJIOBHO MOHOTOHHBIE PABHOCTHBIE CXEMBbI BTOPOI'O IIOPAJIKA
AIIITPOKCUMAIIUN HA PABHOMEPHBIX CETKAX JIJISI TAMMA-YPABHEHUS

B nacrosmeit paboTe paccMOTpeHa HauaIbHO-KpaeBas 3ajada Ul TaK Ha3bIBaeMOro ['aMMa-ypaBHEHHSI, KOTOPOE MO-
JKeT OBITh MOJTYyYEHO MpeoOpa3oBaHUEM HEMMHEHHOTO ypaBHeHUs bidka — Illoyn3a nis OMIMOHHON [IEHBI B KBa3WJIMHEHHOE
napaboandecKoe ypaBHEHHE 7151 BTOPOH MPON3BOHOM ONMIIMOHHOM IIEHBI, ¥ MOTYYEHbI ABYCTOPOHHHUE OLEHKH ISl €r0 TOU-
Horo pemenus. Ha ocHOBaHMM HMpPUHIUNA PETyIsSpU3aLUU TIONyUYeHHBIE paHee Pe3ylbTaThl 0000Ial0TCA Ha TOCTPOEHHUE
6€3yCIIOBHO MOHOTOHHBIX PAa3HOCTHBIX CXeM (TIPUHIIMII MAaKCHMyMa BBITIONHEH 0€3 OrpaHHUeHUH Ha COOTHOLIEHUS MEXIY
ko3 duIMeHTaMK U TapaMeTpaMH CETKM) BTOPOTO MOPs/IKa JIOKAJIbHON allpOKCMMAIM1 Ha PABHOMEPHBIX CETKaX JUIs JaH-
HOI'O YypaBHCHUA. C IIOMOIIBIO PA3HOCTHOI'O IPUHIMIIA MAKCUMYMa ITOJIYUEHBI IBYCTOPOHHUE OLICHKHU I Pa3HOCTHOI'O pe-
LIEHUs IPU TIPOU3BOJIBHBIX HE3HAKOIIOCTOSHHBIX BXOJIHBIX JaHHBIX 3afauu. Jloka3aHa anpuopHas ouneHka B Hopme C. Ot-
METHM, 4TO JIOKAa3aHHbIC JBYCTOPOHHHE OLEHKHM Pa3HOCTHOI'O PEUICHUs IOJIHOCTBIO COIIacoBaHbl ¢ AU (depeHIIanbHOMI
3a/aueil ¥ MakCMMaJlbHOE ¥ MHHHMMAaJIbHOE 3HAUSHMsI PA3HOCTHOIO PEIIeHHs He 3aBHCAT OoT koddduiuenToB nuddysun
1 KoHBeKIHH. [IpuBeieHHbIE B pab0Te BEIYUCIUTEIBHBIC IKCIICPUMEHTHI IO TBEPIKIAI0T TCOPETUIECKHE BEIBOJIBL.

Karouegvle cnosa: I'amMa-ypaBHeHUE, IPUHIIUII MAKCUMYMa, ABYCTOPOHHHUE OLICHKHM, MOHOTOHHAsI Pa3HOCTHAs CXEMa,
KBa3WINHEHHOE MapaboInieckoe ypaBHEHHE.

Le Minh Hieu

Belarusian State University, Minsk, Belarus
University of Economics — University of Da Nang, Da Nang, Vietnam

UNCONDITIONALLY MONOTONE FINITE DIFFERENCE SCHEME OF THE SECOND-ORDER
APPROXIMATION ON UNIFORM GRIDS FOR THE GAMMA EQUATION

In this article we consider the initial boundary-value problem for the so-called Gamma equation, which can be derived by
transforming the nonlinear Black — Scholes equation for option price into a quasi-linear parabolic equation for the second de-
rivative of option price, and for its exact solution the two-side estimates are obtained. By means of the regularization principle,
the previous results are generalized to construct an unconditionally monotone finite-difference scheme (the maximum prin-
ciple is satisfied without limitations on the relations between the coefficients and the grid parameters) of second-order ap-
proximation on uniform grids for this equation. With the help of the difference maximum principle, the two-side estimates for
a difference solution are obtained using the arbitrary non-sign-constant input data of the problem. The a priori estimate in
the maximum norm C is proved. It is interesting to note that the proven two-side estimates for the difference solution are fully
consistent with the differential problem, and the maximal and minimal values of the difference solution do not depend on
the diffusion and convection coefficients. Computational experiments confirming the theoretical conclusions are given.

Keywords: Gamma equation, maximum principle, two-side estimates, monotone finite-difference scheme, quasi-linear
parabolic equation.

BBenenue. [IpuHiun MakcuMyma C yCIeXOM MPUMEHSICTCS ISl TOKa3aTeNIbCTBA CYILIECTBOBAHUS
Y eIMHCTBEHHOCTH PEIICHUsI HAaYaJIbHO-KPAEBbIX 3aJ1a4 JJIs MapaOOINYeCKUX U DU TUYECKUX ypaB-
HeHUH. B oTiimane oT MeTo/a SHEPreTHYECKUX HEPABEHCTB OH MO3BOJISIET YCTAHABIMBATH allPHOPHEIC
OIIEHKU pelIeHHs B Haubosiee CUILHONH PaBHOMEpPHOW HOpME IS 3a7ad IMPOU3BOIILHON pa3MepHOCTH
C HECAMOCOMPSIKEHHBIM JLIUIITUYECKUM ornepaTopom [1].

AHaJOTHYHBIN MaTeMaTHYeCKUN amnmapatr UCIIOIb3YETCS U B TECOPUH Pa3HOCTHBIX CXeM [2] mIs uc-
CJIEIOBAaHUSI YCTOMUYMBOCTH M CXOJMMOCTH Pa3HOCTHOI'O PELICHUs B PABHOMEPHOU HOpMe. Bulunciu-
TCJIBHBIC METOAbI, YAOBJICTBOPAIOMIUC IIPUHOUITY MaKCUMYyMa, IIPUHATO Ha3bIBATb MOHOTOHHBIMHA [2]
MOHOTOHHEBIE CXEMBI UrparoT BaXXHYIO pOJIb B BBIYHCIIUTEIBHON IIPAaKTHKE. OHH MO3BONISAIOT ojIydarTrb
YUCIICHHOE PeIICHHE 03 OCIMIUISALNM JaKe B Cllydae HerJIaJKuX peuieHui [3].

© Jle Munb Xuey, 2016
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He MeHee BaKHBIMU SIBIISIIOTCS M HUDKHHE OLCHKH petieHns auddepennnaabHo-pa3HOCTHBIX 3a7a4
WM B O0IIEM ciTydae — JIByCTOPOHHHE OLIEHKHU penieHus 3a1aun. OTMEeTHM TakKe, 4To pu HopMyiu-
POBKE CETOYHOI'0 MPUHLIUIIA MAaKCUMYMa OOBIYHO TPeOyeTcsl 3HAKOOIPEAEICHHOCTD BXOAHBIX JaHHBIX
3amaun. B pabotax [4, 5] nns Tak Ha3pIBaeéMON KaHOHMYECKOH (OPMBI 3aIIMCH PAa3HOCTHOM CXEMBbI 00-
mero Bujaa [2] mpu OOBIYHBIX YCIOBHUSX TMOJOXKHTEIBHOCTH KOIDOUIIMEHTOB YpaBHEHUS TOJYYCHBI
JBYCTOPOHHHUE OLIEHKH CETOYHOTO PEIICHUS IPU IMPOU3BOJIBHBIX HE3HAKONOCTOSHHBIX BXOIHBIX JaH-
HBIX 3a/a4d. [[ByCTOPOHHHE OLUEHKH OCOOCHHO Ba)KHBI MPH HCCICAOBAaHUHM TEOPETHUYECKUX CBOMCTB
BBIYUCIUTEIBHBIX METO/IOB, AlIITPOKCUMHUPYIONINX 33/]a4l C HEOTPAaHUYCHHOH HEIMHEWHOCTHIO, KOT/Ia
HY’KHO JI0Ka3bIBaTh IPUHAJIEKHOCTh CETOUHOI'O PELICHUSI OKPECTHOCTH 3HAYCHUH TOYHOTO PEILICHHUSI.
B kauecTBe npumepa MOXKHO IpuUBecTH ['amMMa-ypaBHEHME, HCIIOJIb3YEMOE MPU OIMUCAHUU OMIIMOHHON
IIEHBI B (MHAHCOBOM MaTeMaTuke [0, 9]. B ¢BsI3u ¢ 3THM MpEACTaBIICT HHTEPEC CTAThs [7], B KOTOPOt
MOJyYeHBl JBYCTOPOHHHUE OLECHKH JAJIs PELICHMs] PAa3HOCTHOM CXEMBI, allllPOKCUMUpYIOIEH 3a1ady
Jupuxie 1 JIMHEHHOTO MapadoIMYecKoro ypaBHeH! s B IUCKPETHOM U HEMTPEPBIBHOM CITyYasiX.

B nacTosmmieit pabote paccMoTpeHo ['amMmMa-ypaBHEHHE W Ha OCHOBE Pe3yJIBTATOB U3 [8] IPUBEICHBI
JBYCTOPOHHHUE OLIEHKH ISl €ro TOYHOro pewenus. llonmydennsle panee pesynsratel 00001a0Tcs Ha
NOCTpPOEHHE 0E3yCIIOBHO MOHOTOHHBIX Pa3HOCTHBIX CXEM BTOPOTO MOPsIKa JIOKaJIbHOH anmpoKkcuma-
LIMN Ha PABHOMEPHBIX CETKAX ISl JAHHOIO ypaBHEHUs. IlocTpoeHne TakKuX CXeM IIPU COOTBETCTBYIO-
IeM BBIOOpE BO3MYIIEHHOTO KO3 GHUIIMEHTa MPOBOANUTCS TT0100HO [2, 4, 5]. C moMoLIbI0 Pa3HOCTHOTO
MPUHIUIIA MAKCUMyMa TOJIyYeHBI JBYCTOPOHHSS U allpHoOpHasi olleHKH B HopMme C aJisi pa3HOCTHOTO
peweusi. OTMETHM, YTO JOKa3aHHBIC [BYCTOPOHHUE OLIEHKHM Pa3HOCTHOTO PELICHMS IIOJHOCTBIO CO-
rJ1acoBaHbl ¢ MU dpepeHnanbHON 3a1a4ei.

1. IocranoBka 3aaaun. B npsamoyromsanke O = {(x,0): [, <x<l,, 0<t<T} paccMoTpuMm Clenyo-
Y0 HAYaJIbHO-KPAEBYIO 3ajiauy JUIsl KBa3WJIMHEHHOTO Mapa0oiYecKoro ypaBHEHUs, HA3bIBAEMOTO
l'amma-ypaBuenuem [6, 9]:

2
8_u:5 B(Zu)+5[3(u)+ca_u’ u=u(x,t), c=const, (1)
ot Ox ox Ox
C OJTHOPOJHBIMHU T'PAHUYHBIMH

u(l,t)=u(l,t)=0, t>0, )
Y HaYaJIbHBIM YCIOBHSMH
u(x,O)zuo(x), L1 £x<1,. 3)
Ypasaernwue (1) MokeT OBITH 3aITMCAHO B BUJIC
ou O ou Ou
—=—k(u)— — 4
ot 6x( (u)éxJ+r(u)8x, @
¢ ko3 punueHTaMu
k(u)=p'(u), r(u)=Fk(u)+c 5)

[IpeanonaraeM BBIIIOJTHEHKE YCIOBUS NapaboinyHOCTH ypaBHeHUs (4) Ha pemennu [10]:

0<k1£k(u)Sk2, Vueﬁu, ki,k, = const, 6)
e

Duz{u(x,t): mISu(x,t)sz, (x,t)eQT}.

Hanee mpenmonaraeM, uto pemenue 3aaa4du (1)—(3) cymecTByeT U €MUHCTBEHHO, 4 BCE BXOISIIIHC
B ypaBHeHHE (4) KO(hGHUIHEHTH U UcKoMask QyHKIHs 001aJaloT HEMpPEPBHIBHBIMH OI'PaHUYCHHBIMH
MPOU3BOIHBIMH, HEOOXOJUMBIMHU TIO XOAY H3JIOKEHHS MOPSAKA.

2. BcnomoraresibHble pe3yabTaThl. [lycTh B 7-MepHOM €BKJIMOBOM MPOCTPAHCTBE 3a1aHO KOHEU-
HO€ KOJIMYECTBO To4eK — ceTka Q. Kax0l Touke x € {2, MOCTaBMM B COOTBETCTBHE OJMH U TOJIBKO
onuH ma6aoH M(x) — moboe HOAMHOKECTBO £, , conepikamiee TaHHYI0 TOYKy. OKPECTHOCTBIO TOUKH X
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Ha3oBeM MHOkecTBO M'(x) = M(x) \ x. [Tycts 3amansl Gpyukimu A(x), B(x,E), F(x), ompeneneHHbIe Mpu
JIFOOBIX X € Qh, §e Qh Y IPUHUMAIOIINE BEIICCTBEHHbIC 3HauUeHus. [lanee, Kax o1 TOUKE X € Qh COOT-
BETCTBYET OJTHO M TOJIFKO OHO ypaBHEHHUE BUaA [2]:

A(x)y(x)=§E%(X)B(x,é)y(§)+F(x), xeQp, )

HasbIBaeMOE KaHOHMYECKOW (HhOpMOI 3amucH pazHOCTHOW cxembl. Tak Kak yro0asi pa3HOCTHAs cxema
MOXeT ObITh 3amucana B BuJe (7), TO O MOHOTOHHOCTBIO IOHUMAIOT BBHITIOJIHEHHE YCIIOBUH TTOJIOKH-
TEIBHOCTH Ha KO3(pPULMEHTHI ypaBHEHU

A(x)>0, B(x,£)>0, VEeM'(x), ®8)
D(x)=A(x)- Y B(x§)>0, VEeM'(x). )
EeM'(x)

Jns perenust pa3HOCTHOM 3amauw (7) MPH BRITIOTHEHUH YCIIOBUN TTOTOKUTEITFHOCTH Kod(DuIineH-
ToB (8)—(9) Ha OCHOBE CEeTOYHOrO MPUHIHIA MaKCUMyMa 0Oe3 MPEeIIoIoKeHN Ha 3HAKOOMpe/IeeH-
HOCTB BXOIHBIX JAHHBIX F(X) TOKa3aHBI CIIEAYIONINE BAXKHBIC BYCTOPOHHHUE OIIEHKH.

Jlemma [4, 5). Ilycmo 6vinonnenvl yciosus nonoxcumenvHocmu kodg@uyuenmos (8)—(9). Toeoa
MAKCUMATbHOE U MUHUMATbHOE 3HAYEeHUs peuleHus: pazHocmuol cxemvl (1) npunadnesxcam unmepeany
UBMEHEHUSl BXOOHBLX OAHHBIX

min F(x) < y(x) < max F(x)

Qy. 10
xeQh D(x) xeQh D(x), re3n ( )

Crnenctsue [2]. Ilycmo 6vinoanenst yenosus nemmol. To2oa onsa pewenus paznocmuotl 3a0aqu (1)
umeen Mecmo OyeHKa 6 cemounom ananoze Hopmol C

[ = max|y(x) <

FH
Dii¢

3. /IBycTOopoHHMe OLeHKH 1Jis nudpepeHunaibHoi 3agauu. Ha ocHoBe pesynbsraTtoB u3 [8] moka-
3bIBa€M JBYCTOPOHHUE OIICHKH JJIsl TOUHOTO penreHus 3aaaqn (1)—(3).

Teopewma 1. Ilycmo svinonneno yciosue (6). Toeoa ons pewenus u(x,t) 3aoauu (1)—(3) cnpaseonuew
credyouue 08YCMOpPOHHUE OYEHKU.

min{O, min ug (x)}ﬁu(x,t)ﬁmax{o, max uo(x)}. 11)

h<x<lh h<x<lp

HokazarenbcTBo. s mokaszarensctBa (11) caenaem mpeobpaszoBanue GyHKIMH u(x,f) K HOBOW
GyHKIUu v(x,?), CBSI3aHHOW C HEH PAaBEHCTBOM

u(x,t) = v(x,t)e}‘t,

rae A — IOKa IMPOM3BOJIBHOC YHCJIO. q)yHKIII/Iﬂ V()C, Z) YAOBJICTBOPSCT YPABHCHUTO

2. oOk(ve
@Jr?w—k(ve“)@ V—M@— ( kt)@:(), (12)
ot o2 Oox Ox Ox
C HaYaJIbHBIM U TPAHUYHBIMH YCIIOBHSIMH
v(x,0)=u0(x), L <x<1,, (13)

v(h,t)=v(l»,t)=0, t>0. (14)
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[ycts MakcumyMm pemenus v(x,f) 3anauu (12)—(14) nocturaercs B HeKOTopoi Touke (x,t,) € (/,,,) * (0,T]:

(g )=o)

IpHUYEeM B TOUYKE (XO,ZO) BBITIOJTHCHBI COOTHOIICHU A

av(xO,l‘o) >0, av(xO,to) ~0,
ot Ox
62v(x0,t0) _ lim V(XQ —Ax,to)—ZV(XO,to)+V(xO +Ax,t0) <0,
ox? Ax—0 Ax?
u ypaBaenue (12). 13 aToro cnenyer, 94To
v(x,t)Sv(xo,to)SO, A>0. (15)

Ecnu naubonsiree B Q7 3Hauenue v(x,7) IPUHIMACTCS HA IPAHHIIE {0,y < (0,T]U[l,L] * {0}, T0 mo-
JTy4aeMm

v(x,1)< (;1})2)5 v(x,1)=max {0, hrgfgz uo (x)} (16)

Torna Bo Bcex ciydasx (15)—(16) cnpaBemmiBa oreHKa

< 0
v(x.1) max{ ,1112%2u0(x)},

U3 KOTOpOU ciieyer

AT
u(x,t)<e max{O,llril)gzuo(x)}, A>0.

Korma A — 0, monyuaem npaByto yacTh HepaBeHCTB (11). AHaIOrH4YHO 1OKa3bIBACTCS U CIIydaidl MUHU-
MyMa pemeHus u(x,f). Teopema noka3ana.

4. Be3ycJIOBHO MOHOTOHHASI PA3HOCTHASI cXeMa BTOPOro MOPS/AKA ANNPOKCHMAILMH HA PABHO-
MepHBIX ceTKax s [amma-ypaBHenusi. C TOMOIIBIO MIPUHITAIIA peryisipu3anud [2] ypaBHeHue (4)
Ha OOBIYHOW PAaBHOMEPHOU CETKE MO MPOCTPAHCTBY U BPEMEHH

® =) x e, ®={x;=ih, i=0,N, N =1}, =0, Ufxo=0,xy =1},

(_ol_:{tnzm:, n=0,Np, TN0=T}, (7)r=0)ru{tNo ZT}

aMMmpPOKCUMHUPYEM Pa3HOCTHOM CXeMOU BUIA

vt -yl _ K?éy)[“f”(y)yml ;y?“ _aln(y)y}”l —yf’fllJ .\
T

n+l

ntl L ntl o
+ bi+ (y)aﬂr] (y)%%[ (y)ai” (y)w, (17

vi=uo(x;), 6™ =yi" =0,

rmue
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r+(y,-")=0,5(r(yi")+‘i’(y{l )‘)2 0, r’(y?)=055(r(y?)“r(y?)

afn(y)= 0,5(k(y,-”+1 )+ (vt )) af' (y)= O,S(k(yi’_l )+ (vt ))

)<o

IMorpemHocTs annpokcuMamuu. [lorpenrHocTs anmpokcuManuu cxeMmbl (17) BBIYHCIACTCS TI0
cienyronien hopmyiie:

y=-u, +x(u)(a(u)iz) +b* (u)a™ ()i, +b (u)a(u)iz, (18)

YuuteiBas, 4To

w=210() (a(u)ax)x=§[k(u)g_zj+o(h2+r),
1) )“xzk(u)g—z O,5h%(k(u)2—ij+0(h2+r),

a(u)ix = k(u)g—u—O,Shi(k(u)Z—ZjJrO(hz +1),

Torna u3 (18) umeem

g (R0 0 (k2 03 +5)=o(1 ++).

1+ R(u)ox\ " o

Takum o0Opa3om, paszHocTHasi cxema (17) uMeeT BTOpOI MOPSIOK anmpoOKCUMAIIUU 0 TPOCTPaH-
CTBEHHOW [IEPEMEHHOU U MEPBBII — 10 BPEMEHHOM.

MOHOTOHHOCTB, IBYCTOPOHHHE OLICHKHM M alpHOpPHas oneHka B HopMme C. JlaHHas pa3HOCTHad
cxema (17) 3anuceiBaercs B Buje (7)

141'”)}{1—-21 - Cinylfﬁ—] + Blnyin:il = _Fina i= 15 21"'7N - 19 (19)
yo =yt =0, (20)

¢ ko3 unmeHTaMu, OnpeneIseMbIMH CIICTYOITUM 00pa3oM:

A7 =Tt ()< (0) = (3)). B =Tpata ()< () b7 (7).

Cl'=1+A!+Bl', F'=y!, DI =C!'= A =B/ =1, i=,N—1.

Cxema (19)—(20) sBisieTcsi MOHOTOHHOM, €CITH BBITIOJTHEHBI YCIOBUS TOJOKHUTEIBHOCTH KO3 UIIeH-
ToB (8)—-(9) [2], T. €.

Aln >0, Bl'n >0, Din :Cl.n _Ain _Bin >0.
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Ham HysHO nokasath, uto af (y)>0 ams Beex i, n. JleiicTButensHo, Korma n = 0, OYEBUIHO, YTO
a?l (v)= O,S(k(uol- )+ k (uoim1 )) > 0. TIpeamonoxum, 4To i IPOU3BOIBHOTO /1 TOXKE BEPHO HEpaBEH-

cro a (y)>0. Toraa u3 sroro npexnonoxenus umeem A;' >0, Bf' >0, C{' >0. Ilo nemme Ha OCHO-
Banuu oueHku (10) nist mpoussonbHoro f = ¢ = @ _u Beex i = 0,1,..., N umeem

min{O, min yl”} <ymMl< max{O, max yl”} 1)
I<i<N-1 1<i<N-1

Hcmonb3ys uHAYKIUIO TI0 7, W3 (21) mody9aeM IBYCTOpPOHHHE OIEHKH Yepe3 BXOIHEIC MaHHBIE 0e3
MPECAOJOKEHUA O 3HAKOONIPEACICHHOCTHU BXOAHBIX TaHHBIX!

min{O, min ug (x)}Syl-"+1 Smax{O, max ug (x)}, i=0,1,...N. (22)

h<x<lp h<x<lp

U3 (22) momyuaem y!*'eD,, T. e a" (y)zO,S(k(y{”])ka(yi"jl))>O. Tak Kak BBITIOJIHEHBI BCE

YCJIOBUS TIOJIOKHUTETbHOCTH KO3 duireHToB (8)—(9), To cxema (19)—(20) moHOTOHHA TIpH JTHO0BIX N 1 T
(6e3ycnoBHAss MOHOTOHHOCTB). Ciie/10BaTeIbHO, IOKa3aHa CIIeY HoIast

Teopewma 2. Ilycmob gvinonnerno ycnosue (6). Toeoa pasnocmuas cxema (19)—(20) 6e3ycrosro mono-
monna u 015 ee pewenus y € D, eepuvl 0gycmoponnue oyenku (22).

Ha ocHOBaHWY MpPHHIIMIA MAKCHMYMa OOBIYHBIM 00pa30M YCTAaHABIUBACTCS W AlPHOPHAS OLCHKA
B HOopMme C.

Teopewma 3. Ilpu svinonnenuu yciogus (6) ons pasnocmuoii cxemot (19)—(20) cnpaseonusa anpuop-
Hasl OYeHKa

HoxazaTenbcTBO. Tak Kak Bce KOAPPUIIUEHTHI CXEMBI YAOBIETBOPSAIOT HepaBeHCTBaM (8)—(9), To
o

C
Teopema nokaszaHa.
3ameuaHue 1. MakcuMaabHOE U MUHUMAJIBHOE 3HAUEHHS PA3HOCTHOI'O PEIIEHUS HE 3aBUCST OT
ko dunmentor nupdys3un k(1) n kousexkuuu r(u).
3ameuanue 2. [{nsg cnyuas ¢ = 0 ypaBaenue (1) MoxeT ObITh 3aITUCAHO B BUJIC

n

y

<ol

n+l

Y

n

y

_. B urore, HaxoguM IENOYKY COOTHOILICHUN

10 CJICACTBHUIO HMCEM ‘ c

n+l

y

n

y <. <uol -

C

o
C

g

n—1 H
Y e

ou _,0(~— ou) -
—=e | k(xu)—|, k(x,u)=e*k(u), k(u)=p"(u).
e 2R () 2], Fsa=e k(). () =P ()
Torza npu MOCTPOCHUH AJIsi HErO MOHOTOHHBIX PA3HOCTHBIX CXEM HaM He HY>KHO MCIIOJIb30BATh MPHH-
LUTT PEryJIsIpU3aIHH.

3ameuanue 3. [lomyyeHusie B (22) IByCTOPOHHHE OIIEHKH TOJHOCTBIO COTIacoBaHbI ¢ audde-
peHnmnansHOU 3amayeit (11).

Mpumep dyuxkuun B(U). s cnyuas monenu Frey [6] B(u) = u/(1-pu)?, p > 0 u3 (5) nomydaem Kodd-
¢dunment K(u) Buna k() = (1+pu)/(1-pu)®. Toraa B cuny (6) ypaBuenue (1) Oyaet napaboanueckum, eciu
k() >0,Yu e D,, T e ecan

—l<u(x,t)<l. (23)
P P
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Yucnennoe penrerue mpu ¢ = 1 ¢ miarom h=1/31 ~ 0,1 ut=0,1
Numerical solution at # = 1 with step h=m/31 ~ 0.1 and T =0.1

OueBUIHO, UTO JJIs pemieHUsI pa3HoCTHOH cxembl (19)—(20), anmpokcumupytomieit 3anaay (1)—(3), ycmo-
B3 (23) BBITIOJIHEHDBI, TAK KaK 110 Teopeme 2 juis Beex i = 0,1,2,..., N, n =0,1,2,..., N, umeem

1 <min {O, min ug (x)} <y <max {0, max g (x)} < l
P N<x<lp h<x<Ip P

5. BeluncauTebHbIH 3KcNePUMeHT. PaccMOTpUM yacTHBIN ciiydail ['amMa-ypaBHEHUs C OJHO-
POAHBIMU I'PAHUYHBIMHU YCJIIOBUAMU

ou 0 l1+u oOu

au_9 — |, O<x<m, 0<t<l, (24)
ot Ox (1—u)3 ox

u(x,O)zsinx, u(O,t)zu(n,t)zO. (25)

Koaddurment k(1) = (1+u)/(1-u)? ne onpeneneHeH npu u = 1, T. €. OH HE ONPEETICHEH C HauaIbHbIM
ycnosueM u(x) = sinx npu x = x* = n/2. [loaToMy MOCTPOUM PABHOMEPHYIO CETKY C arom / = m/(2N+1),
uToOBI X, = x". Ha pucynke nokasan rpaduk npubnuxeHHbIX pemenuit sanauu (24)—(25) npu ¢ = 1, mo-
JYYEHHBIX C UCIIOJIb30BaHUEM pa3HOCTHOH cxeMEblI (19)—(20) ¢ marom 4 = /31 =~ 0,1 u t=0,1.

Bameuanue 4. [lpux =x" mis ciaydas ['amma-ypaBHenus (24)—(25) uuciaeHHOe pelieHre He orpe-
nensercs. Pennenue, npuBeleHHOE Ha PUCYHKE, HE SIBIISICTCS MaTEeMaTHYECKH IPABUIBHBIM, TaK Kak
pewenne 3aaaun (24)—(25) He ompenesneHo Mpu TakoM BbIOOpE Ha4albHOTO ycioBus. ClenoBaTelbHO,
OYEHb BAKHO CTPOUTH CETOYHYIO 00JacTh TaKUM 00pa3oM, 4TOOBI TOUKH SKCTPEMyMa BXOJIHBIX JIaH-
HBIX TIOTIA]IaJTH B Y3JIbI CETKHU.
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KPAEBAS 3AJAYA JIJISA CTEPKHEBOI'O TEYEHUS B KAHAJIE

B crarbe [1] nokazano cyuiecTBOBaHUE PEUICHUI MOJIENM CTEPIKHEBOTO TEYECHUS HA KAXK/IOM BPEMEHHOM CIIO€ [ = M1,
m=0,1,...,M. B nanHoif paboTe NoIy4eHs! alpUOPHBIE OLEHKH STUX PEUIeHU, KOTOphIe HE 3aBUCST OT T M MO3BOJISIOT BHI-
HOJHUTS NpeeNbHbIH nepexon npu —0.

Kniouesvie cnosa: pa3penmMocTb, IpeeIbHBII EPeXo/, alpHOPHBIE OLIEHKH, TIaJKOCTh, Cpe3aomas (yHKIUs.

S. S. Kayanovich
Belarusian State University of Informatics and Radioelectronics, Minsk, Belarus,
BOUNDARY-VALUE PROBLEM FOR PLUG FLOW IN THE CHANNEL

In the article [1], we have proved the existence of solutions for a model of plug flow at each time step ¢ = mt, m=0,1,..., M.
In this article, a priori estimates of these solutions have been obtained, which do not depend on t and allow passing to
the limit as T—0.

Keywords: solvability, passage to the limit, a priori estimates, smoothness, cut-off function.

Beenenue. MccienoBanue Bonpoca 0 pa3pelImMOCTH MOJENIH CTEP>KHEBOI'O T€UEHHS ObLIO HAYaTo
B pabote [1]. [IpocTpaHCTBO N3MEHEHMS IEPEMEHHBIX (X,7) pPa30MBAIOCh IIOCKOCTAMH ¢, = mMT Ha CIIOH,
MPOU3BOJHAS TI0 BPEMEHH, KOTOPAasi IPUCYTCTBYET B OJHOM M3 YpPaBHEHUH, 3aMEHsUIACh PA3HOCTHOM
IPOM3BOJHOM, U J0Ka3bIBAIOCh (IIPU JOCTATOYHO MAJIOM T) OJHO3HAYHAs Pa3pelIuMOCTh HOIyUCHHOH
CHCTEMBbI Ha Ka)KJIOM BPEMEHHOM CJIOC.

UroObl T0Ka3aTh Pa3pelImMOCTh PACCMAaTPUBAEMON CHCTEMBI B TIPOCTPAHCTBE (X,?), HEOOXOIUMO
000CHOBATh BO3MOKHOCTB BBITIOJTHEHHUSI ITPpeesbHOTO nepexoaa npu t—0. st 3Toro B 1aHHOH padoTe
YCTaHaBIMBAIOTCS allPHOPHBIE OLIEHKU CaMOTO PEIeHUsI KPAeBOM 3a/1a4k U ero MPOU3BOJHBIX MIEPBO-
r0 ¥ BTOPOTO MOPSLAKOB. B ciiydae ogHOro ypaBHEHHS KpaeBble 3aJjaul UCCIEJOBAINCH PSIAOM aBTO-
poB [2-9]. B HacTosIel cTaTbe paccCMaTpUBAETCS CUCTEMA M3 TPEX YpaBHEHUH, JJIs1 OHOTO U3 KOTO-
PBIX OKa3aJHUCh IOJIE3HBIMH CIIOCOOBI UCCIIEIOBAHMU S, TIOJOOHBIE TEM, YTO ObUIM IPUMEHEHBI B BbILLIC-
yKa3aHHBIX padoTax.

OTMeTHM, YTO KOHCTAHThI, KOTOPbIE MOSIBIISIIOTCS B XOJ€ UCCIECAOBAHMS U OIPAHUYUBAIOT MOAYIIH
CaMOro peIleHHs U ero MPOU3BOAHBIX, HE 3aBUCST OT T U He OyayT yBenuuuBarbes npu t—0. st Toro
9TOOBI JAHHYIO CTaThI0 MOYKHO OBLIO WHTAaTh 0€3 oOpameHus K [1], 31ech coxpaHeH HeOOXOTUMBIH MHU-
HUMYM HH(DOpMAIMK U3 yKa3aHHOW pabOTHI, HO IPU ITOM BHECEHBI M3MeHeHus: QyHKuus { Ternepb
obo3nauaercs (', xoncranTa 3 — B,. Takxke ycunensl TpeboBaHus K IMaaKoCTH (yHKIHIA: eciu B [1] mo-
naranioch [ >3, To Teneps [ > 5.

IlocTtanoBka 3agauu. [Ipumem cremyromue obosznaueHus: x =(x1,x3), 0<x; <L, 0<xy<H,
0<t<T, Q=(0,L)x(0,H),S1=[0<x1<L,x,=0], $,=[0<x1<L,x,=H], S;7=8;%[0,T], i=12,

S3=[x1=0,0<x, <H], Sq=[x;=L0<x,<H], S=SUS,US;USs — rpamma Q, Q=QUS,
Qr =Qx(0,T], ST=5x%[0,T], Q1 =Qx[0,T], & — o6uacts, orpannyennas kpusoii S, Q=QUS,

§=85US,US;US,,
~ o o 1) o
rae S) = OSX1SE,X2=91(X1) U ESX]SL_E’XZZO U L_ESXISLJCZ:(PI(XI) ,
~ 0 o o o
S, = Oﬁxlﬁa,m:ez(?ﬁ) U ESMSL—E,xz:H U L_ESXISLJCZ:(PZ(XI) ,

© Kasinosuu C. C., 2016
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S3=[x1=0,01(0)<x2 £0,(0)], S4=[x1 =L,o1(L)<x2 <2(L)], Q7 =Qx[0,T], St =Sx[0,T],
Q1 =Qx[0,T], Q =[0<x <L0<x;<¢], Qy =[0<x <L,H—-e<x,<H],

Qi = x[0,T], i=1,2, Q' =[0<x; < L& <x, < H—g], QF =Q'x[0,T], sl=§,

Si=[0<x <Lxy=g], Sh=[0<x <Lxy=H—g ], Sir =Six[0,T], i=1,2,

0;(x1),0;(x1), (i=1,2) — crporo MmoHoTOHHBIE PyHKIUU. [IycTh, KpOME TOTO,

01(0)=¢i1(L)=¢1, 02(0)=¢2(L)=H —¢y, el(gqu)l [L—gj=0, 92(2j=@2(L—gj=H-

. H
Cuwuraem, uro 0, cummeTpuna 0, a @, — ¢, OTHOCUTENBHO NPAMOM X7 = > Takum oOpa3zom, obma-

_ = y y H
ctu QQ, Q) CUMMETPUYHBI OTHOCUTEIIBHO TOH K€ PSIMOH X7 = > 3nech €, & — MaJible TIOJIOKHUTEIIBHBIC
€
YHUCIa, €] = —.
2
Ha puc. 1 n3o0paken kaHai u 0003HaYE€HBI HEKOTOPBIE YUACTKH TPaHUIL.

Jl1s OCTaHOBKHM 3aa4u M TOJTYyYEHHUs allpUOPHBIX OIEHOK HaM MoTpelyercs cpezaromas (QyHK-
111, KOTOPYIO OIPEACIIUM TaK:

C(x) =C'(0)C"(x),

rne ' (x)=lLecmud<x <L-8, 0<x,<H,

0<C (x)<1,
I 1.0 o
ecln ESxISS U L—6£x1SL—E , 0<xy<H,
¢ (x)=0,
i S1..[. &
eciu OSXISE U L—ESMSL s [B1(x1) <x2 <0, (x)]U[01(x1) < x2 <02(x1)],
¢"(x)=1,
ecmn 0<x; <L, e<xp<H—g¢g,
0<C" (0 <1,

ecn [g) <xp <e|U[H -e<x; <H-g], 0<x <L,

¢"(x)=0,

[0<x,<g|U[H-& <x,<H]|, [91_1(362) <Xx S<P1_1(x2)]U [eil(xz)ﬁxl S(Pil(xz)]

X2 r Sg
H
L 92\

S3 Q Sy

£ \_9.1 .................................................................. L

0] ~
8 5
- S L-——= L C
3 1 2 X1

Puc. 1
Fig. 1
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Bynem mpennonarars, uto ((X) €Cj 4 (6), S €Cjq. 3nmecy 125, o e(0,1), a xmaccel yHKIMI

Cia (ﬁ), C .« (S) u cmbicn npunamnexHoctu S € C| , onpezneneHsl B [§].
PaccmoTpuM 3a1auy (MII0THOCTH p = 1):

up  2d%u 2 au  p

=V Uk ————, X,t EQ , 1
ot ko ox? kz:lkaxk oxy (x 1) eQr (@h)
Ouy  Oup ~
—+—=0' X,t (@] , 2
o w0 (DL @
2 aZp 2 2 Oug ouj ~
— t ——=0, (x,t)eQr, ©)
IZZL@X;% Eléaxj' an
u1|t:0:5(x)’ E‘&USZ =0, xeQ, U1|S~T =y1(s,1), (s,t) €S, @)
op 2 .
—| =¢()Y oj(s,t)cosaj, (s,t)eSt, 5)
St j=1
UZ(S’O)|51U52 :01 (6)
b
jMdz:o, 0<x <L, @)
0 O

e U, U, — TIPOJIOJIbHAS ¥ MOTIEPEYHAst KOMIIOHEHThI CKOPOCTH TEKYMIEH JKHIKOCTH COOTBETCTBEHHO,
p — AaByieHUE KUAKOCTH.

IIpu >Tom s ypasnenus (2) (mpu t > 0) 3a1a4a craBuTes cieayromum o6pasoM (QyHKuus U, mepen
3TUM JIOONPEACISAETCS MIPH COOTBETCTBYIOIIEM 3HAYCHUU BPEMEHH B YETHIPEX KPUBOJIMHEWHBIX Tpe-
YTOJIBHUKAX, PACTIOJIOKEHHBIX MO yraaM Q 1 ):

ouz | Ouy ouy ouy
—+——==0, (x,t)eQqr, u =0, —+—==0, (x,t)eQor, U =0,
O0Xp OX1 (t) 2|51T OXy  OX1 (0 2 2|52T
82u azu . au
22 + 1 :O, (X,t)EQT, —2 :gl(X]_,S]_,t), u2|S’2T ZQZ(X]_;H _gllt)1
OX3 OX10X2 X2 sir
rae
ou H—slau X1,2,t
X1 |y G %1

Takas mocTaHOBKA 3aJjaud MO3BOJISIET HAMTH pellieHre ypaBHEHUA (2), yJ0BJIETBOPSIOLIEE YCIOBUSAM
NpUIMIIaHKUS Ha 00EHX CTeHKax KaHala.

B ycnoBusix (4) u (5) \T/l(s,t)eCm(S}), \le|t=0 =5(s), x=seS, y1=0 npu gﬁ X1 < L—§,

_ 2
[x2 =0]U[x2 =H], t€[0,T]; —B — MPOU3BOAHAS 110 HAMIPABJICHUIO BEKTOpa N BHYTPEHEH HOpMaIn
ST_ 2 52y 2 . . .
K ST; oj — yroa Mexay BektopoM N u oceio OXj; ;(s,t) =vza—l';'— Uk %—%, (s,t) e St,
ou; k=1 OXik k=1 OX¢x ot

t=0 —=0.
npu P

B pa6ore [11] mpenioxen ducieHHbId MeTo pemeHus 3aaa4uu (1)—(7), npu peanuzanuu KOTOPOro
OBIITM TIOJYYEHBI pacHpeesIeHUs MONepeYHON M MPOIOJIBbHON KOMIIOHEHT CKOPOCTH TEUEHMS KHUIKO-
CTH, a TaK)Ke pacupezeicHue naBieHus. CpaBHEHUE TOCIEAHEr0 MPOBOIMIOCH N0 JUIMHE KaHasa (pe-
3yJbTaThl PEACTaBJICHBI Ha pHc. 3, a ,0 B [11]).

[IpencraBuM pacnpenesieHus NONEPEeYHON 1 MPOJOILHON KOMIIOHEHT CKOPOCTH, HailieHHbIe B [11]
Y TIO3BOJISIOUINE YETKO ONPEACTUTH MOHSITHE CTEP)KHEBOTO TEUEHUS KMIKOCTH (pucC. 2 U 3 COOTBET-
cTBeHHO). O003HaYCHU S, TPUHATHIC B JaHHOU paboTe, HAXOASTCS B CJIEAYIOMIMX COOTHOIICHUSIX:

Xo=y+h, U =v, H=2h, x; =X, uy=u.
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Va

i Ko
>

N

< 4

Puc. 2. PacnpeaeneHI/Ie Honepequﬁ KOMIIOHCHTBI CKOPOCTH I10 IIMPUHE KaHaJla

Fig. 2. Distribution of the transverse velocity component over the channel width

Ha puc. 2 npesictaieno pacupe/ieieHie IonepedHoil KOMIOHEHTBI CKOPOCTH i, (12 = V) B HAIPaB-
JIEHMH KOOPAUHATHI X, (x, = ) B ceuennu kaHanax, = c (0 <c < L).

Onpenenenue 1. O0nacTs TeYCHUS, B KOTOPOH ov. <0 (b < y < b), Ha3BIBACTCS cmepaiCHEM
meueHus (CM. puc. 2). ay

Ha puc. 3 nokasano pacrpeseneHue mpoaosibHON KOMIOHEHTbI CKOPOCTH u, (1, = ) B HAalIpaBJICHUK
KOOP/IMHATHI X, = ) B JIBYX CEUCHUAX KaHasa x, = ¢, (kpusas /) u x, = ¢, (kpusas 2), rie 0 < ¢, < ¢,< L. Kak
BUIUM, IPU ABUKCHUU 110 KaHAJTy B HAIIPABJICHUHN OT BXOJa K BbIXOQY NOI'paHUYHBIC CJIOU paClIuPArOT-
csl, a PO TeYEeHHUs cyxkaeTcs. B macmrabe puc. 3 mpu Npou3BOJILHOM 3HadeHuu X, = ¢, tae 0 <c¢ < L,
Touku y = h, y = b (a Takxke TOUYKkH y = —h, y = —b) MOUTH cnHMBAIOTCS. 3HAYHUT, CTEPIKEHb BKIIIOYACT
B ce0s SpO TEUEHHUs U 3HAYUTEIbHBIC YaCTH MOTPAHUYHBIX CJIOEB, 00Pa3yIOLINXCsI OKOJIO CTEHOK Ka-
Hajla, T. €. CTEPKEHb TEYCHHS 3aHMMAeT MOYTH BCIO €r0 001acTh, KPOME TOHEHBKUX 000JI0YEK MEXKIY
HHAM U KaXJIOW U3 CTEHOK.

OnpeneneHue 2. TeueHue )KUIKOCTH, KOTOPOE UMEET CTPYKTYPY, IPEICTABICHHYIO HA PUC. 2, 3,
HA3BIBACTCS CHIEPIHCHEBbIM MeUeHUeM.

>
-h 0] h y
Puc. 3. Pacnipenenenue npooiabHOi CKOPOCTH 1O HIMPUHE KaHaja:
KpuBasi [ — ceueHUe Ha BXOJIC B KaHAJ; KpUBas 2 — CEUCHUE HA HEKOTOPOM PACCTOSHUU OT BXOJIa B KaHAJ

Fig. 3. Distribution of the transverse velocity component over the channel width:
curve / — cross section at the channel inlet; curve 2 — cross section at some distance from the channel inlet
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epexoanm k 3agade (1)—(7). IIpu ¢ = 0 dyrxmst u;(x,0) = b (x) 3anana. Haiinem npu ¢ = 0 QyHK-
LHIO U, pelias (2) ¢ TpaHUYHbIM YCIOBUEM u2|S1 =0 (O <x1£L,0<x; < H) [1].
3uas GyHKUMH u,, u,, pemaem (3) ¢ ycnosuem (¢ =

op 2 ~
ol :C(S)zmj(sat)cosaja (S:I)ESTa
onl sy =1
op - . ~
rjie —=| — MPOM3BOJHAS T0 HAMPABICHUIO BEKTOpa 7 BHYTPEHHEW HOpMaH K S, O; — YIOJ MEXY
nisr —
BEKTOPOM 7 1 0ChI0 Ox,
2 9%u; 2. ou;
®;=VY — —

Ug
k=1 6x|% Ox

Pa3o0bem mpocTpaHCTBO (X,f) IIIOCKOCTSAMU ¢, =mT, m=0,1,2,...,M, Ha ciou u IPETOTIOKUM,
JULSt COKPAILCHHU ST 3aITHCH, 9T0 MT = T. Iyctb Q,, ecTh cedenue Q1 MIOCKOCTHIO 1, = MmT, S,y —ero rpa-
arna Q,, =Q,, US,,.

Ha kaxom croe Q,, onpenenuM (yHKIHMH, KOTOpble OyneM 0003HAYATb Uy, U2 my Pm,M =0,M.

Beime §LIJ10 Hal{ICHO peleHne npu 1 = 0, T. e. peIeHue U, o, u, ., p,. st HaxoxaeHust PyHKIHUH 1, Ha
cnosix €2, mojaraem:

Z/ll|5v.|. :\Tll(sat)a (Sat) € S;Ta

~ S\~ - 5~ o )
rae \Ill(S,t)E Cl,(x(ST)’ W1|t:0 :b(S), X=s ES’ Vi1 =0 npu ngl SL—E’ [x2 ZO]U[XZ :H]a ¢ E[O’T]’
¥ npeobpasyeM 3ajady JUld u, B 3aJa4y C HyJEBbIM TPaHHYHBIM YCJIOBHEM. BBOIsS B paccMOTpeHue
Gynknuro f{x,f), ynosnersopsronryto mnpu arobom t€[0,7] ycaouto f € Cryq Q), 1 | 5 = \I/1| S0

U HOBYIO HMCKOMYIO (YHKITHIO W(X,), YIOBIECTBOPAIONIYIO paBeHCTBY u;(x,t)=w(x,t)+ f(x,t), amus
w(x,?) momydaem 3aaaqy

2 2
ow_ 2—+(w+f)—+u2 ow + = o w+u2i+F(x,t)+a—p=O, 8)
ot k=1 xk Ox, Ox] Oox» ox1
W|§T =0, w|[=0=b(x)—f|t=0, er, b(x)—f|t=0=0, x=s€8s,
rue
0 2 62 =
Pen=Lv3Sla L Feci@.
ot k=1 Oxk

1 v v
BBons 06o3nauenus g?(xalm) :_(gm _nga Em =g(x,tm), Em :g(x,tm—l), nojiarast Wy, =uym, _fm
T

1 3aMEHSISI — Ha PA3HOCTHYIO IPOU3BOIHYIO Wr (X,1,, ), 3alUAIIEeM ypaBHEHHUE (8) B BUIE

ot
2 A2 v v 7
Vza V‘;m _( Wm fm) aw_m_af_m _u2maf_m_lwm+lwm Fm_apmzoa (9)
k=1 Oxf Bxl 8x2 ox1 Ox, T T oxy
o* I, 5fm
Wile =0, Fp=fi(x,t,)- VZ
|S ' k=1 Ox |f " oxy
Bynem nonarate, uto B Q1 (QyHKIUSA 6_ MOJIyOTpaHUYEHA CHU3Y, T. €.
X1
6f >3 =const. (10)

axl
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1
Torma npu BHITIOTHEHWH HEepaBeHCTBA —+ 31 > 0 ypaBHeHHe (9) c HyneBBIM TPAHUYHBIM YCIOBUEM IIPU
T

m = 1 uMeeT equHCTBeHHOE pemeHune Wy € C; 0L(Q) 3Has W,, u3 cooTHomeHus U = W + f naxonum

up; €Cy OL(Ql) [Ipogomkum U, ,, HaliIEHHYIO Ha Q, Ha BCrO 06M1acTh Q JIOOTIPEICITHB €€ B YeThIPEX

L1’
KPUBOJMHEHHBIX TPEYTOJIbHHUKAX, PACHOIOKEHHBIX MO yIilaM Q. PaccmotpuM, Hanmpumep, TpeyTrosib-

HUK C BEpUIMHAMHU (0,0),(0,81),(%,0). Ero kpuBonuHeiiHas cTopoHa 3a1aercs ypaBHeHueM X, = 0, (X )
(x1 = e;l(xz)). Tonaraem Uy (X) = U (X, X2) =Uy, (efl(xz),xz) npu 0<x; <07’ (x,), 0 < x, < ¢, Ha

OCTaJIbHBIE KPUBOJMHEHHBIC TPEYTOJBHUKHU IPOJOIKEHUE OCYIIECTBIIAETCS aHAJOru4Ho. DyHKIHIO
u,,(X¥) (t= 1), onpenieneHHYI0 yKa3aHHBIM oOpa3om Ha Beei (2, 0603HauaeM U (X) U pemiaeM ypaBHeHHE (2)
NI HaXOkKIeHUs U,(X). OTMeTnM, 4To yenosue Buaa (7) 1s U (X) B 0OImIEM CTydae HE BBINOJHAETCS
Y HE yIa€TCs HAUTH QYHKIMIO U,, YIOBJIETBOPSIOUIYIO YCIOBUIO u2| s1USy = 0, pemas TOJIBKO ypaBHe-
Hue (2).

[Mostomy pemiaem (2) B obmactax Qg =[OS X1 £L,0< X, SS] uQ; =[OS X1<LH-e<X; < H]
C TPAaHUYHBIMH YCIOBHSIMHU

u2|X2:O :0’ u2|xz:H =0.

s mro6oro X,: 0 < X < € monmyyaem:

X2 U (X1,2) H-X2 Buy (x4, 2)

1(X1 1(X1
U (x,x2) =~ [ Sz Uy, H—xp)=— [ S g,

0 Xl H 5X1

3aTreM UHTErprupyeM ypaBHEHHUE
%y 87U
2 oW _

aX% 6X18X2
€
B o0jacTu [0 <x1<L,gg<xy<H —81], (81 :Ej’ C TPAHUYHBIMU YCIOBUSMU

o
5X2

an
8x1

B H_Slaul(xlaz)d
,u2|X2=H_81—— | — %
H 1

X2=¢] X2=¢]

3nas pynkuuum U, U,, pemaem (3) ¢ ycnosueM (t = 1):

0
@ —C(S)ij(s)cosocj, se§, 11
nis j=1
ap — . ~
rre ? — TPOM3BO/IHAS IO HAIIPABJICHHUIO BEKTOpa N BHYTPEHHEH HOPMAJH K S, olj — YIOJ MEXIY
nle

S — 2 9%u; & au aui au 5 .
BCKTOpOM N 1 OCBIO OXi, Wj =V Uk ——— a E 3aMCHCHA paSHOCTHOI/I HpOI/ISBOI{HOI/I

k=1 5X|% k=1 OXxx ot
1 \2
Uit(X,t1)=¥[Ui,1—Ui,1J-

HUrak, mpu t = 1, = T TIOJyYeHBI Gynkouu W, U, U,, P, T. €. HaHJIEHBI W, U, U,,, p, Ha cimoe Q.
[Tepexonum Ha ciioi €2 ¥ HAXOIUM W, U, Uy, Py T AL
Ouenka MoxyJist peenust W, . PaCCManI/IBaﬂ ypaBHeHue (9), oryckasi HUXKHUN UHACKC M ¥ BBOAS
2 \4 A\
oz 0°z —
0003HAUCHUSA — = Zy; ,— = Zy;x; » W+ f=1f, ua fy, +F + Py, =d, nonydaem
i 8xi

2 _ v
Wi =V Wy + TWy +U2Wy, + fyw+d =0. (12)
k=1
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B ypasaennu (12) nemaeM 3ameHy W = geBt (t =ty) 1 3amedaem, 9TO

WE :%(geﬁt _ g eB(t_T) i geB(t_T)j_ 1eB(t_T) (g _ g\]_;’_%geﬁt (1_e_BT)

T
Iomyuaem

—Bt 2 - v 1—e_ﬁt d
gie " =V Oxexk T FOx FU20x, +9] ———+ fiy "'?:0- (13)
k=1 T e

_Bt

Jlerko mokaszate, uto mpum [3=const >0 >[3e_ﬁT u, ecnu T3 =cONst >0 Ttakas, 4TO BEpHO

2

1 e 2

HEPABEHCTBO —+7B1 >0, To cymectsyer >0, nanpumep B=—, u npu 0 <1< T; BepHa LENoYKa
T1 T1

HepaBeHCTB (cM. (10))

BePT+ £, 2pe P 4B >pe P 4B >0. (14)

Hns yHkuum ¢, yaosneTBopsromeil ypaBHeHHio (13), BOSMOXHBI TpH CiIydas: a) €€ MaKCUMYM
B obmactu Qr nocruraercs mnpu t=0, u Toraa g Smax|b(x)— f| t:0|; 0) g <0; B) MONOXUTEIHHBIN

MAaKCUMYM JOCTHTaeTCs B HEKOTOPOM BHYTPEHHEH TOUKe (Xo,tmy)€Q71, Mo =1. B sTOM mocnennem
cirydae B TOUKe (Xg,tm, ) BBIIOJTHAOTCS YCIOBUS

gEZO, VgXIXI SO, i:1,2, gXI :0, i:1,2,

1-e 7P d
g( +fxl]+eTSO’

u u3 (13) caenyer

T

a c yuetoM (14) momygaem
—de ™

<—\
: Be P 4By

AHaJIOTHYHO yCTaHABIMBAETCS OIEHKA A § cHU3y. B pesyibprare moiaydaem

de Pt
Be*BH +B1H. (15)

Oue}ma NEePBLIX NPOU3BOAHBIX Wy, 1O Xj. Cuauaiia OILICHUM YKa3aHHBIC MPOU3BOAHEBIC HA T'PAHU-

|Wm| <Cq,rme Cq =efT mag(‘B(X)— f| _O‘Jrn}ax
xeQ t= or

1ie St, OIIEHUBAs UX Ha JIEBOH, IPaBOM, HUXKHEH 1 BEPXHEH YacTsIX 3TOH IpaHUIbl. PaccMOTpuM JieBy10
yacTth rpanuisl S3 x[0,T],

S5=[0< Xy <g1,% =07 (X2)]U[e1 X2 <H —&1,% =0 U[H —&1 < X2 <H, % =03 (x2)],

byHKIIIO
91‘1(x2),0 <Xo<g1
Xp=W(X2) = 0,e1<xp<H-¢1

071(x2),H —g1 <X, <H

KoTopas 3axaet S, n GyHkmo ¥ (X) = x (X1, X2) = Nie " N201v0C2) (N, 5 0N, > 0). Beogs 0Go3HaueHus
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nojiyvyacm
2 2 . v
Dyy =N,| vN2 1+[a—"’] +N, va_‘z"+f_u25_‘4’ o N2(i-v(x2)
X2 ox3 0x>

HauGonpiiiee monoXuUTENbHOE 3HAUCHUE ¥ (X) MPUHUMAET Ha S3, TaK Kak Uit J1I000# TOUKH X € ()
X1 —y(x2) >0, a qus m060# Touku x € S3 x; —y(x2) =0, u npu gocTarouro Gonbimx Ny, N,

D> max |fuwd|, ulg, = N2 g+ |b) = 1], (16)
(x,0)eQT xeO e
‘W‘SC]

Paccmorpum pynkmmio w+y (w=w,,,m=0,M). lns nee (B cury (12) u (16))
Dy(w+y)=w;, —=Diw—Dyy=—fyw—d—-Dyy<0

B oOyractu (271, TOT/Ia KaK B TOYKE MAKCUMyMa (DYHKIIHH W + ¥ TOJDKHO OBITH Do (w+ %) = 0. Jlanee

W+ |y = N1 2 w205, (w20, =200+ ) = f],_o| < V1.
xeQd e

ow 0
Ortcrozia creyer, 4To CBoe HaHOOIbIIIee 3HAUYCHHE W+ ¥, IpHHUMaeT Ha S31 =83 x[0,7] u — > 9
5}1 S 5}1 S
oy AT 5T
PaccmoTpenue GpyHKIIMH W — Y, TIO3BOJISIET YCTAHOBUTH HEPABEHCTBO P < 0 , @ PacCMOTpPEHHE
o AR AR
OCTaJIBHBIX TPEX YACTEH I'PaHUIIbI IPUBOJUT K OLICHKE ST ST
|Wx,' |§T < Cys. (17)
Janee MoryT OBITh YCTaHOBJICHBI OLIEHKH BO BHYTPEHHHUX TOUKax Q7!
? ~
Wy | < Cay Wi [ < Ca, QT < Qr, (18)
QT aOr

HO TIOCKOJIBKY YCTaHaBJIMBAIOTCS OHM HMOXOXUMH CHOCOo0aMH, a BTopasi u3 oleHok (18) mokasbiBaeTcs
CIIO)KHEE, TO TEPBYI0 M3 3THX OLIEHOK OyZeM CUHTAaTh YyCTAHOBJICHHOH, a BTOpoe HepaBeHCTBO 3 (18)
Oy/ieM JI0Ka3bIBaTh.

Ouenka BTOPBIX NPOU3BOAHBIX Wy 1O X X j. BBeiem Bcmomorarenbnbie Gynknun g; (i =1,2) cne-
TYIOIIHAM 00pa3oMm:

&i h
wy, =b(g:), b(gi)=-2C2+3aCze [ e ds, (19)
0
rae C, — koHcranra us (18), a > 1, h >1 — KoHCTaHTBI, KOTOPBIE OnpenesoTes Huke. U3 (19) cnenyer

- h ! ’ -
Wyixpy = b'(gi)gixk = 3a€C2€ &i Sixg» Wxixpxr = b (gi)gixkxk -b (gz)hgzh lg,-ik .

Hubdepenuupyem (12) mo x; (fy, = f, Wy = W):

2 v v

W;xi _Vz Wxrxixi + folxi tuz Wyxox; = _in Wy —U2x; Wxy — (ﬁv)xi - dx,' 5
k=1

0003Ha4YaeM TPaByI0 YacCTh 4€Pe3 /, TOJACTABISAEM B MOCIIENHEE YPABHEHUE HANJICHHBIE BBIPAXKEHHS
’ .
TUIS Wyixp » Waixgxgs M ACTHM €ro Ha b'(g;):
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egzh gi(m) _sh 2 hol 2 y = v 11
— _[ e ds _Vzgixkxk +Vvhg; Z(gixk) +fgix1+u2gix2 :,—512-
T gim-1) k=1 k=1 b'(gi)

ITonyuenHOE paBeHCTBO AUPHEPEHIMPYEM TI0 X j

1 gh gi(m) —sh 2 h—2 2 2 h1 2
—| e’ (m) I e ds _VzgiXJkak +Vh(h—1)g; gisz(gixk) + 2vhg; zgixkgixjxk+
T gi(m=1) . k=1 k=1 k=1

i
v v

+fgixjx1 t+up gixsz +ijgix1 +M2xj 8ixs =[2xj E]3- (20)

Beeznem B pacemoTperne QyHKUMH ry; = Cgjy ;. BepHbI crenyromue paBeHcTsa:

2 2
2Cgk rl]'Xk + Z”;k _szxk rz’j-

Ymuoxas (20) Ha { 1 UCTIOTB3Ys TOCIIEAHUE PABEHCTBA, MTOIYyYaeM

Xk
Qgixjxk =Tlijxx —— Fij» Qgixjxkxk = Fijxkxk —

g

11 CONN 2 262
5 e®i (m) j e ds| =V | i —ZCL"rijxk + ;k S ry |+
T gi(m-1) ¥ k=1 C C Q
heo, 2 hot 2 G xi
+Vh(h=1)gi 1y 2 (i) " +2Vhgi X giny T == +
k=1

k=1
7 S . 6y f e r =L 21
+f T _?”ij T U2 | Fijxp _Trij +ijl’i1+uzxj rip =Cl3. 21

YMmHuoxaem (21) Ha erij U MoNyueHHbIe paBeHcTBa (] =1,2) cymmupyem 1o j ot 1 10 2 (pu 3ToM omy-
CTHM TIEpPBOE CaMO€ I'POMO3JIKOE ClIaraeMoe, KOTOpoe HIKE OLICHUM OT/IENIBHO):

2 262 L2 2
VS TiiTijxiork —ZCLkr,-er-Xk + ;k _ S r,f +vh(h-1)g! 221’!-,2 re +
J=tk=1 C g =l k=l
Wl 2 52 _ v _2 5
+2vhg ™Y g Y rik (Cripa — Gt )+ G5 2 1 JejTin Ftox T +Cf2(crijrijx1 —Cuti )+
=1 k=l j=1 j=1
v 2 ) 3 2
+Guz Y (Gritieg Gt ) =65 2 gl (22)
i=1 j=1
OneHuM craraeMoe, KOTopoe ObLIIO OMYIIEHO PY TOoJTy4YeHuu (22):
4 heoogilm)
Ji :C_ 8ix | (m) efi (m) J. e’ dsJ =
v gi(m=1) %]
4 2 h ~ gim) _h Nt
=53 gy et ™ gl g m) [ e s e g my—e Vg (o || =
v gi(m-1)
- h-i oM my-s" gl m-g (m-1)
:TZ gixj(m) hgi (m)gixj(m) _[ e”! ds+gixj(m)_e ' ! gixj(m_l) .
=1 gi(m=1)

gi(m)  p h
Ilycrs Jp = hgih_1 (m) f S Mg, Torna npu g;(m —1) < g;(m) BepHa LIEOYKa HEPABEHCTB
gi(m-1)
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i i(m)
J,oh g’}”’) el P [ g
gi(m=1) gi(m=1)
IIpu g;(m—1) =2 g;(m) BepHa LIeNIOUKa
i(m—-1 i(m=1)
2| < hg (T )Sh_leg?(m)fshds = —egih(m)*sh o =1 —eg’h(m)*glh(m*l)
gi(m) gi(m)

> eg?(m)—g?(m—l) > eg?(m)—g{‘ (m-1)

U3 KOTOpOH cienyer J o —1. 3HauuT, B 000uX ciydasx J o —1.IloaToMy

2 hm—hm—] hmfhmfl
z%z[g,-x,- (m)(g,-xj- (m)[egl i >—1j+gixj (m)— et E g, <m—1>ﬂ=

i Z[glx,(m)egl (=D (g, ()= g, (= 1))} (23)

J=1
2, 2
Tenepb BBOJIMM QYHKUHMIO ¢ = |D 77 W paccMaTpuBaeM (22) B ToUKe (Xq,#uq ) MAKCHMyMa (yHKIHHI
j=1
Z r,] , TIe mo 21, a x; ABNSAETCS BHYTPEHHEH TOUKOM 0 (ona Haxonutcs B obnacrtu, rae ¢ #0).

j=1
Tax kak B TOUKe (X0, g )

(QZ)Xk _2jzlryl’yxk =0, ( )kak - j=1

\S]
M

2
2
Foge 22 Tiiucn <0,
J=t

2

2
Zl iixk — Zrl]rl]xkxk’
= ]_

—

u u3 (23) cnenyer Ji =0, To 13 (22) momydaeM

2

2 2
V2 Y rl +vh(h-1g[q* + 20vhg! Sy S i < Z( o~ Chmen J3° +

j=lk=1 =l k=l k=1
hel & 2 & - 2, 2 28
+2vhg! T Y 1 Y Gtk + fCGxa? +ua Clxg® =GP | f F11+M2x1 r [¥6° Zry13- (24)
j=l k=l j=1 =

Vil 1
U3 (19) cnenyer: ecnn wy; =—C>, TO j e ds =——, eciu Wy, = Cp, TO

3ae’
Yi2 h 1
[ e ds=—. (25)
0 ae

1
Tak kak mpua >1, h>1 —<

$h 1
¥ ds <—, 10 ¢ yueTom (25) monyqaem
ae a

o'—.a | —

1 1
—<YVi13giSYyin<—. (26)
3ae a

Tpetbe caraemoe B J1€BOI 4acTH (24) MOXKHO OIIEHUTH TaK:

2 2 2 2
2€;vhg,h*1 > D> FiiTi | < _Cz > 2 +2vh? max glZh 2q4 27)
j=1k=1 A i=1,2
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O6o3nauas npasy1o yacThb (24) 4epes |, u yunrsiBas (27), momydyaem
1 ,2Z& 4 . h2 2h-2
= rs . +vh h-1 i ©—2h i <ly. 28
5 VG EkZzl i +Vha"| (h-Dming; max g 4 (28)

Bribepem a > 3e, nanpumep, nonaraeM a = 4e. B cuny (26)

h-2 2 h-2
h-1 _ _ 1 h-1 1 3
h2g4 =2 ningh-2 o 2h-2 h2g4| 2 =L (2 (2
v { AR A U A EPY: h “ae) (4

ho—1 (1) (3\°?%| 1
Bri6epem h = hg HacToNBKO GONBIINM, YTOOBI (;] - 2( ) (—) >—. 13 (28) nonyuaem
a

0 4e) (4
hp-2
1 1
—vh2q4(—2) <ly. (29)
a 12e
13 (29) mociie HECIOKHBIX OLEHOK CIaraeMbIx u3 |, cienyer onenka
Wy | < Ca. (30)
o
3amMeTHnM, 4TO
2 2 h ?
2 2 2 9i
4 2 4 2 4 e
q =] 2ri | =C" 205 | =€ 2| 50— Wxix; : (3D
=1 : o ial 3aCe ™

[osTomy koncranTa C, Takosa, uto C3 < oo 114 11060# cTporo BHyTpenHei mogobmactu Q' obnactu Q,
HO IPH IPUOIMKEHUU TpaHuIbl Q' K rpanuie  6e3rpaHuYHO PacTeT.
TMocne Beruncnenwus (30) aHATOTUYHBIM CIIOCOOOM MOTYT OBITh TOJYYCHbI OLICHKH

<Cs, QO <Qf, QOF <O

‘Wxixj'xk ‘ <Cy, ’Wxixj'xkxs
Q OF

W 3aTeM BBITIOTHEH MPeJIeNIbHBIN Tiepexo pu T — 0, JokasbIBaromiuii pa3permmmocts 3aaaqau (1)—(7) [10].
[Ipu yka3zaHHBIX BBIIIEe TPEOOBAHUSX, HAKIIAABIBAEMbBIX HA JaHHBIE, PEIIICHUE SIBISCTCS KJIACCHUYSCKHIM.

3akirouenue. OTMETUM, UTO /IS IEPBOW MTPOU3BOAHON QYHKIIMH W YIAaeTCsl IOJIYYUTh €€ OLEHKY
(17) Ha rpanune 00JacTH, a JIsl MPOU3BOAHBIX 00JIee BHICOKOTO MOPSIKA UX HE CyIllecTByeT. [loaTomy
OLICHKH JIJIsl TIPOM3BOJHBIX BTOPOTO M 0OJIee BHICOKHX MOPSIKOB yJIaeTCs TOJYYUTh TOIBKO B CTPOTO
BHYTPEHHUX MOA00IACTIX pacCMAaTPUBACMON 00JIACTHU PEIICHHSL.
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HUCCJIEJOBAHUE TOHKHUX IIVIEHOK Cu,ZnSnSe,
METO/JIOM ATOMHO-CHJIOBO MUKPOCKOIIUH

MeTo0M aTOMHO-CHIOBONH MUKPOCKOIUHU MCCIIEOBAHO BIMSIHHUE THIIA MOJIOKKU Ha CTPYKTYPY U LIEPOXOBATOCTH I10-
BepXHOCTH miieHoK Cu,ZNSNSe,, oIy YeHHBIX METOJIOM CEJICHU3ALMH METAJIIMYECKUX NpeKypcopos Cu-Zn-Sn Ha HOMION-
Kax M3 CTeKJIa C MOACIOoeM MoinOaeHa n monubaeHoBoi ¢osbru (Mo/ctekno, Mo-donbra). OGHapyKeHO, YTO TMIICHKH
Cu,ZnSnSe, na noanoxkax Mo/cTeksio u Mo-(obra UMEIOT OJIM3KHE 3HAYCHHS IEPOXOBATOCTH M 3CPHUCTYIO CTPYKTYPY.
[nenkn Cu,ZnSnSe, umeroT Gojiee BHICOKME 3HAYEHMS MEPOXOBATOCTH M MAKCMMAJbHON BBICOTHI HEPOBHOCTH Mpoduis,
4eM MeTajuindeckue npekypcopsl Cu-Zn-Sn. Veenuuenue mepoxopaTocTu npu popmuposanuu mienok Cu,ZnSnSe, us npe-
KypPCOPOB HPOMCXOHUT 33 CYCT POCTA 3¢PCH B MPOLIECCE OTIKHUTA M CCIICHU3ALIH.

Kniouesvie cnosa: Cu,ZnSnSe,, TOHKUE IJICHKH, IPEKYPCOPBI, ICKTPOXMMUYECKOE OCAKICHHE, THOKUE TOIIOKKH,
ATOMHO-CHJIOBAsi MUKPOCKOITHSI.
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INVESTIGATION OF Cu,ZnSnSe, THIN FILMS BY ATOMIC FORCE MICROSCOPY

In comparison to the traditional use of glass substrates, the thin films onto metal substrates offer improved device co-
oling, economical large-scale roll-to-roll processing, and applicability in lightweight, as well as flexible products. However,
unlike glass, metal foils tend to exhibit rough surfaces. This article studies the substrate-type (Mo/glass and Mo-foil) effect on
the topographic characteristics of the Cu,ZnSnSe, films by atomic force microscopy (AFM). Cu,ZnSnSe, thin films were pre-
pared by the electrodeposition of stack copper/tin/copper/zinc (Cu/Sn/Cu/Zn) precursors, followed by selenization. AFM was
used to study the topographic characteristics of thin films, including grain size, surface roughness, and maximum height of
the profile. It is shown that the films obtained on Mo/glass and Mo-foil substrates have similar roughness and in the both cases
the grain structure is formed. The Cu,ZnSnSe, thin films show relatively high surface roughness and maximum roughness
profile height compared to Cu-Zn-Sn precursors. The increase in the surface roughness of the films was caused by the growth
of grains during annealing and selenization processes.

Keywords: Cu,ZnSnSe,, thin films, precursors, electrochemical deposition, flexible substrate, atomic force microscopy.

Beenenne. TpaauiinoHHO B (hOTOAKTHBHBIX CIIOSIX TOHKOIICHOYHBIX (hoTorpeoOpasopareseit (TDIT)
HWCIIOJIBb3YIOTCS TAKUE MHOTOKOMIIOHEHTHBIE NoynpoBonnuky, kak Culn Ga, Se,u CdTe [1]. Onnaxo
B CBSI3M C TOKCHYHOCTBHIO KaJMHS ¥ BHICOKOH CTOMMOCTBIO MH/IMS U TaJUINSI BO3HUKAET HEOOXOAMMOCTD
B MOUCKE aJIbTEPHATUBHBIX MaTEpPHAJIOB HA OCHOBE HETOKCHYHBIX U JAOCTYIHBIX KOMIOHEHTOB [2, 3].
K uneny nepcnexktusnbix marepuanos s T®II ornocures Cu,ZnSnSe, (CZTSe) [4]. Homynpo-
BOJHUKOBBIN MaTtepuan CZTSe xapakTepusyeTcs ONTHYECKON MIMPHUHON 3ampeieHHon 30161 ~ 1,0 3B,
BBICOKHMM 3Ha4YE€HHEM IoKaszaresist nmoriomenus (> 10* cm™') u p-tunom nposoaumoctu [4]. Kpome toro,
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OH COCTOMT U3 IIUPOKO PACIpOCTPAHEHHBIX B MPUPOJE, JOCTYMHBIX U MAJOTOKCHYHBIX KOMIIOHEHTOB,
yto nenaet TOII Ha ero OcCHOBE JEMIEBBIMY U DKOJIOTMYECKH YUCTBIMHU.

B Hacrosiee BpeMs B OONBIIMHCTBE padOT MO MOJTYYEHUIO TOHKOIIJICHOUHBIX (DoTorpeoOpasoBaTe-
JIeH UCTIONB3YIOTCS CTEKIISTHHBIC MOMTIOKKH [5—9], omHako 3T0 orpannumnBaet npumenenne TOII B 06-
JIACTSX, TAE CYIIECTBYIOT TaKUe TPEOOBAHMUSI, KaK MaJIbIil Bec, THOKOCTh | T. 1. [10]. ['mOkmne MeTammmnde-
CK¥e (OJIBIU MO3BONISIOT PACIIUPHUTE CIIeKTp obmacTeit mpumeneHus TOII [11, 12], oru ciocoOCTBYIOT
JyqIIeMy OTBOAY Teria oT mpruoopoB [13], a Takske SBISIOTCS JIETKUMU, TPOYHBIMU U TOHKKUMU [14, 15].
[opnoxku n3 (HONBIH MO3BONSIOT HCHOIH30BATH MPOMBIIUICHHYIO PYJIOHHYIO TEXHOJIOTHIO MPOM3-
BOJICTBA ITJICHOK, 00ECIICYMBAIOIIYIO HEMPEPBIBHBINA MPOLECC MX OCAKICHUS Ha BBICOKUX CKOPOCTSIX
C MCIIOJIB30BaHMEM KOMIIAKTHOT'O U HEIOpOroro odopyzaoanus. Kpome Toro, mpuMeHeHne ruOKUX Me-
TAJUIMYECKUX MOJIOKEK UCKITIOUaeT HEOOXOJUMOCTh OCaXACHHU S TPOBOISLICTO THUIBHOTO ciiosl. B pe-
3yJIbTaTe CTOMMOCTH M3TOTOBICHMSI MOAYJIeH TOHKOIJICHOYHBIX (OTOIpeoOpazoBaTeneii MOKeET ObITh
CYIIECTBEHHO CHIKeHa. OJJHAKO HEOOXOJAMMO OTMETHUTH, 4TO 3PPekTuBHOCTH TDII Ha rHOKUX MeTal-
JINYECKUX TIO/JIOKKAaX Ha HECKOJBKO IMPOIIEHTOB HUXKE, YeM Ha CTEKJISTHHBIX [15, 16], uTo 00ycIioBIeHO
mudys3ueit mpuMecei 3 MeTalmudeckux moaioxex [15, 17, 18] u ux mepoxoBarocTsto [19].

W3BecTHBI criepyromue MeXaHU3Mbl BIUSHUS IEPOXOBATOCTH TMOJIOKKH Ha 3((HEKTHBHOCTH TOH-
KOIIJICHOYHEIX (poTornpeodpazoBaTenei [15]:

1) 3aposbinieoOpazoBaHue — MEPOXoBaTasi MOAJIOKKA 00eCIIeYUBAET POCT IMIICHKH ¢ OOJIBIIUM KO-
JUYECTBOM LIEHTPOB 3apOJIBIIICH, YTO CTAHOBUTCSI TPUYUHON 00pa3oBaHus Oojiee MEIKUX 3€peH U 110-
SIBJICHUST OOJIBIIOTO YKcia Je(eKTOB;

2) nuddysus npumeceli — ee yCHUIEHUE Ha BRICOKOTEMIIEPATYPHOHM CTaJul CUHTE3a MJICHKH MOXKET
MPOUCXOANTDH Ha IIEPOXOBATON MOAJIOKKE M3-32 YBEIMUYEHHON MOBEPXHOCTH pa3zesia MKy MOIJI0XK-
KOH (TBUTbHBIM KOHTaKTOM) H TIJICHKOM;

3) myHTUpYOIIee IeHCTBIE — MHOKECTBO CTPYKTYPHBIX 00pa30BaHUIl Ha MIOBEPXHOCTH MOJJIOKKH
MOJKET MPUBOJIUTH K ITYHTHPOBAHHIO.

Takum 00pa3om, N3yUeHHe MEePOXOBATOCTH TOBEPXHOCTH TOMJIOKEK M TUIEHOK ITO3BOJISET OCYIIECT-
BJISITH TIPABHJIBHBIA BEIOOP MOP(HOIOTHH HHTEeP(HEHCOB C MENbI0 MOBHITICHUS d()()EKTHBHOCTH TOHKO-
IUICHOYHBIX (hoTompeoOpasoBarencii. Kak mokazanu wuccnemnoBanust [20—23], OBEpXHOCTH ILICHOK
u Mop(doorust HHTep(elicoB, XapaKTepU3yIOIIUECs IEPOXOBATOCTHIO, UT'PAIOT BAXKHYIO POJIb B YBEIHU-
YEeHU U TIOTJIOIICHHS MaJJAI0IIEero CBETa MyTEM YMEHbBIICHUS OTEPh Ha oTpakeHue. CyliecTBEHHOE T10-
BhIeHHe 3 ekTuBHOCTH TTPeoOpa3oBaHus 3a cUeT 0cO00i HmepoxoBaTocTH UHTEp(heHcoB OBIIO T0-
nmydeHo B paboTax [24-27].

B n3y4eHun TONoNIOruy MICHOK LIMPOKHE BOZMOXXHOCTH OTKPBIBAE€T MPUMEHEHNE METO/Ia aTOMHO-
cuitoBoi Mukpockornnu (ACM) [28]. B HacTosimield paboTe mpeacTaBieHbl pe3ybTaThl UCCIEI0BAHUS
meronoM ACM BiusiHUs THTA moiioxkek (Mo/ctekino u Mo-domnbra) Ha CTPYKTYpY H IIEPOXOBATOCTh
noBepxHocTHu mieHok CZTSe.

Mertoauka 3xcnepuMenTa. Tonkue mieHku CZTSe monydyeHsl MyTEM CEICHHU3ALUU MPEKYPCOPOB
Cu-Zn-Sn. MeTtammmdeckue pekypcopsl Cu-Zn-Sn ObUTH TTOCIOWHO JIEKTPOXUMUYCCKH OCaXKICHBI Ha
moIoKKH Mo/ctekiio u Mo-dombra B ciemyromeM mopsiake: moioxka/Cu/Sn/Cu/Zn. B kagecTBe aHO-
JIOB ISl OC2KJICHHSI COOTBETCTBYIOIIMX METAJIITMYECKUX CJIOEB UCIIOIH30BAJIKCH IIJIACTUHBI M3 TPOMBIIII-
JICHHOW aHOAHOM MeNH, BBICOKOUMCTOro 0510Ba (99,999 %) u nnnka. PacTBOpHI 27€KTPOIUTOB OBLIIN TPU-
TOTOBJICHBI W3 JICHOHM3HPOBAHHOW BOJBI C JI0OABJICHUEM CuSO,, ZnSO,, SnSO, u uuTpara HaTpHs.
[epen ocaxxaennem npexypcopos Cu-Zn-Sn noiiokka u3 Mo-Qonbru nogsepraiach MEXaHU4ECKoi 00-
paboTke 115 ynaneHus: okcuaHoro ciosi. [loBepxHocTh moanoxexk Mo/crexio u Mo-honbsru npombiBa-
Jack B CIOUPTE W JAUCTHJUIMPOBAHHOM BOAE, TOCIE 4Yero MpOCYIIMBajiach TOPSYUM BO3IYXOM.
IIpeBapuTenbHBIA OTXKHUT OCAKIEHHBIX IpeKypcopos Cu-Zn-Sn pooauiics B armochepe 95 % Ar+5 % H,
npu temneparype 350 °C B teyenue 30 MHH, MOCJE YEr0 MPEKYPCOPbl OXJIAXKIAAIUCH MPU KOMHATHON
temneparype. [IpeaBapurensubrii oTxuUT mpekypcopoB Cu-Zn-Sn tpedyercs aist popMupoBaHus Ou-
HapHBIX WHTEPMETAINIHICCKUX (a3 (CuxSny, u CuXZn}), KOTOpBIE TIPH CEJICHU3aIlnh 00pa3yIoT ¢ ce-
neHom Tpoiinble coenunenus (Cu,SnSe, u np.) u 3arem, pearupys ¢ ZnSe, 06pasyeTcsi COCAUHCHHE
CZTSe [29]. B cygae cenenm3anuu Cu-Zn-Sn peKkypcopoB 03 MpeBapuTEILHOTO OTKHUTA MTPOUCXO-
JIUT 00pa30oBaHUE HEXKeIaTelbHbIX (a3 OMHAPHBIX CEJICHHUIOB, yXyamarouux 3GdexktuBHocTs TOII.
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CeneHu3anno OTOMXOKEHHBIX NpeKypcopoB Cu-Zn-Sn mpoBOIMIM B KBaplEBOM KOHTEiHepe (00beM
12,5 em®) ¢ 5 Mr noporkoodpasHoro Se mpu jasieHuu rasa Ar B 1 6ap u remneparype 400-500 °C.

HccnenoBanus CTPYKTYpBl M IEPOXOBATOCTH MOBEPXHOCTH mozuioxkek (Mo/ctekino u Mo-(omnbra),
npexypcopoB Cu-Zn-Sn u mneHok CZTSe oCymecTBISIIUCH C UCTIOIB30BAaHUEM aTOMHO-CHJIOBOTO MU-
kpockora NT 206 («Microtestmachines Co.», benmapycs) B KOHTaKTHOM pexxume. JlJis n3ydeHus moBepx-
HOCTH 00pa3IloB Ha KaXKJIOM M3 HUX OBLIO BRIOpAHO HE MEHEE 5 IIIOMIAa/IOK ¢ O0JACThIO CKAHUPOBAHUS
pasmepom 10x10 mxm?. Tlo kaska0ii 061aCTH TOTYYaIu 3HAYCHHsI CpeHEl apudMeTHUeCKO! 1 cpeIHeit
KBaI[paTH‘-IHOﬁ mepoxXOoBaTOCTH, MaKCHUMaJIbHOM BBICOTHI HEPOBHOCTHU HpO(bI/IJ'ISI MMOBEPXHOCTHU, ITOCJIC
Yero pe3yJbTaThl yCPEAHUTUCH IS KaX0ro o0pasiia.

Pesyabrathl u 00cy:xkaeHue. Ha pucynke mpencraBieHbl xapakTepabie ACM-n300pakeHus 1o-
BEPXHOCTH TOmIIokeKk Mo/ctekino U Mo-dombra, ocaxaeHHBIX mpekypcopoB Cu-Zn-Sn u TIEHOK
CZTSe, nomy4eHHBIX Ha COOTBETCTBYIOIIUX IMOJIOXKKax. B Tabmuie maHbl ycpeqHEHHBbIC 3HAYCHUS
CJIEYIONIMX NapaMETPOB: MAKCHMAJIbHOM BBICOTHI HEPOBHOCTH Mpoduis (R), cpennel apudpmernye-
CKOH (R ) 1 cpenHeli KBaJpaTUYHOM (Rq) HIEPOXOBATOCTH MOBEPXHOCTH HCCIIENYeMbIX 00pa3loB, pac-
cuntanHbie 3 qaHHbBIX ACM ¢ ucnons3oBaHueM mnporpaMmHoro obecrnedenus SurfaceExplorer ¢ mo-
MOIIBIO CTaHAapTHBIX hopmyr [30, 31].

Makcumanvuas evicoma neposnocmu npogpuna (R unu R ). JlaHHBIH HapaMeTp OYeHb UyBCTBHTE-
JIEH K BBICOKHM ITMKaM M TIIyOOKHM BIaIHHAM, 0ITOMY R, ONIPENENAETCA KaK MAKCUMAJIbHBIN Mepena
BBICOT MEXX/Iy CAMOH BepXHEH M HMKHEH TOUKaMH MOBEPXHOCTHU MPOQHIIS:

R =R,+R,, (1)

rae R — MakcnmanbHas BEICOTA ITUKOB, ONPE/IENSCTCS KaK MAKCHMAIIbHAs BBICOTA BBIIIE CPEIHCH JIH-
HUH, R, — MaKCMMaJibHas ITyOHHa BIIaJIMH, ONPEENIACTCA KaK MAKCUMAalbHas TIyOuHa PpOQHUIIs HUXKE
CpellHel IMHUH B MIpeieaX JUIMHBI OLEHKH MTPOQHIISL.

CpenHsis THHUS — TUHUS, KOTOPas ICTUT MPOPHUIh TaK, YTOOBI CyMMa KBaAPaTOB OTKJIOHCHH BbI-
coThl pouJast OT Hee Oblia paBHA HYJIIO.

Cpeonssa apugpmemuyeckas wepoxosamocms (R ) — XxapakTepusyeT cpenHee apupMETHYECKOE OT-
KJIOHEHVE 3HAYCHUU MHUKOB M BMAJUH Ha npoduie oT cpenHer JuHUU. OnpenenseTcs CIeayoNM

obpazom:
1 N
R =—
a N Z

n=1

V4

; o)

rie N — o0lee KOJIMYeCTBO TOYEK CKAHUPOBAHHUS B aHAIM3UPYEMOH O0NIACTH, z, — BBICOTA N-H TOUKH
B zZ-HAIIPaBJICHHH.

Cpeonssa Kkeadpamuunas wepoxosamocny (Rq) — TMpEACTaBIIsIeT cOOOW CTaHNAPTHOE OTKIIOHEHUE
pacrpeniesieHus BBICOT Ha TIOBEPXHOCTH U SIBJISICTCS BaXKHBIM IIapaMeTPOM JJIs OMMCAHMS IIEPOXOBATO-
CTH HOBEPXHOCTH C IIOMOIIBIO CTAaTUCTUYECKUX MeT0/0B. OnpenenseTcs caeayomuM oopa3om:

Iy ®
Nn:l "

ITokazaTen MIEPOXOBATOCTH H MAKCHMAJIbHOI BBICOTHI HEPOBHOCTH NMPOQUJIs HccieyeMbIX 00pa3LoB
Roughness and maximum height of the profile parameters of the studied samples

Hoznomka Cu-Zn-Sn czTse
Iapametp Substrates
Parameter Mo/crexino Mo-c¢onbra Mo/cTekio Mo-¢osnbra Mo/crexino Mo-c¢onbra
Mo/glass Mo-foil Mo/glass Mo-foil Mo/glass Mo-foil
R, nm 156,9 559,9 844,3 1084,1 2017,7 2679,6
R,nm
o M 8.2 1442 68,3 116,6 1856 2045
,hm
Ry o 9,9 178,4 96,6 148,9 2318 268,1
q’
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ACM-u300pakeHus MOBEPXHOCTHU: MOII0KeK Mo/ctekiio (¢) u Mo-donbra (b); mpekypcopos Cu-Zn-Sn
Ha no/1okkax Mo/crexio (c) 1 Mo-doubra (d); niaenok CZTSe Ha nopioxkkax Mo/ctekio () u Mo-¢oibra (f)

AFM images of the surface of: the substrate of Mo/glass () and Mo-foil (b); Cu-Zn-Sn precursors
on Mo/glass substrate (c), and Mo-foil (d); CZTSe films on Mo/glass substrate (¢) and the Mo-foil (1)
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ACM-u300paxeHus Ha pUCYHKE, ¢, b XOpOIIO AEMOHCTPUPYIOT pa3inudusl ABYX TUIIOB MOIJIOXKEK.
[ToBepxHOCTH MOMIOKKH MO/CTEKIIO IPEACTaBIsAET COO0M MEJIKO3EPHUCTYIO CTPYKTYPY C YETKO pas-
JMYUMBIMU TPAHUIIAMH MEXY 3epHaMU, JaTepabHbIi pa3Mep KOTOpbIX gocturaet ~ 300x300 Hm?,
BbicoTa — 15-20 HM. Takke HaONIONAIOTCA €IUHUYHBIC BKpAIUICHHs C BhICOTOW mopsnka 200 HM.
[T1oTHOCTH 3epeH Ha mpencTaBieHHou miomaan 10x10 MKM? (CM. PUCYHOK, d) COCTaBIsieT ~ 50 MKM 2.
[loBepxHOCTh MOANOKKKA U3 Mo-(oabru, HanpoTUB, UMEET OoJee Pa3BUTHIA peibed) MOBEPXHOCTH
U pe3Kue Tepenajipl mo Beicote. Ha moBepxHocTH MO-(hOJIBI MOKHO BBIJICIUTH HAJTMYHE HEOIHOPOI-
HOCTel B BUE OOpO3J (TEMHBIE TOJIOCHI), a TaK)ke 00pa3oBaHWS pa3MepaMH 1—5 MKM BBICOTOH [0
0,5 mxm. HeomHOponHOCTH, B BUAE O0pPO3/, SBISIIOTCS apaliHAMHE, KOTOPBIE MOSBHIIUCH B IPOLIECCE
MeXaHU4eCKol 00pabOTKH MOAJIOKKHU TIepell IEKTPpoocaxaeHueM npekypcopoB Cu-Zn-Sn.

Kak cnenyert u3 pe3ynbraToB, peACTaBICHHBIX B TaOnuIe, Mookka u3 Mo-(honsru BBUIy Mexa-
HUYECKOW 00pabOTKU MMeeT 0ojiee BEICOKUE 3HAYCHHUSI ILIEPOXOBATOCTH M 3HAYUTENbHBIN Nepenaj Bbl-
COT penbeda Mo CPaBHEHMIO CO CTEKIISTHHON MOIJIOKKOH ¢ mozcinoeM Mo.

AHaJIU3 TONMOJOTUH OCAXKICHHBIX MpeKypcopoB Cu-Zn-Sn MokasbIBaeT, 4To A 00pa3LoB Ha MOJ-
noxkax Mo/ctekio u Mo-domnbra (pUCyHOK, ¢, d) hopMupyeTcs pa3lTudHbIil MUKpOperbed TOBEPXHO-
ctu [32]. Ha moBepxHOCTH npekypcopa Cu-Zn-Sn, ocakJeHHOTO Ha TIO/IOKKY Mo/cTekio, HabmogaeT-
Csl JIOKaJIbHAsl 36pPHUCTAsI CTPYKTYPa, a TAKKE IPUCYTCTBYIOT 3PO3UHHBIE yUAaCTKH, KOTOPBIE B IIPOLIEC-
ce OCaXKJICHUs 00pa3yroT KJIacTePHI ¢ IaTepalibHbIMU pazMepamu 1,2x1,5 mxm? u BeIcOTOR 150200 HM.
3epHa UMEIOT OKPYTIIYIO hopmy ¢ pazmepamu mopsaka 300x300 am? npu Beicore 15-20 uMm. ITnotHOCTH
JIOKaJIbHBIX 00JIACTel Ha MpeCTaBICHHOH 00JacTu (CM. PUCYHOK, ¢) coctaBiset ~ 0,3 mkm 2. Taxxe
Ha MOBEPXHOCTH MpeKkypcopa Cu-Zn-Sn HaOMI0AAI0TCS HAHOMETPOBBIE MOPBI, MOSIBJIEHUE KOTOPBIX MO-
JKeT OBITh 00YCIIOBJICHO BBIJICJICHHEM BOAOPO/a B IPOIIECCE BOCCTAHOBICHUS METaJIa U3 3JCKTPOIIUTA.
Ha noBepxnoctn ocaxxaeHHbIXx Ha Mo-donbery npexypcopo Cu-Zn-Sn mpoucxonut GopmMupoBaHue
3epHHUCTOH CTPYKTYPHI (CM. PUCYHOK, d). 3epHa HUMEIOT MPUOIU3UTEIBHO OMHAKOBYIO popMy (TpomoJ-
roBaThle, OPUEHTUPOBAHHBIC B OAHOM HalpaBiICHUU BIOJIb HOPMAJU K MOAJIOKKE) U UX CPEIHUH pa3-
mep pocturaet 600x1000 um? ¢ BhicoTol 500 HM. IIIOTHOCTH 3epeH Ha MPEACTABICHHOW IUIOMIAIKE
(cM. prCYHOK, d) COCTaBIISACT MOPSIKA 3 MKM 2.

IllepoxoBaToCcTh MOBepXHOCTH TIpeKypcopoB Cu-Zn-Sn Ha momIokke Mo/cTekiio (cM. TabIuITy) Cy-
IIeCTBEHHO (B 8—9 pa3) BhIIIE 3HAUSHUH IEPOXOBATOCTH CAMOM MOIOKKH. B TO ke Bpems 1uist mpeKyp-
copoB Cu-Zn-Sn Ha nojtoxkke 13 Mo-(hobru XapakTepHa oOpaTHasi TEHACHIIHS: YMEHBIICHHUE IePOX0-
BaTOCTH MIOBEPXHOCTH MIPEKYPCOPOB IO CPABHEHHIO C IIIEPOXOBATOCTHIO MOMIOKKH Ha 16—20 %. 3HaueHust
HIEpOXOBaTOCTU MpeKypcopoB Cu-Zn-Sn Ha Mo-¢onbre HECKOIBKO BBIILE, YeM Ha MOAJIOKKe Mo/cTekIIo,
YTO TIOATBEP)KIACT BIMSIHHE MOBEPXHOCTH MOJIOKKH M3 Mo-(poiasru Ha GOpMHPOBAHHUE TOMOJIOTHH
MIPEKYPCOPOB U COITIACyeTCsl C paHee U3BECTHBIMU pe3yibrataMu [33].

U3 ACM-n306paxkenuii nosepxnoctu mieHok CZTSe Ha noanoxkkax Mo/ctekio u Mo-doibra (pu-
CYHOK, e, f) cleayeT, yTo B 000uX ciaydasx cOPMHUPOBAHA 3€pPHUCTASI CTPYKTYpa. MOXKHO BBIICIUTD
3epHa JIByX THIIOB: KpyIHbIe 1 Menkue. st nnerok CZTSe Ha monmoxke Mo/cTeksio XxapakTepHHI clie-
JyIOIIHe pa3Mepbl KpyMHbIX U MelIkux 3eped: 400x200 u 270x130 um? BoicoToit 160—194 uM, a miis
mwieHkn Ha Mo-dombre: 6x7,2 u 1x1,1 MKkM? IpHOIU3UTETHHO OJUHAKOBOM BEICOTHI ~ 280 HM. B mep-
BOM CJIy4ae TUIOTHOCTH JUIsl KPYITHBIX 3€PEH COCTABIISIET 6,5 MKM 2, JJIst METKUX — 12 MKM 2, BO BTOPOM
cllydae MIOTHOCTb pacrpeneiieHns Meiakux 3epeH — 0,07 MkM 2.

U3 pucyHka, c—f BUHO, 4TO Ha moBepxHOCTH 1iieHoK CZTSe Ha ncciemnyeMbix moaiokkax (Mo/cTeksio
1 Mo-¢onbra) HaOIrOMAeTCSI MBMEHEHUE CTPYKTYPHI IO OTHOIIEHHIO K npekypcopam Cu-Zn-Sn, o0y-
CJIOBJICHHOE Pa3BUTHEM BO BpEeMs MIPEABAPUTEIBHOIO OTKHUTa U CEJICHU3ALNN JIByX KOHKYPHPYIOIIUX
MPOLIECCOB: POCTA 3€PEH M arjioMepalnuu Marepuana. Taxxke HaOmrogaeTcs yBeJInUeHHE 3HAaYCHUI Mak-
CHUMaJIBHOH BBICOTBI HEPOBHOCTH POl 1 mepoxoBatocTu mieHok CZTSe B o6oux ciryyasi 1o cpas-
HEeHMIO ¢ npekypcopamu Cu-Zn-Sn (cM. TabIUILy), KOTOPOE CBSI3aHO C YBEIHMUECHHEM Pa3MEPOB 3€PEH.

3HaveHUs MapaMeTpoB MepoxoBaTocTw s mieHoK CZTSe, ocakIeHHBIX Ha TOIJIOKKH Mo/CTeKITo
1 Mo-dorbra (cM. TaOIHUIly), IMEIOT HEOKHAAHHO MAJIOE PACXOXKJCHUE, €CIIH YIECTh, YTO IMOJIOKKA
u3 Mo-donbru n3Ha4yaabHO UMENa CYLIECTBEHHO 00JIee BHICOKNE 3HAUEHUS ILIEPOXOBATOCTH U 1€(EKTHI
B BU/IE IIapalH 110 CPAaBHEHHIO C TIO/IJIOKKOM U3 CTEeKJIa ¢ TIoAcIoeM MoiaubaeHa. JlanHblil ¢akT cBue-
TEJICTBYET O TOM, YTO IIEPOXOBATOCTH METAJUIMYESCKUX TOJIOKEK OKa3bIBACT HE3HAYUTEIBHOE BIIUSTHUE
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Ha MUKPO- U HaHOpeJIbe() MOTYNPOBOIHUKOBBIX IJICHOK aHAJIOTHYHO TOMY, KaK 3TO HaOII0AANOCh IS
apyrux marepuainos [33, 34]. Takum oOpa3om, Tononoruieckue ceoiictsa Mo-(hoasru He NpensiTCTBY-
10T ee MOTCHLUUAIBLHOMY UCIOb30BaHUIO B KQUECTBE MaTepuaia MOAJIONKKH sl TOHKOIUIEHOYHBIX (o-
TONpeoOpa3oBaTee.

3akuouenue. VcciaenoBanne Tonojaoruu npexypcopo Cu-Zn-Sn u mnenok CZTSe MeTomom aTom-
HO-CHJIOBOW MHKPOCKOITAY TIO3BOJIMJIO MTOYYHUTh CBEJICHHS O 3aBHCUMOCTH CTPYKTYPHI M IIIEPOXOBATO-
CTH TIOBEPXHOCTH OT THMa Mook (Mo/ctekiio, Mo-dombra). [lokazaHo, 4TO Ha TONOJOTHYECKHE
cBoiicTBa npekypcopoB Cu-Zn-Sn, NONTYYEHHBIX SIEKTPOXUMHUYECKUM OCa)KJCHUEM, OKa3bIBACT BIIHS-
HUE THIl MOAJOXKKH. [IpeaBapuTeNbHBIA OTHKUT M CEJICHU3AIMs OCaKICHHBIX MpekypcopoB Cu-Zn-Sn
MPUBOANT K YBEJIMUCHHUIO CPEIHEH MIEpOXOBATOCTH M MAaKCUMAJIBHOW BBICOTHI HEPOBHOCTU TPOQUIIS
MoBepXHOCTH. B 00omx ciyuasx oOpa3yercs 3epHUCTas CTPYKTypa Ha moBepxHocTH miieHok CZTSe.
YBenmuenue mepoxoBaTocTH IIeHOK CZTSe cBsA3aHO ¢ pOCTOM 3epeH B MPOIlecce TEPMHUIECKOH 00pa-
00TKU (IpeBapUTETBHBIA OTXKUT, ceneHn3anus). [lnenkn CZTSe Ha vccieayeMbIX TIOIIOKKAX HMEIOT
ONM3KME 3HAUYCHMSI ILIEPOXOBATOCTEH, YTO TOBOPUT O BOBMOKHOCTH UCIIONB30BAHMSI THOKOW MeTaInye-
CKOH (hOJIbTH B KAUECTBE TMOIOKKHU JIJIS1 IIJICHOK.
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U3MEHEHME JUAJIEKTPUYECKHX CBOMCTB MOHOKPUCTAJLJIOB Cu,ZnSnS,
O AEMCTBUEM SJIEKTPOHHOI'O OBJIYYEHUSA

B unrepsaie remneparyp 100-300 K ua wactorax usmepurenbaoro noss 103—10° T mpoBeeHbl HCCIEI0BAHMS JIEK-
TPOMPOBOJHOCTH U M3NIEKTPUYECKOH TPOHUIIAEMOCTH MOHOKpUcTawios Cu,ZnSnS,, kak HeoOTydeHHBIX, TaK H 00TydeH-
HBIX 3JIEKTPOHAMU ¢ 3Heprueii 4 MaB nozamu 10" u 10" cm 2. TTokaszaHo, 4TO aOCOTOTHBIC 3HAYCHHU S H3YUYCHHBIX XapaKTEPH-
CTHK BO3pacTaroT NpH yBeaudeHHH Temnepatypbl. Ha kpuBbix ¢ = f(T) oOHapyKeHbI y4acTKH C PA3HBIM HAKJIOHOM, YTO
CBHJIETENBCTBYET O HAMUYNN HECKOJIBKUX TUIOB IPOBOJUMOCTH B HCCIIEOBAHHBIX MOTYNPOBOJHHUKAX. BrIsiBiIeHa qucnep-
CHUS JUAJICKTPUUECKUX CBOMCTB MCCIEJOBAHHBIX MOHOKPHUCTAJIJIOB: C POCTOM YacCTOTHI 3HAUEHUS JUAICKTPUUECKON MPOHU-
[[aéMOCTH yMEHBINAIOTCA, A yACIbHOH IeKTPOIPOBOIHOCTH — yBenuuuBaroTcss. OOHapyKEHO CyIeCTBEHHOE BIHUSIHUE 00-
JTy4YeHHs SIEKTPOHAMH Ha 3NEKTPONPOBOTHOCTh U AUIIEKTPUUIECKYIO TPOHUIIAEMOCTh UCCIETOBAHHBIX MOHOKPHUCTAIIIOB.
VYBenuueHne 7036l 00TYUSHNS MPUBOANT K YMEHBIICHUIO TUAJIEKTPHUSCKON IPOHNIIAEMOCTH U 3HAUUTEIBHOMY BO3pacTa-
HUIO 2JIEKTPOIPOBOIHOCTH BO BCCH HCCIENOBAHHON 00IaCTH TEMIIEpaTyp.

Kniouegvle cnosa: yeTBepHbIE MONYIPOBOAHUKH, TUIEKTPUUECKast IPOHUIIAEMOCTbD, yAETIbHAs 3IEKTPOINPOBOAHOCTS,
3NIEKTPOHHOE 00IyUYeHHe, TUCIePCHs], HU3KOTEMIIEpaTy PHbIE HCCIICOBAHUS.

V. G. Hurtavy, A. U. Sheleg
Scientific-Practical Materials Research Center of the National Academy of Sciences of Belarus, Minsk, Belarus

CHANGE IN THE Cu,ZnSnS, SINGLE CRYSTALS DIELECTRIC PROPERTIES
INDUCED BY ELECTRON IRRADIATION

The quaternary compound Cu,ZnSnS, was synthesized by the one-temperature method from the elementary components.
Single crystals of Cu,ZnSnS, were grown by chemical gas-transmission. Samples were prepared in the form of plane single-
crystal plates with a size of more than 2x5x0.5 mm. The electrical conductivity and dielectric properties of Cu,ZnSnS, single
crystals are investigated in the temperature range 100-300 K at the measuring field frequencies of 10°*~10° Hz. Non-irradiated
samples and those irradiated by electrons with an energy of 4 MeV and doses of 10 and 10" cm-are studied. It is shown that
the absolute values of the studied characteristics increase with temperature. The curves 6 = f{T) have the areas with different
slopes, which indicates the presence of several types of conduction in the investigated semiconductors. The dispersion of
the dielectric properties of the studied single crystals is revealed: as the frequency is increased, dielectric constant values
decrease and, as electrical conductivity is increased, these values grow. Increasing the radiation decreases dielectric per-
mittivity and causes a significant growth of electrical conductivity in the entire investigated temperature range.

Keywords: quaternary semiconductors, dielectric constant, electrical conductivity, electron irradiation, low-temperature
investigations.

BBenenue. B HacTosiee BpeMsi IEpCICKTUBHBIMUA MaTepyajaMu JUIS UCTIOIb30BaHUS B Ka4eCTBE
0a30BBIX CJIOEB MPEOOpPa3OBaTeNel COTHEYHOrO U3/ydYeHHs cunTarotcs Teepable pactBopsl Cu(In, Ga)Se,,
Culn(S, Se),, CuGa(S, Se),, KOTOpBIE, B OTIMYHE OT KPEMHHUS, ABJISAIOTCA NPAMO30HHBIMH IOy TIPOBOJI-
HHUKaMHU U 001aatoT O0NbIIUM KOI(PPHUIIMEHTOM IOTIomeH!s B BUANMON u OnvxHedl MK-o0mactu
criektpa. IlociemHume WccliemoBaHUS ITHX CHUCTEM ITOKa3aid, YTO, IPUMCEHSS TBEPABIC PACTBOPHI
Cu(In, Ga)Se, B KauecTBe 6a30BOK OCHOBBI (POTONPEOOPA3OBATENECH CONHEYHOTO U3IYUEHHUS, MOKHO
monyuauts KITJ{ ~ 20,8-21,7 % [1, 2]. OmHako uCmoab30BaTh TaKKe MaTepralbl HAa IPAKTHKE 0Ka3aJIOCh
HE BBIFOJIHBIM B CHJIY BBICOKOW CTOMMOCTH WMH/MS W TaJiIus U O'PAaHUYCHHOCTH MX 3€MHBIX 3aI1acoB.
UeTBepHBIC COCTUHECHHUS CuZZnSnS LU CuZZnSnSe , B 9TOM OTHOLICHUH TIPEJICTABIISIOT 3HAYMTEIbHbBIN
HUHTEPEC, TaK KaK SBJISIIOTCS TPSIMO30HHBIMH MOJIYIIPOBOAHUKAMH, B KOTOPBIX BMECTO JJOPOT'OCTOSIIINX
WH]IUSI U TaJUTASI UCIIOJB3YIOTCS 00JIee pacpOCTPAHCHHBIC U JICIIICBbIC IIUHK U OJIOBO.

B nocnennue rogsl B InTepaType MOSBUIIOCH JOCTATOUHO MHOTO ITYOJIMKAIIUN, TTOCBSIIIIEHHBIX KaK
MOJTyYEHUIO YKA3aHHBIX MaTEPUAJIOB U UCCIICIOBAHUIO UX (PU3UYECKUX CBOMCTB, TaK U UX MPUMEHEHUIO
B conHeyHol sHepreTuke [3—11]. OnHako, HecMOTPs Ha OOJIBIIOE KOIUYECTBO padOT U OBICTPBIN Mporpecc
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B 5ToM Hanpasjenuu, KIIJI conmneunbix snemenToB Ha ocHoBe Cu,ZNSNSe, K HacTOAIIEMY BPEMEHH
noxyueH Ha ypoBHe ~ 11,1-12,6 % [12]. [Ipuunna HU3KOH 3((HEKTUBHOCTH COCTOUT B TOM, UTO CYIIe-
CTBYIOILIME TEXHOJOTMH HE MTO3BOJISIOT CO3aBaTh TOHKHE IVIEHKH Ha OCHOBE 3THX MaTEPUaJIOB C BBICO-
KMM Ka4eCTBOM CTPYKTYPbl M HEOOXOIMMBIMH ISl COJHEUYHBIX 3JEMEHTOB (HOTOIICKTPUUECCKUMHU
CBOMCTBaMH.

IlockonpKy naHHBIE MaTepHabl MOI'YT MCIOJIb30BATHCS B KaueCTBE 0a30BbIX CIIOEB IpeoOpa3oBa-
TeJIei COTHEYHOTO M3TyYeHHUsI, BO3HUKAET BOIPOC 00 UX PaMalMOHHON CTOWKOCTH K HOHU3NPYIOIIHUM
M3IIYYEHHSIM, TO3TOMY LIEJIbI0 JaHHON paboThl OBLIIO YCTAHOBJIEHHE 3aKOHOMEPHOCTE M3MEHEHHS JH-
3JIEKTPUYECKUX XapaKTEPUCTUK MOHOKpUCTAIIOB Cu,ZNSNS, OT TEMIEPATYPhI U JI03bI SIEKTPOHHOIO
00y4eHusL.

TexHoJI0THS MOTy4YeHHS 00Pa310B U METOANKA IKCIepuMeHTa. /|15 CUHTe3a UeTBEPHBIX COEIU-
nenni Cu,ZNSNS, UCTONbB30BaIM OAHOTEMIEPATYPHBIH METO, 0OECTIEYMBAKOIIMN YHCTOTY TIOJIyYae-
MOT'0 BELECTBA U OTCYTCTBHE MOTEPb KOMIIOHEHTOB. VICXOHBIMH BELIECTBAMU CIY>KUJIU dJIEMEHTap-
HbIE KOMIIOHEHTHI IOy IPOBOJHUKOBOM YUCTOTHL: MEb, LIMHK U 0JIOBO YUCTOTHI 99,999 %, cepa Mapku
OCHY. CuHTe3 npoBOAUIN B ABOMHBIX KBAPLEBBIX aMIyJax. FIcX0qHbIE KOMIIOHEHTHI B COOTHOILIECHHUSIX,
COOTBETCTBYIOLIUX (DOPMYJIBHOMY COCTaBY, B KOJIMUECTBE ~ 15 T 3arpy’kajiu B aMIIyily, [IOCJE Yero ee
BaKyyMHUPOBaJIU. DTy aMIyJly OMEILAIN B APYTYI0 BaKyyMHPOBAHHYIO aMIIyly, KOTOPYIO OIyCKaIH
B BEPTHKAJIBHYIO OAHO30HHYIO MMeYb. TemmnepaTypy B NMeUn MOAHUMAJH TOITAMHO C ABYX4YaCOBOH BbI-
Jepkkoit 1o 3HadueHni, Ha 2030 °C mpeBbIIaOMKUX TeMIepaTypy MiaBieHus coenuHenus. [lpu no-
CTHKEHUH HYKHOM TeMIlepaTyphl BKJIIOUAIN BUOPAIIMOHHOE NTEpEMENINBAHNE U BBIJIEP)KUBAIH B TeUe-
Hue 4 4. 3aTeM BHOpALMIO OTKIIOYAIM U YMEHBLIAIN TeMIIEpaTypy co ckopocThio 5 K/4 o nmomnoro
3aTBEpACHHUs cocTaBa. {151 TOMOreHU3alUH NTOJYYEHHBIX CIIMTKOB TBEPABIX PACTBOPOB MPOBOAUIMN HX
n3oTepMudeckuii oTxur B Bakyyme npu 750 °C B reuenue 300 u.

Monoxkpuctamibl Cu,ZNSNS, BBHIPAIMBAINCH METOJOM XHMHYECKUX Ta30TPAHCIIOPTHBIX PEAKIUi
U3 CUHTE3UPOBAHHBIX paHee MOJIMKPHUCTAUINYECKUX CIUTKOB. B KauecTBe rasa-nepeHocYHKa Npume-
HSJIW dJIEMEHTapHbIN o Mapku BS. CuHTe3npoBaHHbIE MOTUKPUCTAIIIBI pACTUPAIH B ITOPOILIOK U UC-
MOJIb30BAJIM B KaUECTBE UCXOAHOIO MaTepHalia JJIsl ra30TPaHCIOpTa. AMITYJIy C UCXOAHBIM MaTepua-
JIOM ¥ H010M IIOMEIlaIy B TOPU3OHTAJIBHYIO II€Ub C ABYMsSI HE3aBUCUMO PETyJIUPYEMbIMHU 30HAMU 1JIS
CO3aHMS HEOOXOAMMOI0 IpaINeHTa TEMIIEPATYP BAOIb aMITyJIbl. TeMIieparypy B €YU PeryInpOBaIH
TaK, 4YTOOBI B 30HEe KpucTajutu3auuu oHa gocturana ~ 700 °C, a B 3oHe peakuuu ~ 780 °C. [Ipu >tux
YCIIOBUSIX MTPOUCXOIUIT POCT MOHOKPHCTAJIIIOB B T€UEHHUE ~ § CYT.

M3mepenus AUAIEKTPUICCKON MPOHUIIAEMOCTH (€) U IEKTPOIPOBOAHOCTH (G) MOHOKpHUCTAJIINYE-
CKHX 00pa3loB MPOBOAMIN METOAOM IJIOCKOTO KOHAEHCATOPa HA MOHOKPHCTAJUIMUECKUX MIIACTHHKAX
¢ pazmepamu ~ 2,0x5,0x0,5 mm Bonp kpuctamuiorpaduyeckoro Hanpasienus [001] ¢ momoribio mud-
poBoro m3Meputens E7-20 Ha gactotax usmeputesibHOro mojst 103-10° 'ty B TeMmepaTypHOM JHanas3o-
He 100-300 K. Ha o6pa3ipl HaHOCHITM OMHYECKHe cepeOpsHbIe KOHTAKTBI U MIOMEIIATN UX MEXy Me-
TAJUIMYECKUMU IPUKUMHBIMU KOHTaKTaMH. JlepkaTenb ¢ 00pa3LoM SKpaHUPOBAJIN JaTyHHBIM CTaKa-
HOM, Ha KOTOPBII uepe3 M30JSIUOHHYIO IPOCIONHKY M3 CIIIOAbl HaMaTbIBAaJIu Harpesareib. [IntaHue
HarpesaTessi OCYILECTBIISIIOCh IOCTOSIHHBIM TOKOM OT CTaOMIM3MPOBAaHHOTO HCTOUHMKA. Temneparypa
KOHTPOJUPOBAIACK IPH MoMolTH AuddepeHInanbHOi XpoMeTb-KOTEIeBOH TepMOTIapbl U yHHUBEPCAIhb-
HOTO nH(POBOro BOIBTMETpA. [IJ1s1 N3MEpEeHUH NCTIOJIB30BaI METO/ HEITPEPHIBHOTO KBa3UCTATHYECKO-
ro HarpeBaHus co ckopocThio ~ 0,5 K/mun. TounocTs nuamepenus remmepatypsl cocrasisina 0,1-0,2 K,
MOTPEIIHOCTh U3MEPEHNUN JUAIEKTPUUECKUX XapakTepucTUk — ~ 0,5 %. 3HadeHUus TUAIEKTPUUECKON
OPOHUIAEMOCTH U yJIEJIIBHON 3JIEKTPOIMPOBOIHOCTH PACCUUTHIBAIMCEH MO (hOpMyJie, COOTBETCTBYIOIICH
MJI0CKOMNapasIeIbHOMY KOHJIEHCATODY.

[IpoBonunucek McciaeOBaHMS KaK HEOONYyUYECHHBIX, TaK M OOJYyUEHHBIX 3JIEKTPOHAMH 00pa3LoB
¢ sreprueii 4 MaB nozamu 10" u 10" cm 2.

Pe3yabraThl Hecsieq0BaHU M UX aHAJM3. McciaenoBaHbl QUAIEKTPUUECKUE XapaKTEPUCTUKH 110~
JIy4eHHBIX MOHOKpHCTaIoB Cu,ZnSnS, B uuTepsase Temneparyp 100-300 K Ha pasnu4HbIX 4acTOTax
M3MEPUTEIIHHOTO TOJIS B0 KpucTautorpadudeckoro Hampasienus [001].

Ha puc. 1 npuBeieHbI KPUBBIC TEMIIEPATYPHBIX 3aBHCHMOCTEH IHAICKTPHYECKOH IPOHUIIAEMOCTH ()
¥ YJIENBHOM DJIEKTPOITPOBOAHOCTH (b) HEOOIyYeHHBIX MOHOKpHCTaiIoB Cu,ZnSnS,. Kak BuUIHO, 3HAYEHUS &
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Fig 1. Temperature dependences of dielectric constant (¢) and conductivity (b)
of Cu,ZnSnS, single crystals on frequencies: / — 10° Hz; 2 - 10 Hz; 3 — 10° Hz; 4 — 10° Hz
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Fig 2. Temperature dependences of dielectric constant (¢) and conductivity (b)
of Cu,ZnSnS, single crystals irradiated by doses: / —non irradiated; 2 — 10" cm™; 3 - 10' cm
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U G C pOCTOM TeMIIepaTyphbl YBEIHUNBAIOTCS, YTO OOBSICHIETCS POCTOM KOHLIEHTPALMU CBOOOIHBIX HO-
cuTeneit 3apsaaoB (MPOSIBJICHNUE MOTYIPOBOJIHUKOBBIX CBOMCTB B pe3yJbTaTe MOBBIIICHUS TEMIEpaTy-
poi). Ha kpuBsix 6 = f(T) mis Bcex yactoT B obactu temmepatyp 200250 K HabaromaroTcss MakCH-
MYyMBI, OOYCJIOBJICHHbIE H3MEHEHHUEM THUIIA MPOBOIMMOCTH C MPBIKKOBOM MPU HU3KUX TEMIepaTypax
K COOCTBEHHOU IpH BBICOKMX. Takke HaONrOMaeTCs 3HAYMTENbHAS AUCTICPCUs TUIICKTPUUYECKOM TIpo-
HULAEMOCTH € U NMPOBOAUMOCTU G. C POCTOM YacCTOTHI 3HAUCHHS € YMEHBIIAIOTCS, YTO 00YCIIOBIICHO,
KaK U3BECTHO, PEIaKCAlMOHHBIMH MPOLIECCAMH, TPOUCXOASIIMMU B BHICOKOYACTOTHON 001acTH n3Me-
penwii. CrieyeT OTMETUTh, YTO a0CONFOTHBIC 3HAUSHHS AJIEKTPOITPOBOTHOCTH CHIIBHO 3aBUCST OT Ya-
CTOTBI U3MEPUTEIILHOTO JIEKTPUIECKOro HOJIsL. DIEKTPOIPOBOAHOCTh C POCTOM YacCTOTHI yBEJIUIHBA-
€TCsl Ha HECKOJIbKO NOPANKOB. Takoe NOoBEEHUE DIEKTPHIECKUX CBOHCTB MOHOKpHUcTasioB Cu,ZnSnS ,
TaK JKe KaK U HaJu4ue MaKCUMyMOB Ha KpuBbix ¢ = f(T), MO-BHIMMOMY, CBS3aHO C OCOOCHHOCTSIMHU
CTPOCHMS KPUCTAJUIMYECKON CTPYKTYPbI, U, KaK CJIEACTBUE, CIOKHBIM MEXaHU3MOM IIEPeHOCca 3apsia.
VY4acTKy ¢ pa3HbIM HaKJIOHOM Ha KPUBBIX TEMIIEPATYpPHBIX 3aBUCUMOCTEN 3JIEKTPONPOBOJHOCTH yKa-
3BIBAIOT HAa HAJTMYHE HECKOJIBKHUX THUIIOB ITPOBOAMMOCTH B 3THX KpUCTAJIIaX.

Ha puc. 2 npuBeneHsl TeMIiepaTypHble 3aBUCUMOCTH AU3JIEKTPUUIECKON MPOHUIIAEMOCTH U IIPOBO-
AUMOCTH (a u b cooTBeTcTBeHHO) MOHOKpHcTanna Cu,ZNSNS, 1is pa3iuyHbIX 103 00MyYeHHs Ha Ya-
cToTe uzmepurenbHoro nosst 10° T'u. TemnepaTypHbie 3aBUCUMOCTH JJIsl IPYTHX YaCTOT BBITJISIST aHa-
JIOTMYHO.

U3 puc. 2 BugHO, 4TO 00Jy4eHHE MOHOKPUCTAJIJIOB ITyYKOM JIEKTPOHOB IPUBOJIUT K YMEHBILICHHUIO
TURIIEKTPUYECKON TPOHUIIAEMOCTH U 3HAYUTEIIBHOMY BO3PACTAaHHUIO 3JIEKTPOIPOBOIHOCTH BO BCEH HC-
CJIeZIOBaHHOM oOnacTu Temiepatyp. Takoe oBeaeHUe 3HaUCHUH € 10/ BO3AEHCTBUEM OOIYUYECHHUS JICK-
TPOHAMH MOKET OBbITh BBI3BAHO PaJAMALMOHHO CTUMYJIUPOBAaHHBIM CTAPEHHEM OOpa3LoB, CBSI3aHHBIM
C aKTUBHU3AIMEH MTporiecca MUTPAIIUU €CTECTBEHHBIX JIS(EKTOB MO/ BIUSHAEM OOIyYeHUS M MPHUBOIS-
LIUM K CHH>KEHMIO 3HaueHuH € [13]. Ilpuunnoil pocta 3HaUE€HUN AIIEKTPONPOBOIHOCTA G MOHOKPUCTAJI-
708 coenunenui Cu,ZNSNS, ABIAETCA, CKOPEE BCETO, YBEIUYECHHE KOHLEHTPAUMHU Je(PEKTOB U, KaK
CJIeZICTBHE, BO3pACTAHUS BKJIaJ[a TPUMECHON ITPOBOJUMOCTH.

3akioueHue. [IpuBeneHsl pe3yabTaThl UCCACIOBAHNS BIUSHUSA TEMIIEPATypbl U JO3bI 3IEKTPOH-
HOT'O O0JTy4eHHs Ha JUAJICKTPUUYECKYIO IIPOHUIAEMOCTh U YIENBbHYIO 3JIEKTPONPOBOIHOCTH MOHOKPH-
CTa/IoB 4eTBepHbIX coenuHenui Cu,ZnSnS,. OOHapyeHa 3HA4YMTENbHAs JUCIEPCHS M3YYEHHBIX
CBOHCTB: C POCTOM YaCTOTbI 3HAUEHUS IUAICKTPUUECKON ITPOHUIIAEMOCTH YMEHBILAIOTCS, a 3JIEKTPO-
MPOBOIHOCTH — yBennuuBatoTcs. Ha kpuBbix 6 = f(T) 0OHapy KeHBI yU4aCTKH € pa3HbIM HAKJIOHOM, YTO
CBHUJICTENILCTBYET O HAIMYNUH HECKOJIBKHUX THUIIOB TIPOBOJIMMOCTH B MCCIIEOBAHHBIX MOTYTPOBOTHHUKAX.
BbIsIBICHO CyLIECTBEHHOE BIMSHUE OOMYUYEHHMsI JIEKTPOHAMH Ha 3JIEKTPONPOBOIHOCTh M JUAJICKTPU-
YEeCKYI0 IPOHHUIIAEMOCTh MCCIICAOBAHHBIX MOHOKPUCTAJIJIOB. YBEIMUCHHE 103bl 00TyUeHHS MPHUBOAHUT
K YMEHBIICHUIO TUAJIEKTPUUECKOW MPOHUIIAEMOCTH M 3HAYMTEIbHOMY BO3PAaCTaHUIO AIIEKTPOIPOBO-
JHOCTH BO BCEH MCCIEIOBAHHON 00JacTH TEMIIEparyp.
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NUMERICAL AND EXPERIMENTAL STUDY OF HYDRAULIC RESISTANCE
OF TUBES WITH INTERNAL HELICAL FINNING BY DEFORMING CUTTING

An object of investigation is a tube having helical fins on the internal surface and different geometric sizes. Investigation
methods: experiments to obtain quantitative results hydraulic resistance of tubes with internal helical finning and to verify
computational algorithm; numerical simulation to visualize the flow structure in the tube. Studies of hydraulic resistance of
tubes with internal helical finning over a wide range of operating and geometric parameters were made: Re =2-10°...2.5-10°,
under the variation of the angle of swirling a = 14—87°, the relative height of a protrusion h/d = (25-87,5)-103, the relative
axial pitch p/d = 0.16—12.73. It is revealed that the hydraulic resistance of tubes with helical finning increases by a factor of 1.1
to 11.7. The numerical simulation results showed that, as the angle of helical swirling is increased, in the near-wall layers
the share of the circumferential velocity component increases and the share of the longitudinal component decreases. And
since the finning height exceeds the boundary layer thickness, the hydraulic resistance grows.

Keywords: turbulence, hydraulic resistance, experiment, numerical simulation, tube, deforming cutting
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YUCJEHHOE U OKCIIEPUMEHTAJIBHOE UCCJIIEJOBAHUE I'MAPABJIMYECKOI'O
COIIPOTUBJIEHUA TPYE C BHYTPEHHUM CIIMPAJIBHBIM OPEBPEHHUEM,
HAHECEHHBIM METOJIOM JE®OPMUPYIOLWEI'O PE3SAHUSI

B naHHO# paboTe 00BEKTOM HCCIIEIOBAHUS SBISIOTCSA TPYObI C BHYTPEHHHM CHHPAJBHBIM OPEOPEHUEM C pa3IMYHBIMU
TreOMETPHYECKUMHE pa3MepaMu. MeToIbl HCCICAOBAHUS: IKCIICPUMEHT — JJIS TIOJYUYCHUS KOJIMUYCCTBEHHBIX PE3YJIBTATOB 10
THJIPABIMYECKOMY COIPOTHUBICHUIO TPYO ¢ BHYTPEHHUM CIIHPAJIbHBIM OpeOpeHHeM U Ui BepH(HKALUN PACUCTHOIO aJIro-
PUTMa; YHCICHHOE MOJIEIMPOBAHNE — JUIS BU3yalH3allui CTPYKTYpBhI TeUeHHs B TpyOe. M3y4eHo rupaBIndecKkoe compo-
TUBJICHUS TPYO C BHYTPEHHUM CIHMPAJIbHBIM OPEOPEHUEM B IIMPOKOM JAHMAIA30HE PEKUMHBIX U KOHCTPYKTHBHBIX Iapame-
TpoB: Re, = 2:10°..2,5-10°, npu n3MeHeHnH yria 3akpyTku o = 14-87°, orHocuTenbHOM BhICOTHI BhicTyoB h/d = (25-87,5)-10°7,
OTHOCHTENBHOTO m1ara o ocu p/d = 0,16—12,73. BbISIBIICHO YBEIHYCHNE THAPABINYECKOTO COTPOTUBIICHHS TPYO C BHYTPEH-
HUM CHUpaibHBIM opedpenueM ot 1,1 1o 11,7 paza. Pe3ynbpraThl IpOBEAEHHOT0 YHCICHHOIO MOACIMPOBAHUS ITOKA3aJIH, YTO
C YBEJIMUCHHEM YTJIa CIIUPATILHOM 3aKPYTKH B IPHCTEHOYHBIX CIIOSIX JI0JISI OKPY>KHON COCTaBIISIOIICH CKOPOCTH yBEITHYNBA-
€TCsl, a JIOJIsl MPOJIOIBHON COCTABISIONICH CKOPOCTH yMEHbIIaeTcs. Tak KakK BBICOTAa OpPEOPEHHUS IIPEBHIIIACT TOIIIMHY I10-
T'PAaHUYHOTO CJIOS, TO B PE3YJIBTaTe PacTeT T’UAPABIHIECKOE COIPOTHBIICHHE.

Kuioueswvie cno6a: TypOyIeHTHOCTh, THAPABIHYECKOE COTPOTHBIICHHE, SKCIIEPUMEHT, YHCIICHHOE MOJICINPOBAHHE, TPY-
6a, MeTox 1e(hOPMHPYIOLIETO PE3aHHsL.

In forced heat carrier flow in the tube from the tube inlet, dynamic boundary layers start forming at
the walls; their thickness gradually grows with increasing the distance from the tube inlet. At a time,
thermal boundary layers are formed, which hinder heat transfer between the tube and heat carrier.

The thickness of temperature and dynamic layers is related as 06 emp/Odyn ~ Pr %3, At some distance

from the tube inlet boundary layers merge and flow becomes stabilized. To enhance heat transfer be-
tween the tube walls and the heat carrier, to perturb the boundary layer, or to decrease its thickness, or
to control the boundary layer separation.

Heat transfer enhancement techniques can be divided into three types. The first type is concerned
with active techniques requiring external power supply (induced vibration, acoustic action, boundary
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layer scraping), the second type — passive methods not requiring external power supply, third type —
combined methods assuming the use of two or more active /passive methods.

Many of heat transfer enhancement techniques include application with surface modification such as
different kind of surface roughness on the tube inside or internally finned tubes. The thermal and hy-
draulic characteristics of tubes having helical fins on the internal surface — internal helical finning (for
example, specially made ridging or helically corrugated internal surface) have been widely investigated
over the last 30 years [1-11]. The installation of such designs allows a flow to be swirled in effort to
make disturbances in the near-wall layers of heat carrier [1-11]. Most of the published experimental
works are devoted to the possibility of industrial use of such tubes in shell-tube heat exchangers. This
will permit one either to decrease the mass and size (metal consumption) of heat exchangers, or increase
heart load per surface area at fixed overall sizes of the latter. The tubes with helical fins on the internal
surface allows heat transfer coefficient to be increased due to disturbances made in the near-wall layers
of heat carrier. However, at a time heat carrier flowing inside the tube becomes turbulent [4, 10—11].

As shown in [2-9], thermal and hydraulic characteristics of tubes with internal helical finning are
insufficiently studied for the standard flow conditions of viscous liquids in industrial heat exchangers.
The studies of hydraulic resistance of tubes with single-threaded internal helical finning [2—9] have been
made over the range of Re, = 3-10°...1.2:10° for the transient and turbulent flow regions of heat carrier.
Dimensional geometric parameters of internal helical finning — the ratio of a helical swirling pitch p to
a tube diameter D and of a helical finning height h to a tube diameter D — was varied within
p/D = 0.14-1.2 and /D = (6-88)'10°. The attempt to extend the range of the operating characteristics,
namely, to make investigations at high Prandtl numbers Pr .= 10-90 and low Reynolds numbers Re,
ranging from 2-10° is outlined elsewhere in [10]. The maximum values of thermal efficiency reach Nu/
Nu,= 2-2.1 at a comparable growth of hydraulic resistance £/,=1.8-2.4, as shown in [8].

A short review permits a conclusion to be made that, despite a significant amount of experimental
works on tubes with single-threaded internal helical finning, additional studies should be made of flow
structures over the wide Reynolds and Prandtl number range, as well as of geometric tube parameters.
In particular, experiments were not made on the flow structure visualization in such tubes because of
technical difficulties. To get information about the flow structure in tubes with internal helical finning,
numerical simulation methods can be adopted.

It should be emphasized that, for adequate results to be obtained by numerical simulation methods,
first, the computational algorithm must be verified by the problems having physical analogs; second,
designed computational grids allowing for the geometry features of the object of investigation and
allowing boundary layer flow must be correctly used; third, the correct approaches to close the Navier —
Stokes equations must be correctly used, i. e., for the equations to be closed, the turbulence model must
be correctly chosen.

Thus, the objective of this study is to conduct joint experimental and numerical research of hydraulic
resistance and flow structure in heat carrier flow in tubes with internal helical finning. Experimental in-
vestigate will make it possible to obtain characteristics curves for the hydraulic resistance of tubes with
internal helical finning for laminar, transient and turbulent flow regimes, as well as to determine optimal
geometric parameters of tubes with internal helical finning depending on operating parameters at mini-
mum hydraulic loss &/€,. Numerical simulation results will allow one to visualize the flow structure in
tubes having different helical fins on the internal surface and to qualitatively explain the effects ob-
tained.

1. Object of investigation. An object of investigation is a tube having helical fins on the internal
surface and different geometric sizes. The basic geometric parameters of the object of investigation are
shown in Fig. 1. The present work studies six tubes having single-threaded helical fins made on the in-
ternal surface by the deforming cutting technique combining at a time the processes of deforming and
cutting the surface layers of the tube [12—13]. The copper tubes of inner diameter D = 16 mm and length
L = 800 mm were investigated; thus, their relative length was L/D = 50, which is indicative of the fact
that studies of heat transfer in such tubes must allow for the influence of the thermal entry length. The ba-
sic geometric parameters of tubes are cited in Table. Water at 20° (Pr = 6.97) served as heat carrier.



84 Becui HampisinanbeHaii akaaomii HaByk Benapyci. Cepsls dizika-MaTaMaTeIdHbIX HaBYK. 2016. Ne 4. C. 82—-89

Fig. 1. Longitudinal (a) and transverse () sections of tubes with internal helical finning: D — diameter of a starting smooth
tube d — deformed tube diameter taken from the height of an intensifier (helical protrusion), p — helical swirling pitch of
2

an intensifier, 2 — height of an intensifier (helical protrusion), a — helical swirling angle, ¢ :—d — dimensionless parameter
p

responsible for the influence of created swirling on flow characteristics

Basic geometric parameters of tubes under study

al p, mm h, mm dID h/D-10° plD
14 198 1.4 0.825 87.5 12.73
32 80 0.6 0.925 37.5 5
46 48 0.7 0.913 43.75 3
61 28 0.7 0913 43.75 1.75
76 12 0.4 0.95 25 0.75
87 2,5 0.7 0.913 43.75 0.16

2. Research techniques. Test bench for investigation of hydraulic resistance of tubes with in-
ternal helical finning. The hydraulic scheme of the test bench (Fig. 2) is designed in the form of an open
loop with a system of forced supply of heat carrier to the working (measuring) section. The test bench
comprises the facilities of water storage 2 and water supply 3, 4 to working section /2, a piping, a mea-
suring system of bulk (mass) flow rate by reference flowmeters 6, 7 and a control system.

Working section /2 for experimental study of hydraulic resistance of tubes with internal helical fin-
ning is a channel with its inlet and outlet located on the axis. Heat carrier temperature at the working
section inlet and outlet was controlled by chromel-alumel thermocouples 8, 9. To measure static pres-
sure, 0.8 mm dia pressure taps were envisaged in connecting pipes at inlet /0 and outlet /7 respectively.

14 1

AlS

7?II / |

Fig. 2. Test bench for investigation of hydraulic resistance of tubes with internal helical finning: /- distiller; 2 — tank-heater;
3 —filter; 4 — high pressure pump; 5 — receiver; 6, 7 — flowmeters; 8, 9 — thermocouples; /0, 11 — pressure sensors; /2 — working
section; AIS — automated information system; TEH — tubular electric heater; TC — temperature controller; /13—17 — valves
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Pressure drop on the working section was measured by OBEH pressure sensors for isothermal condi-
tions of heat carrier flow.
Hydraulic resistance coefficient was determined by formula (1):

£ 29D m
pw® L

where Ap is the pressure drop on the working section, p is the heat carrier density, and w is the bulk ve-

locity of heat carrier. A relative error in determining hydraulic resistance did not exceed 6.5 %.

Numerical simulation. Numerical simulation was performed with the use of gasdynamic solver
ANSYS Fluent 14.5. Steady-state Reynolds-averaged Navier — Stokes equations (Reynolds equations)
and the continuity equation were solved. The Reynolds equations were closed by the k-® Menter shear
stress transfer model [14]. A medium moving in a tube was assumed to be incompressible and its ther-
mophysical properties (density and viscosity) were assigned constant and independent of temperature
and pressure.

A computational grid consisted of tetrahexagonal and hybrid elements closely packed near the tube
finning. Total capacity of a computational grid was from 4 mln cells for a tube without finning to
8.5 min cells for a tube with finning. A minimal size of a computational cell was 0.2:10 m.

Massflow rate and operating pressure were assigned at the computational domain inlet; a tube inner
surface was assumed to be smooth, on which no slip conditions were realized. Outflow boundary condi-
tions were set at the computational domain outlet. Gravity was directed perpendicular to the incoming
flow. In the course of numerical simulation, boundary conditions were predetermined to be consistent
with experiment conditions.

3. Analysis of the results obtained. Analysis of the experimental data on hydraulic resistance of
tubes with internal helical finning. Experiments on hydraulic resistance of tubes with single-threaded
internal helical finning were performed within the turbulent regime of forced water flow over the Rey-
nolds number range Re = 2-10°...2.5-10° (Fig. 3). The experimental results obtained are compared with
the data on a tube without internal helical fining and with those calculated by the formula & = 0.3164/Re**
(Blasius’ law).

0.1 5

0.01

' L ! ' ! L |
2000 10000 ReD 100000

Fig. 3. Experimental data on hydraulic resistance: line — the calculation by the relation & = 0.3164/Re®*
for a tube without internal finning
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Fig. 4. Comparison of hydraulic resistance coefficients of tubes at different angles of swirling

To evaluate the adequacy of the data obtained, the experimental turbulent regime results of the au-
thors of the present article and presented in Fig. 4 were compared with the data [10]. Comparison was made
for a tube at an angle of swirling a = 46° and for tube No. 08 [10], as well as for a tube at an angle of
swirling oo = 61° and for tube No. 06 [10]. The comparison of the results yielded a satisfactory agree-
ment; the disagreement did not exceed 5 %.

The analysis of the experimental results (Fig. 3) on tubes with internal helical finning revealed that
the hydraulic resistance coefficients increased with increasing angle of swirling o = (14—87)°. It should
be noted that the values of hydraulic resistance coefficient for tubes with oo = 14° and o = 32° were close.
A maximal increase in hydraulic resistance coefficient in the turbulent Reynolds number range was
/&, = 11.7 times in comparison with a smooth channel.

It should be noted (Fig. 4) that at Re_ = 4500, the ratio of hydraulic resistance coefficient of tubes
with internal helical finning & to hydraulic resistance coefficient of tubes without finning & is
/&, = 1.05-1.1 for a tube with an angle of fin twisting o = 14°; £/§ = 1.1-1.15 at o = 32°; £/ = 1.7-1.8
at o = 46° £/E,=3.0-3.1 at o = 61°; £/E = 5.9-6.1 at a=76°; £/E = 3.95-4.05 at o = 87°. Attention should
be paid to the fact that the tubes with the angles of swirling oo = 76° and 87° (Fig. 3) are characterized
by the similar behavior of hydraulic resistance over the Reynolds number range. At that, the hydraulic
resistance coefficient & for a tube at the angle of swirling o = 76° is 1.25 time larger than for a tube
at o = 87°. To explain this phenomenon, the flow structure should be visualized. It can be assumed that,
as the angle of swirling is increased and the axial pitch is decreased, the circumferential velocity compo-
nent becomes much smaller than the axial one.

Analysis of numerical simulation results. Because of the difficulties associated both with flow
structure visualization in the tube with internal helical finning and with effect explanations, particularly
the similarity effect of hydraulic resistance in tubes with a = 14°, a = 32°, a = 46° and a = 61°, as well
as tubes with o = 76° and o = 87°, numerical simulation results were adopted. The computational al-
gorithm was preliminarily tested for flow in the tube without internal finning; the numerical simula-
tion results were compared with the Blasius law &¢ =0.3164Re . Over the Reynolds number range
3-10°-2.5-10° the numerical simulation results differed from the Blasius’ law by 8—12%.

At small angles of helical swirling (Fig. 5, a) finning slightly influences the flow structure in the tube,
as well as in the case of the tube without finning the following flow structure is formed: the velocity
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Fig. 6. Flow structure in the tube with internal helical finning:
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Fig. 5. Velocity distribution over the tube middle cross section:
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on the flow axis has a maximum value and it sharply changes near the wall [15]. Increasing the angle
of helical swirling (Fig. 5, b, c) disturbs the boundary layer. As the finning height exceeds the boundary
layer thickness, this results in a hydraulic resistance growth.

As previously mentioned, as the angle of helical finning (Fig. 6) is increased, in the near-wall layers
the share of the circumferential velocity component increases and the share of the longitudinal velocity
component decreases. Thus, tubes with a large angle of swirling and a small axial pitch can be considered
as tubes with transverse rolling.

Conclusion. Studies of hydraulic resistance of tubes with internal helical finning over a wide range of
operating and geometric parameters were made: Re, =2:10%..2.5-10°, under the variation of the angle
of swirling o = 14°-87°, the relative height of a protrusion //d = (25-87,5)-107, the relative axial pitch
pld = 0.16-12.73. 1t is revealed that the hydraulic resistance of tubes with helical finning increases by
a factor of 1.1 to 11.7.

The numerical simulation results showed that, as the angle of helical swirling is increased, in
the near-wall layers the share of the circumferential velocity component increases and the share of
the longitudinal component decreases. And since the finning height exceeds the boundary layer thick-
ness, the hydraulic resistance grows.
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KOMIIBIOTEPHOE MOJAEJIMPOBAHUE SHEPTETUYECKHUX 30H
N OIITUYECKUX TAPAMETPOB IUXAJIBKOI'EHU 0B OJIOBA

MeTonamMu KBaHTOBO-MEXaHUYECKOTO MOZICIMPOBAHUS YCTAHOBIIEHBI 30HHAS CTPYKTYpa M ONTHUYECKHE CBOICTBA 00BbEMa
U OJTHOTO MOHOMOJIEKYJIIPHOTO CJIOS INXAIbKOTeHHI0B onoBa — SnS,, SnSe, u SnTe,. [lokaszano, 4To nepsble 1Ba COeUHE-
HUS B 00BEME SBJIAIOTCS HENPAMO30HHBIMH IOy TPOBOHUKAMH, B TO Bpems kak SnTe, — 6ecuieneBoi nonynposoauuk. [pu
YBEJIMYEHUH TOPSAIKOBOI0 HOMEPA aTOMa XaJIbKOIeHa PACCMOTPEHHBIE COSMHEHUSI IEMOHCTPUPYIOT yBEJIIMUSHHE OCTOSH-
HBIX PEILETKU ¥ MEKaTOMHOI'O PaCCTOSIHUSL, @ TAK)KE YMEHbIICHUE IUPUHBI 3allpeleHHol 30Hb! ¢ 2,4 1o 0 3B. [Ipu nepexone
0T 00BEMHOr0 MaTepuata K OJJHOMY MOHOMOJICKYJISIPHOMY CJIOI0 CTPYKTYpPHBIE ITapaMeTpbl IPAKTUUYECKH HE U3MEHSIOTCS;
HaOITF0/Ia€TCsA TPOTIOPIMOHAIBHBINA POCT BETMYMHBI SHEPIETUYECKOTO 3a30pa, B pe3yibTaTe 4ero SnTe, CTaHOBHTCS y3KO30H-
HBIM IOJYIIPOBOAHHUKOM C IMIMPHHOM 3ampenieHHoit 30HbI 0,17 9B. W3 nccienoBaHHbIX cOeAMHEHUH HanOoIee HHTEPECHBIM
C TOYKH 3PEHHUS MPAKTUYECKOTO UCTIONB30BAHMS SBIAETCS JAUCENEHH]T 0lloBa SnSe, Oaroaps NOAXOAIIEH 1T IpUMeHe-
HUsl B ()OTOBOJBTANKE IIUpPUHE 3anpenieHHoit 30Hb! (1,0-1,5 5B) u 3HaueHmsIM K03(h(UIHEHTa MOTIOMECHNS BOIN3U Kpas
coberBerHoro morontenust 6oree 10° em!. Takske GONBIION HHTEPEC MPEACTABISIIOT TPOIHBIE PACTBOPHI 3aMEIIECHNUS, BAPbH-
pOBaHHE XMMHUYECKOTO COCTaBa KOTOPHIX MO3BOJSAET H3MEHSTH B MIMPOKOM AHANA30HE IEKTPOHHYIO CTPYKTYpPy U ONTHUE-
CKHE CBOMCTBA MaTEpHAaOB.

Kurouesvie crosa: nuxXanbKOT€HHUABI 0JI0Ba, 30HHAS CTPYKTYpa, MIMPHHA 3aNPEIICHHON 30HBI, KOX(QOUIIHEHT onTHye-
CKOT'O MOTJIOIIEHHMSI, COTHEUHBIN 37IEMEHT.

V. L. Shaposhnikov, A. V. Krivosheeva, V. E. Borisenko

Belarusian State University of Informatics and Radioelectronics, Minsk, Belarus

COMPUTER SIMULATION OF ENERGETIC BANDS AND OPTICAL PARAMETERS
OF TIN DICHALCOGENIDES

The band structure and optical properties of the bulk and one monolayer of SnS,, SnSe,, and SnTe, were established by
means of ab initio theoretical modeling. The first two bulk compounds were found to be indirect gap semiconductors, while
SnTe, behaves like a gapless semiconductor. As the atomic number of chalcogen is increased, the compounds considered show
an increase in lattice constants and interatomic distances, as well as a decrease in the band gap from 2.4 to 0 eV. Upon
transition from the bulk material to a single monolayer, the structural parameters remain practically unchanged. There
is a proportional increase in the energy gap, whereby SnTe, becomes a narrow-gap semiconductor with a band gap of 0.17 eV.
The most interesting compound according to a practical use is tin diselenide SnSe, due to the band gap (1.0-1.5 eV) and
the absorption coefficient near the absorption edge more than 10° cm' that are appropriate for photovoltaics. Ternary tin
dichalcogenides are also of great interest as the variation of the chemical composition of the latter allows modifying
the electronic structure and the optical properties in a wide range.

Keywords: tin dichalcogenides, band structure, band gap, absorption coefficient, solar cell.

Beenenue. B nocieanee Bpems nonydenue, npeoOpa3oBaHue U XpaHEHHE SHEPTUH CTaI0 OJHUM U3
HauboJiee TMHAMUYHO Pa3BUBAIOIINXCS HAIPABICHUH COBPEMEHHOMN 3JIEKTPOHUKH. {11 MOPTaTUBHBIX
1 aBTOHOMHBIX MPHOOPOB HEOOXOAMMO MCKaTh HOBBIC PELICHHUS MO SHEPTOCHAOKEHHIO IOCPEACTBOM
3¢ GeKTUBHBIX (POTORIEKTPUUECKUX U TEPMOIJIEKTpUUYECKUX npeodpasoBareneii [1]. TonkonieHoUHbIE
COJIHEYHBIE OaTaper MOINIM Obl IPEAJIOKUTH HOBbIE BO3MOKHOCTH ISl YCOBEPIICHCTBOBAHUS YKa3aH-
HBIX IPHOOPOB, B CBSI3U C YEM OIPE/IEIICHHBIH MHTEPEC NPEACTABISIOT COCIUHEHUS 0JI0Ba, TAKUE KaK
SnS,, SnSe, n SnTe,, TOCKONBKY OHHM MOTYT OBITH CHHTE3UPOBAHBI C HCTIOJIL30BAHUEM CEPUHHOM TEXHO-
JIOTHH, TaKOW KaK aTOMHO-CJIOEBOE WJIM ILIa3MOXMMHUYECKoe TrazodasHoe ocaxkjeHue. XUMHUECKUE
3JIEMEHTHI, BXOJAIINE B COCTaB YKa3aHHBIX COEIMHEHUH, XapaKTEPU3YIOTCsI HEBBICOKOW CTOMMOCTBIO,
LIMPOKUM pacpoCTpaHEeHHEM B IIPUPOJIE (CEpa U OJIOBO), a TAK)KE MaJOH TOKCHYHOCTHIO KOMIIOHEHTOB
1 TEXHOJIOTHYECKUX MPOIIECCOB UX MTPOU3BOCTBA.

© HlanomuaukoB B. JI., Kpusomeesa A. B., bopucenko B. E., 2016
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Cynbdun onoBa cymecTByeT B pa3nuuHbIX (azax u crexuomerpusix [2]. Haubomnee nuccnenosan-
HBIM SBJISETCSA MOHOCYJIB(UI SNS, 0HAKO TaKXKE U3BECTEH TUCYIb(H SNS, C IMMPUHOH 3aNPEIICHHOM
30HBI Oosiee 2 5B. HemaBHO MeTOO0M HaHECEHHS Ha CTEKJISHHBIE MOMJIOKKH C ITOMOIIBIO ra30TpaHC-
TIOPTHOTO OCAX/EHUA OBbLI TOJNyYEH TOJTUKPUCTAIINYeCKui SnS, [3]. OCOOEHHOCTBIO COETMHEHHH
SN.X, SABIAETCA CIOUCTAs CTPYKTYpa, aHAJTOTHYHAS CTPYKTYPE XOPOIIO M3BECTHBIX JNXAIBKOTE€HHUJIOB
IIEPEXOIHBIX METAJIIOB, IPUMEPOM KOTOPBIX MOXKET CIyKUTh MOS,. Vike umerorcs csenenus o6 uc-
NOJIL30BAHMU SNS, IS JTUTHEBBIX Oarapei, MOJEBbIX TPAH3UCTOPOB M pPaCIIEIUIEHHs BOAbI [4, S].
Braronapst mupuHe 3anpenenHon 30usl 2,2-2,4 5B, SnS, Tak:Ke paccMaTpUBaeTCs B KAYECTBE KaH /M-
Jara Ha pojib OTOKaTalInu3aTopa, YyBCTBUTEIBHOTO B BUAMMON 00nacTH crektpa [6, 7]. bbuio nmokasza-
HO, 4TO SnS, MOHOMOJIEKYJISIPHOM TOJIMHBI 00/1a1aeT yIy4YIIEHHBIMU (POTOKATAIUTUYECKMMH CBOM-
CTBaMH 0 CPABHEHHMIO C €r0 TPEXMEPHBIM aHAIOroM. ABTOpaMu [8] ObLIM CUHTE3UPOBAHbI CIIOU SnS,
TOJIIIMHON B TPU aroMma, B KOTOPBIX 3(P(EeKTHBHOCTH peoOpa3oBaHusl BUAMMOro cBeta coctaBuia 38,7 %,
YTO 3HAYUTENBHO BhIIIE, YeM y 00beMHOro SnS, [8]. B pabore [9] onucanbl HaHOpPa3MEPHBIE JIUCTHI
SNS,, y KOTOPBIX (POTOKATATMTHYECKAS AKTHBHOCTh ObllIa 3HAYUTENILHO TOBBILIEHA 3a CYET JIBY MEPHO-
CTH CTPYKTYpHI JHUCTa. B ornmume oT mucynbduiga, CBEICHUH O OBYX IPYTHX COENWHEHUSX OJIOBa
(SnSe, u SnTe,) 3HaunTeNnbLHO MeHbIIE. KpoMe TOro, MMeIoTest JaHHble 0 OPMUPOBAHUH TBEPIBIX pac-
TBOpOB 3amemienus Buaa SnS Se, [10]. Takum o0Opa3om, MCCIENIOBAaHUE CBOWCTB JIMXaJIbKOTEHHUJIOB
0JIOBA ABJISIETCS AKTYaJIbHBIM M MPEACTABIISIET MPAKTHYECKHH HHTEpEC.

B Hacrosmeit paboTe ¢ MOMOIIBIO MEPBOMPHUHIIMITHOTO METO/IA OMPEICIICHBI IEKTPOHHAS CTPYKTY-
pa M onTUYECKHE CBOKCTBA coennnennit SnX, (SnS,, SnSe, u SnTe,) kak B 00bEMHOM COCTOSIHUMH, TaK
U B CJIOSIX MOHOMOJIEKYJISIPHOM TOJIIUHBI C LEJBIO BBISIBICHHUSI OCOOCHHOCTEH U 3aKOHOMEPHOCTEH H3-
MEHEHUS MX XapaKTEPUCTHK JIJIsl BO3MOKHOT'O IPUMEHEHUS B (JOTOBOJIBTAHKE.

MeTonuka ucciaenoBanus. Jluxanskorenunl onosa SnX, (X =S, Se, Te) kpucTaniusyorcs B rex-
CaroHaJIbHOW KPHUCTaJITMYECKON pelieTke (mpocTpaHcTBeHHas rpymma P3ml) [2]. B anemenTapHoit
s9efKe cofepKarcs TPH aToMa, a KPUCTAJUITMIeCKas pelleTka HAalOMUHAET CIIONCTYIO CTPYKTYpY, Xa-
PaKTEPHYIO LIS AUXAIBKOI€HUJIOB TYTOIIABKMX METAILIOB BHAa MOS,, K KOTOPBIM B IOCJIEIHEE BPEMS
HaOolaeTCsl TIOBBIMICHHBI HWHTEpec Onaromaps WX DIEKTPOHHBIM M ONTHYECKHM CBOWCTBAM.
[ImockocTs W3 aTOMOB OJIOBA PACHOJIOKEHA MEXAY IBYMS IJIOCKOCTSIMH W3 aTOMOB XaJIbKOT€HA.
Orinryue naHHOM KPUCTAIIIMYECKON CTPYKTYPBl OT MOS, 3aKIIH04AETCS B TOM, YTO €CJIU B DJIEMEHTAp-
HOM sTYeUKe MOCIIETHET0 CONEPKUTCS JBa MOHOMOJIEKYIISIPHBIX ISt S-Mo-S, CBS3aHHBIX MEKTy CO00i
cunamu Ban-nep-Baanbca, To snemeHTapHas sdeiika SnX, COCTOUT TOIBKO M3 OXHOrO cros X-Sn-X,
B IIPEJIETIaX KOTOPOro, B OTIMYHE OT MOHOMOJIEKYJIAPHOTO €los MoS,, aTOMbI XaJIbKOT€Ha CMELIEHBI
JIpyT OTHOCHUTENBHO ApyTa. Takue CBOOOAHOCTOSIINE CIIOU OTINYAI0TCS CTA0MIBHOCTBIO K MOT'YT OBITh
MOJYUYCHBI B pe3yJbTaTe MEXaHMYECKOI'0 MIIM XMMHUYECKOrO PAacUICIJICHUs, KaK ObUIO MOKa3aHO AJIS
SnS, [8, 11]. BiausHue NoIOKKHU Ha IByMEPHBIE CTPYKTYPBI B TaHHOM CTaThe HE PACCMATPUBAETCS.

ATOMapHyI0 CTPYKTYPY MOHOMOJIEKYJISPHBIX CIIOEB Sn.X, MOIEIMPOBAIIM ITyTEM OFPaHMYEHHs 00b-
eMa KpHCTaJula TUIOCKOCThIO, TTepieHanKynapHoi HampasieHuto (0001). [ns ycrpaneHUs B3anMoieii-
CTBHUSI MEXIy MOHOMOJIEKYJISIPHBIMH CJIOSMH WCTIOB30BAIH Pa3/IeTUTENBHBIN CIIOW BaKyyMa TOJIIIH-
Hoit 17 A. Tlo3unum Bcex aTOMOB MOABEPraiy peaakcaryui. [10JHY0 ONTHMH3AIMIO KPUCTAINYECKOH
CTPYKTYPBI OCYLIECTBJISIIN B paMKax TeOpuu (PyHKIIMOHATA TUIOTHOCTH, UCTIOIB3YS MEPBONPUHITUI-
HBII MeTo TiceBnonoTeHuana (ko VASP) ¢ 6azucom Ha muiockux BosHax [12]. OOMeHHO-Koppes-
[MOHHOE B3aUMOJICHCTBHE OMUCHIBAIIM B paMKaX 0000IIEHHOr0 rpaaueHTHoro npudamkenus (OI'T) [13].
Oneprus orceuku (mapametp ENCUT) Obina BeiOpana paBHo# 370 5B, Tak kak najpHeiiee yBennye-
HUE 3TOro mapaMerpa He NMPUBOAUT K CYIIECTBEHHOMY M3MEHEHMIO MOJIHOW 3HEpPruu cucteMsl. MH-
TErpUpOBaHUE 110 30HE bpUIIII09HA BBINOIH SN JIMHEHHBIM METOAOM TETPA3POB.

MogenupoBaHue EKTPOHHBIX YHEPTETUYSCKUX 30H U OIITHYECKUX CIIEKTPOB HCCIIETYEMbIX COCTU-
HEHHIA TIPOBOJIMIIN METO/IOM JINHEAPU30BaHHBIX IMPUCOSIMHEHHBIX TUIOCKUX BOMH (makeT WIEN2K [14])
Ha OCHOBE ONTUMHU3UPOBAHHBIX paHee ¢ moMolbio naketa VASP nmapaMeTpoB penieTok 1 aTOMHBIX T10-
3UIANA. J{JIST BEIYUCIICHHS TUTIONBHBIX MaTPUYIHBIX DJIEMEHTOB HCIONL30BaH CeTKY 3 470 k-Todek.
Mex30HHBIE BKJIA/Ibl B MHUMYIO YaCTh JUAJIEKTPUUECKONW QYHKIHUHU (€,) BHIYUCIIM B IPUOIHKEHUN
XaoTH4YecKuX (a3. DPPekTamu JOKaIBHOTO M0 peHeOperanu. J{as KoppeKTHOro onrucaHusi OOMEHHO-
KOPPEISLUOHHOTO B3aMMOJICHCTBUS U MOJTyUYeHHs OoJiee TOUYHBIX BEITUYHMH YHEPreTHYECKUX 3a30pPOB
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HCTIOJIB30BAIM MOAU(PHUITUPOBAHHBIN 00MeHHBIN noTeHnan beke — Jlxoncona (mBJ) [15]. B nanbhei-
LIEM BCE 30HHBIE CIIEKTPBI M ONTUYECKUE CBOICTBA MOJIyUEHBI ¢ MpUMeHeHneM mBJ-noTennuana.

Pe3yabraTsl U MX 00Cy:KIeHHE. B X0/€ MOMTHON ONTUMHU3AINN KPUCTAIITHIECKON CTPYKTYPBI ObLITH
YCTaHOBJIEHBI TOCTOSTHHBIE PEIIETOK U MEKATOMHBIE PACCTOSIHUS UCCIIEAYEMBIX COEINHEHUHN, KOTOPHIE
MIOKA3aJ1M XOPOIIYI0 KOPPENSIHMIO C UMEIOIIMMHUCS KCIIEPUMEHTAIbHBIMHM JaHHBIMU JJIS1 00BEMHBIX
matepuanos. B paay SnS,—SnSe,~SnTe, nepsoe coemueHre XapakTepU3yeTCsl HAMMEHBIIMMH BETUYH-
HaMHU MOCTOSHHBIX PEUIETOK ¢ U C, & TAKIKE MEKATOMHOTO paccTosHus Sn-S, B T0 Bpems kak SnTe, —
Hanbonsmmmu. [Ipu nepexone oT 00beMHOr0 MaTepHana K MOHOMOJIEKYJISIPHOMY CJIOIO MOCTOSHHBIE
pEIIETOK U MEXAaTOMHOE PacCTOsTHUE Sn-X MPAaKTUYECKH HE M3MEHAIOTCS. AHAJOrMYHasl TeHACHLUS
HaOmonanack u 11 MoS, [16].

PaccuntanHble 371€KTPOHHBIE 3HEPTETUYECKHE 30HHBIE TUArPaMMBbl UCCIIENYEMBIX COSAMHEHUN Tpe-
CTaBJIEHBI Ha puC. 1.

OueBuiHO, 4TO B 000UX ciydasx SnS, u SnSe, NPOSBIAIOT MONYIPOBOJHUKOBBIE CBOWCTBA, B TO
Bpems Kak coenunenne Snle, B 00bemMe ABISAETCS OECIIETEBBIM MOTYIPOBOIHUKOM, TIOCKOJIBKY HE3HA-
YUTENIbHAS 4aCcTh HI)KHEW 30HBI IPOBOJUMOCTH B OKPECTHOCTH TOUKH L mepecekaeT ypoBeHb Depmu.
[Ipn mepexome K MOHOMOJIEKYIIAPHOMY IOk B SnTe, MOSBIISETCS SHEPrETUYECKUI 330D BETMYMHON
0,17 3B, uTo IpeBpaImaeT TaHHOE COCTNHCHIE B Y3KO30HHBIH MOy TPOBOTHUK.

KavecTBeHHO 30HHBIE CIEKTPBI TPEX COEAMHEHUH B psy SnS,—SnSe,—~SnTe, monobubl 1 xapakre-
PHU3YIOTCS CXOKUMH 30HHBIMH CIIEKTpaMH BOJIM3H ypoBHS DepMu Kak B BAJICHTHOH 30HE, TaK U B 30HE
poBOAMMOCTH. B 06beMHOM cocTostHiM SnS, 1 SnSe, ABIAOTCA HENPSIMO30HHBIMH TIOJTY IPOBOTHUKA-
MU. B X 27€KTPOHHBIX CIEKTpax UMEIOTCS M0 ABa MaKCUMyMa BajieHTHOU 30HBI (MB3) (B mapainiens-
HbIX HampaBieHusx [-M u A-L) u nBa munumyma 30ubI TpoBogumocT (M3II) (B Toukax M u L),
3HAYEHHUsS] DHEPTMH MEXKJIy KOTOPBIMH pa3lIMyaloTCsid BCETO HA JIECATKH MUJUIMAJIEKTPOHBOJBT.
[lonmy4eHHbIE BEIMUNHBI 3HEPTETUUECKOTO 3a30Pa XOPOILIO COrTACyIOTCs ¢ IKCIIEPUMEHTaIbHBIMU JIaH-
HBIMH, B COOTBETCTBHH C KOTOPBIMM IIMPHUHA 3aIPEIEHHON 30HbI (Eg) SnS, nexut B npenenax or 1,9
1o 2,2 3B. K 0coOeHHOCTSIM 30HHOW CTPYKTYPBI MOXXHO OTHECTH M HWKHIOIO 30HY TPOBOIWMOCTH,

SnS, SnSe, SnTe,
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Puc. 1. DHepreTuyeckas cTpyKTypa deKTPOHHBIX 30H B Sn.X, (X =S, Se, Te) Bonbs HanpaBaenuii BHICOKOH CHMMETPHH
reKcaroHaJIbHO 30HbI bpuiiiiosHa: @ — B 00beMHBIX MaTepraiax; b — B CJI0sIX MOHOMOJICKYJISIPHOM TOJIIUHBI.
Hynp Ha mikase 3Hepruit cooTBeTCTBYeT ypoBHIO Depmu

Fig. 1. Energy band structures of Sn.X, (X =S, Se, Te) compounds in some directions of the hexagonal Brillouin zone:
a — in bulk materials; » — in one monolayer compounds. Zero on the energy scale corresponds to the Fermi energy
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OTJCNICHHYIO OT OCTaJbHOW 30HBI IPOBOAMMOCTH 3a30poM mopsiaka 1,0—1,2 3B (cm. puc. 1). B ciyuae
00BEMHBIX MaTEPUAJIOB IIPU yBEIMYCHUN MOPSIAKOBOI'O HOMEPA XaJIbKOreHa HaOMI0AaeTCsl HOHMKEHUE
BEJIMUMHBI SHEPTE€TUYECKOTO 3a30pa B Py SnSz—SnSez—SnTe2 ot 2,42 5B nis SnS2 10 03B nns SnTez.

[Ipu nepexone oT oObeMa K MOHOMOJICKYJIIPHOMY CJIOI0 KaueCTBEHHO 30HHAs KapTHHA MpaKTH4e-
CKHU He u3MeHsercs. HabnronaeTcst He3HaYMTENNbHOE YBEIMUYEHUE IUPUHBI 3aIPELIEHHON 30HBI, IIPUBO-
JISITIee K TOMY, 9TO Eg ISl MOHOMOJIIEKYJISIPHOTO €1ost SnS, cocraiseT 2,45 9B, a quis SnSe, — 1,42 9B.
OTa TeH/IEHIUs IOBTOPAET MOBEICHUE AUXAIBKOI€HU/IOB TYTOILIABKUX METAILIOB Thna MoS,, y koTo-
pEIX E | 7U1st MOHOMOICKYIIAPHOTO CIIOS TAKKE OKA3hIBACTCA HEMHOTO OOIbIIE, YeM B 00BEMHOM MaTe-
puasie. 3To MOXKHO OOBSCHUTH TEM, YTO M0 MEPE YMEHBLICHUS KOJIMYECTBA CJIOEB paCIICINICHHE 30H,
KOTOpBIE OI'PaHUUYMBAIOT 3alPELIEHHYI0 30HY, CTAHOBUTCS MEHEE BhIpaKeHHBIM, ITpu 3ToM MB3 u M3I1
CMEIAI0TCsS COOTBETCTBEHHO BHU3 M BBEPX 10 3Hepruu. Kpome Toro, ¢ yMeHbllIEHHEM KOJIMYECTBA CIIO-
€B B3aMMOJEHCTBHE MEXJy HMMH TaKXKe yMEHBIIAETCS, YTO NMPUBOAUT K MEHBIIEH TUCHEPCHUU 30H
¥ OOJIbLIEH MIMPUHE 3aNPEIEHHOM 30HbL. OTaM4Ke 0T MOS, 3aK/IH09a€TCs B TOM, YTO B IIOCIEIHEM ITPH
nepexoqe K MOHOMOJIEKYJISIPHOMY CJIOI0 NPOUCXOAMUT TpaHc(opManus HENPSIMO30HHOTO IOJIYIIPOBO-
JHUKA B MIPAMO3OHHBIN [16], 4ero He HabMIOaeTCS B PNy PACCMOTPEHHBIX coennHenni SnX,. B Hux
CXOXECTb 30HHBIX CTPYKTYD 151 00BEMHOI0 COCIMHEHHSI 1 MOHOMOJIEKYJISIPHOT'O CJIOSI MOYKHO 0OBsiC-
HUTb TOJ00OHBIM aTOMHBIM OKPY)KEHHEM, & TAKKE TEM, YTO JIEMEHTapHas suehka o0bemHoro MoS,
COJEP)KUT JIBa CMEIICHHBIX APYT OTHOCHTEIBHO JAPYyTa CIoA, B TO BPEMs Kak dJIEMEHTapHas sdeiika
SnX, — TOJIBKO OIUH CIIOH.

AHali3 NOJIHBIX U MapIHAIBbHBIX TUNIOTHOCTEN AMeKTpoHHBIX cocToanui (I19C), npeacraBieHHbIX
Ha pHC. 2, 1 OPOMTAIBHOIO COCTaBa BOJHOBBIX (DyHKIMHI Ha mpuMepe SnS, MOKa3bIBAET, YTO BAJIEHT-
HYI0 30HY B auanazoHe oT —7/ m0 0 3B MOXHO pa3fgenuTh Ha HECKOJBKO XapaKTEpHBIX oOmacTeil.
Huskonesxaniue sHepreTuyeckre ypoBHH, pacloloKeHHbIE B IMana3oHe oT —/ 10 —4 3B, npakTuuecku
MOJHOCTBIO c(hOPMUPOBAHBI SN-S ANEKTPOHHBIMU COCTOSHUSIMU. BTopas obnacts (0T —4 1o —1 3B), o1-
JIeIeHHas OT niepBoii 3a3opoM B 0,1 3B, oOycioBiena cocrosausMu Sn-p u S-p. Tpetss ob6macts (0T —1
10 0 3B) xapakTepu3yeTcst MPEUMYIIECTBEHHO COCTOSIHUSIMU S-P ¢ HEOOJBIITUM BKJIAIOM COCTOSTHUE Sn-d.
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Puc. 2. Tlonueie u mapiuansasie [I9C o6bemuoro SnS,. Hyiib Ha mikae sHepruil COOTBETCTBYET ypoBHIO Depmu

Fig. 2. Total and projected densities of the SnS, bulk states. Zero on the energy scale corresponds to the Fermi energy
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HuxHsig oTnenbpHO pacmnonokeHHast 30Ha IPOBOJUMOCTH BOIU3M yposHst Depmu chopmupoBaHna B oc-
HOBHOM 32 CUYET COCTOSIHMM Sn-S u S-p, a mocnenyiomue ypoBHU 30HBI IPOBOJUMOCTH 00YCIIOBJICHBI
B OCHOBHOM P-COCTOSIHMSIMH aTOMOB 0JI0Ba. AHajiornuHele crieKTpsl [12C Oblin momy4eHs! ¥ 1715 1By X
Opyrux coennHeHui. Ilpu nepexone oT 00beMHOro MaTepuana K MOHOMOJICKYJISIPHOMY CJIOI0 XapakTep
JIEKTPOHHBIX COCTOSIHUM M OPOMTAJIbHBIM COCTaB BOJHOBBIX (DYHKIMI HE MPETEPIICBAIOT CYIECTBEH-
HBIX U3MCHEHUM.

AHanM3 ONTHYECKNX CBOWCTB JUXAIBKOTCHUIOB OJOBA IIPOBOJMIN Ha OCHOBAHHH PAcdyeTOB KOM-
IJIEKCHOM AM3JeKTprueckol QyHkiuu. CrekTpaibHble 3aBUCHMOCTH MHHUMOW YacTH TUAJIEKTpUYe-
CKOM QyHKIMH (€,) 111 OOBEMHBIX ¥ MOHOMOJIEKYJIIPHBIX CTPYKTYP JIMXaJIbKOIE€HHU/Ia 0JI0BA LIS JIBYX
OCHOBHBIX HaIpaBJICHUH MOISpU3ALMU CBETA MPEACTABIEHBI Ha puC. 3.

[lonmy4eHHble CHEKTPBI XapaKTepU3YIOTCS aHU30TPOINUEH [ HalpaBlIEHUHN MOJISIpU3AIUU CBETA
Ella u E||c y Bcex paccMOTpEHHBIX COCAMHEHHUI U THIIOB CTPYKTYp. OIHAKO, HECMOTPS Ha TO, YTO LIH-
pUHA 3aNPEIEHHON 30HbI 00beMHOro SnlTe, paBHa HyJII0, €r0 CHEKTPaIbHas 3aBUCHUMOCTD €, CX0%Ka CO
CHEKTPAMH IHDJIEKTPUYECKON QyHKIMKU coeMHenni SnS, u SnSe,, KOTOPbIE MMEIOT YETKO BBIPAXKEH-
HBIH MOJIYTIPOBOIHUKOBBIN XapaKTep 3IEKTPOHHBIX 30H. DTO MOXKHO OOBSCHUTH TE€M, YTO IIPU MOJEIINU-
POBaHUHU CIIEKTPOB AUIIEKTPUUECKON (PYHKIIMH YUNTHIBAIOTCS TOIBKO MPSIMbIE MEK30HHbIE IEPEXOIbI,
BEJIMYMHBI KOTOPBIX 1151 Sn'Te, BO BCex Toukax 30HbI bpuiutoona 6osbie Hyss.

Bee crnekTpanbHble 32aBUCUMOCTH €, XapaKTEPU3YIOTCS OTCYTCTBUEM PE3KOrO POCTa KPUBOH NpH
SHEPrusix, COOTBETCTBYIOUIUX IIMPUHE 3alPeIIeHHON 30HbI UJIU TIEPBOMY NPSMOMY Tepexoay. B uact-
HOCTH, JiIi 00BEMHOr0 SnS, B 3aBUCMMOCTH OT HAlPABIIEHUS TOJNAPU3ALUH CBETA DHEPIUS MEPBOTO
nuka coctaBusiet 4,53 u 4,59 »B. Ha 30HHOIi CTPYKTYpe 3TO COOTBETCTBYET MEPEXOIaM MKy BEpXHEH
BAJIGHTHOW 30HOM M BTOPOM 30HON MPOBOAMMOCTH B HampaBieHUU [—A, nepneHaAnKyIsIpHOM MIO0CKO-
ctu ieHkH (0001), 9To MOXKHO OOBSICHUTH OpOUTANBHBIM COCTaBOM BOJHOBBIX (hyHKUHUH. [Tockonbky
HUDKHSS 30Ha MIPOBOJMMOCTH 00pa3oBaHa COCTOSIHUSIMHU Sn-S, a B BEpXHEH BaJCHTHOH 30HE MPHUCYT-

SnSz SnSe2 SnTe2
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Puc. 3. Muumas (g,) 4acTh AMDJIEKTPUUECKOH DyHKIMH 1715 00BEMHBIX (@) M MOHOMOJIEKYIAPHBIX (D)
coeunennit SnX, (X =S, Se, Te) npu pa3nuYHbIX HAPABJICHHUSX MOJISPU3ALMHU CBETA

Fig. 3. Imaginary part (¢ ) of the dielectric function of bulk (a) and one monolayer (b)
of SnX, compounds (ZX =S, Se, Te) in different directions of light polarization
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CTBYIOT COCTOSIHHSI Sn-0, epexoibl MEX/1y HUMU SIBIISIFOTCS 3aIIPEIICHHBIMH, TaK JK€ KaK U MePeXoibl
MEKIY COCTOSIHHSMHU S-P, popMupyromumu 00e 30Hbl. TakuM 00pa3oM, MOKHO 3aKJIIOUUTh, YTO JH-
XaJbKOTEHUBI 0JI0BA B 0OBEMHOM COCTOSSHUU HE OynyT 3((GEKTUBHBI AJIsI CO3/IaHUSI CBETOM3IIYYaro-
HIMX 3JICMEHTOB.

CrekTpsbl €, Ui MOHOMOJIEKYJISIPHBIX CJIOE€B SnS, ¥ SnSe, aHaJIOTHYHbI COOTBETCTBYIOIIMM CIIEK-
TpaMm A 00beMHBIX COeAMHEHUI. boee Toro, HecMOTpsl HA HEKOTOPOE yBEJIIMYEHHE IMPUHBI 3a1pe-
IEHHOM 30HBI, B SnS, 1 SnSe, MON0KEHUE OCHOBHBIX TIUKOB Y MOHOMOJIEKYJISIPHOTO CJIOSI IPAKTHYECKH
COBIIA/IAET C MOJIOKEHUEM MTUKOB y 00beMHBIX coenuuenuid. Jlns SnTe, nmeer MecTto HEKOTOPOE cMe-
IICHUE TMUKOB. AHAIN3 CTATHYCCKON AUDIICKTPUICCKON MPOHUIIAEMOCTH €, AN 00BEMHBIX JUXAIBKO-
T€HMIOB OJIOBA TTOKA3BIBAET MOHMKEHHUE €€ 3HaueHui B psaay SnS,—SnSe,—SnTe, or 13,5 nua SnTe, o 5
ans SnS,. B ciyyae MOHOMOJIEKYJISIPHBIX CJIOEB HAONIONAETCA aHAJIOIMYHAs CUTYalus, OJHAKO 4HC-
JIEHHbIE 3HAYEHHs OKa3bIBAKOTCS IPUMEPHO B J1Ba pa3a MeHblue. Kpome Toro, eciu s SnS, 3Ha4eHHs
€, IS IBYyX HalpaBJICHUH MOJNAPU3AaLMU CBETA NPAKTHMYECKU PaBHBI, TO B caydae SnTe, onu cymie-
CTBEHHO PA3JIMYAIOTCS, IIPU ATOM y OOBEMHBIX COCIUHEHUN 3TO pa3audue OOJbIle, YeM Y MOHOMOJIe-
KYJISIPHOTO CJIOSL.

Jli1st OLeHKH TPUMEHUMOCTH HCCIIEyEMbIX MaTepUajoB B COJIHEUHBIX 3JIEMEHTaxX Obli IpoaHaJId-
3UpoBaH K03 GUIMEHT ONTHYECKOro noriomenus. Ha puc. 4 npencrasieHsl cieKTpaibHbIE 3aBUCHMO-
CTHN KO3(1)(1)I/IHI/IGHTa TIOTJIOIICHU S CBETAa AUXAJBKOI'CHUJIaAMM 0JIOBA, YCPCAHCHHELIC 110 ABYM HallpaBJiC-
HHUAM IOJIIpU3aln CBE€TA, B CPABHCHUU C TCOPECTUYCCKU PACCUYUTAHHBIM CIICKTPOM I GaAs.

OueBHIHO, YTO TOCKOJNBKY OOBEMHBIH AHCYIb(GHUI ooBa SnS, XapakTepu3yeTCs 3HAYMTENbHON
HMIMPUHOH 3anpeiieHHo 30HbI (2,42 5B), oH He 2 eKTUBEH 1Sl HCTIOJIB30BaHHUSI B COJIHEUHBIX 3JIeMEH-
Tax, OJHAKO MOXKET HAaWTH MPUMEHEHHE B KauecTBE MaTepuaa, 00aaaammero GoToKaTaJInTHYeCKOH
aKTUBHOCTBIO HOJ1 IEHCTBUEM BUIMMOIO U3JIydeHHUs. B To xke Bpems y aucenenuaa onosa SnSe, mUpH-
Ha 3alpelieHHoN 30HbI cocTaBisieT nopsaka 1,50 3B, 4To npuBiekaTeabHO 1l €ro IPUMEHEHHS B COJI-
HeyHOH sHepreTuke. CleayeT TakKe OTMETUTh, YTO BCE TPU COCIAMHEHHS KaK B BUAEC MOHOMOJIEKYJISP-
HOT'O CJIOS, TaK U B 00BEMHOM COCTOSIHUM MMEIOT 3HaueHHS KO3 GHUIIMEHTa ONTHYECKOrO MOTTIOUICHU S
BOIIM3M Kpast COOCTBEHHOTO TOTIommeHus 6ojee 10° cM !, 94TO cpaBHIMO €O 3HAUCHUAME K0d(DHUIlneHTa
HOTJIOIIEHUS A apceHuaa ramius. bosee toro, cepa, ceneH U TeIyp HPHHAIIEKAT OAHOM I'pyme
MIEPUOAUICCKON TaOIUIIBI DIIEMEHTOB, @ CAMU MaTEePHUAJIBI SIBIITIOTCS U30CTPYKTYPHBIMHU. [loMuMO 3TO-
T0, UMEIOTCSl KCTIEPUMEHTANIBHBIE IAHHBIE O (POPMHUPOBAHUH TBEP/IBIX PACTBOPOB 3aMelIeHus SnS Se,
MIPH BapbUPOBAHMH KOHILEHTpau aToMoB xaibkoreHa [10]. Takum o6pa3om, Ha KX OCHOBE BO3MOXHO
MoJIy4aThb TpOﬁHLIe COCIUHCHUS C 3aITaHHBIMU 3JICKTPOHHBIMU U OIITUYCCKUMU CBOﬁCTBaMI/I, B 4aCTHOCTHU
¢ TpeOyeMoii IIMPUHON 3anpelieHHol 30HbI. Bee 3To AenaeT AuXaabKOreHH Bl 0JI0BA, HE COACpIKAIIUC
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Puc. 4. 3aBucuMocTh ycpeJHEHHOTr0 K03 HUIIeHTa ONITHYECKOr o MOTJIOMEHHs cBeTa (o) 00beMHBIMU (KpuBas 1)
¥ MOHOCJIOIHBIMHU (KpUBas 2) TUXaJIbKOTCHUIAMH 0JI0BA OT SHEPTUU POTOHOB B cpaBHeHUU ¢ GaAs (kpuBas 3)

Fig. 4. Averaged absorption coefficient (o) of bulk (curve 1) and one monolayer (curve 2) tin dichalcogenides
versus the photon energy as compared to GaAs (curve 3)
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JIOPOTOCTOSIIIUX ¥ TOKCHYHBIX KOMIIOHEHTOB, MPUBJICKATEIIBHBIMH JIJIs1 CO3J[aHUsI MHOTOCJIOMHBIX COJI-
HEYHBIX 3JIEMEHTOB M (DOTOKATATN3aTOPOB.

3akuouenue. [TyTeM TEOpPETHUECKOTO MOJICTHUPOBAHUS OMPEACIICHbBI DIICKTPOHHASI CTPYKTYpa U OIl-
THYECKHE CBOWCTBA OOBEMHBIX JIMXAJTHKOTCHUIOB OJIOBA M MX U3MECHEHHE MPH YMECHBIIICHUN TOIIIUHBI
710 OJTHOTO MOHOMOJIEKYJISIPHOTO ¢j10si. B TO Bpems kak SnS, u SnSe, ABIAIOTCS HENPAMO30HHBIMH TI0-
JIyTIPOBOJIHMKAMHU C INMPUHOK 3anpenennon 30ub1 2,42 u 1,50 5B coorsercTeenno, SnTe, B 00beMHOM
COCTOSIHHH SIBIISIETCSI OECIIENIEBBIM ITOJIYTPOBOIHIKOM, & B BHI€ MOHOMOJIEKYJISIPHOTO CJIOST — Y3KO30H-
HBIM TIOJTYTIPOBOJHUKOM. Takoe coueTaHUue CBOMCTB B 3aBUCUMOCTH OT COCTaBa MCCICIYSMbIX MaTepH-
aJIOB U UX PAa3MEPHOCTU OTKPLIBACT BAXKHBIC IMCPCIICKTHUBLI UX MPAKTUYCCKOI'0 MCIIOJIb30BaHUA B COJI-
HEYHOH 3HepreTuke u st poTokaTanusa.
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Hnemumym ¢gusuxu um. b. 1. Cmenanosa Hayuonanwnou akademuu nayk bBenapycu, Munck, Beaapyce
’Benopycckuil 2ocydapemeennuiil ynueepcumem, Munck, Beiapyce

ILJIASMOHHBbIN PE3OHAHC B IIJTAHAPHBIX CJIOUCTBIX HAHOCTPYKTYPAX
CEPEBPO-®TAJIOIIMUAHUH HUKEJIA

W3ydeHsl crieKTpaibHbIe CBOWCTBA TOHKUX IUIeHOK (raronnanuna Hukems (NiPc) u cepebpa (Ag), monyueHHbBIX TEPMU-
YEeCKHM OCaXkJICHHEM B BaKyyMe Ha CTEKJISIHHBIC M KBapueBble noanoxku (IT), a Takike rmuraHapHBIX THOPUIHBIX HAHOCTPYK-
Typ, B KOTOPBIX HAHOMETPOBEIE TUICHKH OPTaHUYECKOTO MOJTYNPOBOAHUKA KOHTAKTUPYIOT C OCTPOBKOBEIMH CTPYKTYpaMH
cepebpa. VccnenoBansl aBe KOHOUTYpanUU IUIAHAPHBIX THOPUIHBIX HAHOCTPYKTYpP — MOHOCIOH HaHOYacTHIl cepebpa
mof TIeHKol ¢ranonuanuHa Hukens (I1/Ag/NiPc) u MmoHocnol HaHOYAaCcTHII cepedpa Ha TUICHKOW (TaloIHaHiHa HAKEIS
(IT/NiPc/Ag). Tonmmuna mieHok NiPc m3mensitace ot 10 mo 30 M. [loBepXHOCTHas IUIOTHOCTh METalla COCTaBIIsIa
~ 2:10°r/cm?. C IOMOIIBIO CKAaHUPYIOIIETO 30HI0BOr0 MUKpockoma Solver P47-PRO B MOJIyKOHTAKTHOM PEXHUME M3y4eHa
CTPYKTYpa UCCIeNyeMbIX HAHOCTPYKTYp. ONTHYECKHE CIEKTPHI 3aMUCHIBAINCH Ha criekTpodoTomeTrpe Cary 500. YcTaHOB-
JI€HO, YTO NPHUCYTCTBUE HaHOYACcTUI Ag Hanbosee 3HaYNTEIbHO ycuinBaeT ddexTuBHOe norouenue nieHku NiPc Ton-
muHOM ~ 10 HM B 06JaCTH DIEKTPOHHBIX Toioc norjomenus A ~ 600—700 um. Janubii 2 dexT nposBiiseTcs 3a cyer Cro-
COOHOCTH TJIA3MOHHBIX HAHOYACTHI] YCHUIIMBATh JIOKAJILHOE 10J1€ BOJIU3HU CBOEH MOBEPXHOCTH HA PACCTOSHUIX, CPABHUMBIX
¢ pa3Mepamu HaHodacTHIl. KonuyecTBEHHBIE OLICHKH OKA3alH, YTO HAJIMYHE HAHOYACTUI[ Ag MPHUBOIUT K YBEIHUYCHUIO
OIITUYECKOH IUIOTHOCTH HA JUIMHE BOJHBI A = 625 HM muisg HaHocTpyKTyp I1/Ag/NiPc u I1/NiPc/Ag cooTBeTcTBeHHO Ha 25
u 33 %. [IpeanonaraeTcs, 4TO 3aBUCMMOCTb BEJIWYMHBI () (GEKTHBHOrO Horiomenus wieHkn NiPc ot koHcTpykumuu rud-
PHUJIHOH CHCTEMBI MOXET OBITh CBsI3aHA C OCOOCHHOCTSIMH (POPMUPOBAHUS HAHOCTPYKTYP B IIPOLECCE TEPMHUYECKOTO
OCaKJICHHUSL.

Kurouesvie cnosa: HaHOCTPYKTYpa, IIIA3MOHHBII PE30HAHC, OPraHMYECKHH IOy IPOBOIHUK, 110J0CA OTIIOMICHUSI.

A. D. Zamkovets', A. N. Ponyavina!, L. V. Baran’

!B. I. Stepanov Institute of Physics of the National Academy of Sciences of Belarus, Minsk, Belarus
’Belarusian State University, Minsk, Belarus

PLASMON RESONANSE IN THE PLANAR LAYERED SILVER-NICKEL
PHTHALOCYANINE NANOSTRUCTURES

Spectral properties of nickel phthalocyanine (NiPc) and silver (Ag) thin films, as well as of planar hybrid nanostructures
composed of organic semiconductor nanometer films contacting with silver island structures were studied. All nanostructures
were fabricated by thermal vacuum evaporation on glass and quartz substrates (S). Two configurations of planar hybrid nano-
structures were investigated, in which the silver nanoparticle monolayer was placed under the NiPc film (S/Ag/NiPc) and over
the NiPc film (S/NiPc/Ag). The NiPc film thickness was changed from 10 to 30 nm. The silver surface density was about
2-10-¢ gfcm?. The surface structure of films was studied with the use of a scanning probe microscope “Solver P47 - PRO”
in the semi-contact regime. Optical spectra were recorded by a spectrophotomer “Cary 500”. The most significant increase
in the organic film absorption in a presence of Ag nanoparticles was observed for the NiPc film thickness of 10 nm over
the spectral range of electronic absorption bands A ~ 600—-700 nm. The effect is due to the local field strengthening near
the plasmonic nanoparticles surface for distances compared with nanoparticle sizes. Quantitative regards showed that for
the nanostructures of S/Ag/NiPc and S/NiPc/Ag the existence of Ag nanoparticles leads to an increase in the optical density
at the wavelength A = 625 nm at 25 and 33 %, respectively. We suppose that the dependence of the NiPc film effective absorp-
tion on the hybrid nanostructure configuration may be related to the features of the nanostructure formation in the process
of thermal evaporation.

Keywords: nanostructure, plasmon resonance, organic semiconductor, absorption band.

BBenenne. BaxxHbIMU 3JIEMEHTaMHM COBPEMEHHOM 3JIEKTPOHHON TEXHUKHU CTAHOBATCS OpraHuye-

CKHE MOJYIIPOBOAHUKOBBIC MaTCPpUaAJIbI. Cpe)m HHUX OJHO U3 HEHTPAJIbHBIX MECT 3aHUMAIOT (bTaJIOIII/Ia-
HHUHBI [1], XapaKTCPpU3YIOIHUECA HATUYUCM JCJIOKAIN30BAHHLIX 3JICKTPOHHBIX COCTOSSHUU B OCIIAX CO-
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NPSDKEHUS, a TaKyKe 00J1a1aloIIre JOCTATOYHO BRICOKOH YCTOMYMBOCTBIO K TIOBBIILICHHBIM TeMIIEpaTypam
Y arpecCUBHBIM cpejiaM. DTH CBOWCTBA JENAI0T YKa3aHHBIC MaTepUalIbl TPUBJICKATEIBHBIMU JIJIS ITPaK-
THYECKOTO TMpUMeHeHUs. DTaloMaHuHBI MPEACTABISIOT HHTEPEC IS CO3/IaHMS CBETOU3IIYUAIOIIUX
ycTpoiicTB [2] n (doToBONMBTanyecknx sueek [3], 00magaroT BBICOKOW YYBCTBHTEINBHOCTHIO K Ta3zaM
¥ MOTYT MCTIOTH30BaThC KaK aKTHBHBIE AIIEMEHTHI CEHCOPHBIX YCTPOUCTB [4]. Momuuiinpys naHHbie
OpraHM4ecKue MaTepHalibl, MOKHO M3MEHSTh UX MPOBOJUMOCTH, & TAKKE PETYIHPOBATH MHUPUHY 3a-
MIpeIeHHON 30Hbl. Takas yHUKaIbHAsI BO3SMOKHOCTD MPEACTABIISIETCS YPE3BBIYAHO TIOJIE3HON IS CO-
3/TaHUS HAa UX OCHOBE HOBOT'O THIIA ONTORJIEKTPOHHBIX YCTPONUCTB PA3IUIHOIO HAa3HAYECHHUS.

[lepcneKTUBHBIM SIBIISICTCS MCIIOJIB30BAHKME B COUCTAHHMH C (pTaloMaHUHAMH HaHOYACTHI OJiaro-
POJHBIX METAJJIOB, XapaKTePU3YIOIINXCS HAJIWYMEM B BUJIMMOM JAHMAMAa30HE MOJIOC MMOBEPXHOCTHOTO
m1a3MoHHOro pezonancuoro nornouienus (ITTTPIT) u obnaxarommx criocoOHOCTHIO YCUTUBATD JOKAb-
HBIC T0JI51 BOJIM3K cBoel moBepxHocTH [5]. Takne oOBEKTH MHTEHCHBHO HMCCIEAYIOTCS B HACTOAILIEE
BpeMsl. MIX yHUKaIbHBIE BOBMOXXHOCTH YK€ HaXOAST NPUMEHEHUE B OMOJIOTUY U MEIUIIMHE, OIITOAJIEK-
TpoHmKe U nH(popmaruke [6]. [I1a3MOHHBIE U MIIa3MOHHO-(OTOHHBIE CTPYKTYPHI TIO3BOJISIOT 00BEIU-
HUTH B OJHOM yCTpPOWCTBE MHUHHATIOPHOCTH, MPUCYIIYIO 3JEKTPOHHBIM CXeMaM, M OBICTPO/IEHCTBHE,
CBOMCTBEHHOE (POTOHHBIM CHCTEMaM. BKiTioueHre HAaHOYACTHII C TITa3MOHHBIMA CBOMCTBAMH B COCTAaB
(YHKIIMOHAJIBHBIX JJIEMEHTOB M THOPWUIHBIX MaTephajioB, CONEPIKAIIUX KaK HEOpraHWYEeCKHe, Tak
Y OPTaHMYECKHE KOMIIOHEHTHI, OTKPBIBAET MEPCIIEKTUBBI CO3aHUS MTPHUOOPOB U YCTPONUCTB HOBOT'O TO-
KOJICHH I, TapaMeTPbl KOTOPBIX HEJOCTHIKUMBI JIsl TPAIMIIMOHHBIX IIAHAPHBIX TeXHONOrui. OHOH 13
BaXXHBIX 33124 B 9TOH OOJIACTH SBIISICTCS U3yUCHHE 3aKOHOMEPHOCTEH MOAM(DUKALINN CIIEKTPATbHBIX
XapaKTEePUCTUK TMOPUIIHBIX CHCTEM pPa3IMYHOH TOMOJIOTHH NPU CBETOBBIX BO3JCHCTBUSX. B HacTos-
nieil paboTe MPUBOASITCA PE3yIbTaThl HCCICAOBAHMS BIUSHUS HAHOYACTHUI] cepedpa Ha CIIEKTpabHbIC
XapaKTEePUCTUKH HAHOCTPYKTYp cepedpo-ranonnanud Hukens (Ag/NiPc).

Metoauka 3kcnepuMenTa. HaHOCTPYKTYpBbI M3rOTaBIMBAJIMCE HA BAaKyyMHOH ycTaHOBKe BY-1A
TOCIIEIOBATENbHBIM TEPMUYECKUM UCTIApEHUEM KOMIIOHEHTOB Ha No/utokku (I1) n3 onTudeckoro crek-
7a ¥ KBapua. TemrmepaTypbl IOMIOKEK ObLTH KOMHATHBIMU. JlaBIeHHe OCTATOYHBIX Ta30B COCTABIISIO
2-107* ITa. KOHTpOJIb TOJIIMH OCaXIaEMBIX CIOEB MPOU3BOIMICA KBAPIEBBIM JaTUNKOM. ONTHUYECKHE
CIIEKTPHI 3amuChIBauCh Ha criekTpodoromerpe Cary 500. CTpyKTypa IIEHOK H3yJaiach C IIOMOIIBIO
CKaHMPYIOIIEro 30H0BOro Mukpockorna Solver P47-PRO B 110J1yKOHTaKTHOM PEXHME.

O0cy:xaeHue MOJYyYeHHBIX pe3yJbTaTOB. HaMu M3roTOBIEHBI W MCCIENOBaHBl TOHKHE TIEHKH
NiPc u Ag, a Taxxe muanapabie THOpUAHBIE HAHOCTPYKTYphI [1/Ag/NiPc 1 [T/NiPc/Ag, B KOTOpBIX Ha-
HOMETPOBBIE [IJICHKH OPraHUYECKOTO MOy TPOBOAHUKA KOHTAKTHPYIOT C OCTPOBKOBBIMH CTPYKTYPaMH
cepeOpa.

Ha puc. 1, a npencraBneno ACM-u3o0pakenre copMUpOBaHHON Ha CTEKJITHHOM MOAJIOKKE IJICH-
ku NiPc tommunoii ~ 10 aM. U3 pucyHKa BUIHO, YTO TUIEHKA COCTOUT U3 HAHOKPUCTAJUTUTOB C JlaTe-
paipHBIME pazMepamiu ropsiaka 20—30 am. CpenHss MepoXoBaTOCTh TOBEPXHOCTH INICHKH COCTABIISIET
2-3 M. Ha puc. 1, b npueneHo ACM-n300pakeHHe MOBEPXHOCTH JBYXCJIOWHOW HAaHOCTPYKTYPHI
II/NiPc/Ag, chopmMupoBaHHON Ha CTEKISHHOU MOmIokke. OOpamaeT BHUMAaHUE TO OOCTOSTEIbCTRBO,
gto cuctema [I/NiPc/Ag oTmmaaeTcst ot mieHku NiPc 3HaUUTENBHO OOIBIIUMH pa3MepaMu HAHOKPHU-
cTayuuToB 1o Beptukanu (14—16 HM). MHOTME HAHOYACTHUIBI UMEIOT (JOPMY BBITSHYTBHIX IMHPAMU]L
(cm. 3D-n3006pakeHne MoBepXHOCTH 3TONH HAHOCTPYKTYPHI Ha pUC. 1, ¢). AHATU3UPYS BO3ZMOXKHBIE ITPH-
YHHBI CYNIECTBEHHOI'O YBEIMUEHHSI HEOMHOPOAHOCTH penbeda moBepxHoctu st cuctembl [1/NiPc/Ag
no cpaBHeHUIO ¢ ieHkoi NiPc, cnenyer yuutsiBaTth TOT QakT, 4TO (GTaJONUaAHMHBI TPEACTABISAIOT
co0Ol MOJIEKYJISIpHBIE KPUCTAJIIBI [7], XapakTepu3yIOmKecss HaJuYueM OTHOCHTEIBHO CIa0bIX BaH-
JIEP-BaaIbCOBBIX MEXMOJICKYIISIPHBIX B3auMoneicTBul. J{ns torkoi nmuerku NiPc (mopsaka 10 M) Ha
CTEKJISTHHOH TO/IJIO’KKE MTPH KOMHATHBIX TEMIIEpaTypax, Kak mpaBuito, GopMupyercs o-popma opraHu-
YECKOT'0 TONYTIPOBOAHUKA [8]. DTO KOCBEHHO MOJTBEPIKAA€TCI OTHOCHTEIBHO HEOOIBITUMHU pa3Mepa-
mu 3epeH Ha ACM-caumke (Menee 50 am). s B-dasbl KpUCTAIIIATH OOBIYHO SABISIOTCS Ooiee KpyT-
HeiMu [9]. 1o cpaBHeHHIO ¢ B-popmoii a-Momudukanus GTasoIHaHNHOB XapaKTEPU3yeTcs: Ooee cia-
OBIMH MEXMOJIEKYJISIPHBIMU CBA3SMU. BO3MOYKHO, 9acTh 3TUX CBS3€H pa3pymiaeTcs MpH TEPMHUUECKOM
ocaxkJicHuu aToMOB Ag Ha noBepxHocTh NiPc, u HaOI0MaeTCs sIBJICHKE, TIO00HOE CBEJLIUHTY (pa30y-
XaHHIO) TOBEPXHOCTH, MPUBOASIICE K YBEIHMUESHUIO HEOJJHOPOIHOCTH peibeda.
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Puc. 1. ACM-u306paskeHus noBepxHocteit Tokoi mieHku NiPc (@) u nByxcioiiHoit HaHoCTpyKTypsI [T/NiPc/Ag (b, ¢)
Ha CTEKJISTHHBIX TOI0KKax; NiPc: [ ~10 um; Ag: ITIIM ~2-10-°r/cm?, mapameTp nepexpoitus N ~ 0,45

Fig. 1. AFM-images of surfaces of NiPc thin film () and S/NiPc/Ag two-layered nanostructure (b, )
on glass substrates; NiPc: / ~10 nm; Ag: MSD ~2:10-°g/cm?, overlap parameter n ~ 0.45

Ha puc. 2, a (kpuBas [) npuBeJICH CIIEKTP ONTHUYECKOHN IJIOTHOCTH HAHOCIIOS cepedpa ¢ MmoBepx-
HOCTHO# MoTHOCTHIO MeTasuia (ITIIM) ~ 2-10-° r/cm? Ha KBapLeBoii MOLIOKKe. B obnacTu AuH BOIH
A ~ 400-550 M must sToro ciost HaOmromaetcs mosoca [ITTPIT ¢ makcumMymMoM Ha JJIMHE BOJHBI
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Puc. 2. Onrryeckast IIOTHOCTh HaHOCTOs Ag (kpuBast 1, a, d), ruienku NiPc (kpuBast 2) u HaHOCTpyKTYpbI [T/NiPc/Ag (kpuBas 3)
Ha KBapleBbIX moioxkkax; NiPc: | ~ 10 um (@) u ~ 30 um (d); Ag: TITIM ~2-10-°r/cm?, | ~ 0,45. PaccunTaHHbIC ¢ HCIIOIB30-

BaHKWeM Teopur Mu ¢akropsl 3dpdekTuBHOCTH ocnabnenus (D) u paccesHus B GnnxHeil 30He (C) s HaHOC]EpHI cepedpa
(R =5 um) B MaTpune ¢ N, = 1,3 6e3 nornomenus (K = 0) u ¢ nornomenuem (K = 0,1)

Fig. 2. Optical density of Ag nanolayer (curve 1, a, d), NiPc film (curve 2) and S/NiPc/Ag nanostructure (curve 3) on quartz

substrates; NiPc: | ~ 10 nm (@) and ~ 30 nm (d); Ag: MSD~2-10"° g/cm?,  ~ 0.45. Efficiency factors of extinction (b) and

scattering in near field (C) calculated with the use of the Mie theory for the silver nanosphere (R = 5 nm) in the matrix
of n, = 1.3 without (k = 0) and with absorption (k = 0.1)

A = 485 am. Hanuuue 3Tol MOJOCH CBUAETENBCTBYET O TOM, UTO IUIEHKAa Ag — HAHOCTPYKTYpPHPOBaH-
Hast. KpuBas 2 Ha puc. 2, a sIBISIeTCSI CIEKTPaJIbHOM XapakTepucTHKoi mieHkr NiPc ronmunoi ~ 10 HM,
c(hOpMHUPOBAHHOM Ha KBapLEBOW MoasoxKe. JlaHHas IUIEHKa UMEET IMOJI0CHl HorjomeHus B Y®-nua-
na3oHe W Ha qiuuHaxX BoidH 600—700 HM, CBsI3aHHBIE C AIEKTPOHHBIME Tiepexonamu (rmoockl Cope u Q
cootBercTBeHHO [10]). ITomoca Q mpu 3TOM COCTOUT M3 ABYX KOMIIOHEHT C MaKCUMyMaMt Ha A = 625
1 A = 675 HM, U3 KOTOPBIX 00JIce HHTEHCUBHAS — C MAKCUMYMOM Ha JTHHE BOJIHBI A = 625 HM.

KpuBast 3 Ha puc. 2, @ COOTBETCTBYET ONTHYECKON IIOTHOCTH JBYXCoHHOM cuctembl I1/NiPc/Ag,
PacCIIONIOKEHHON Ha KBAPIIEBOM MOMIIOKKE. IS 9TOM CHCTEMBI B CIIEKTPAJIBHOM auamnasone A ~ 450-550 am
nposisisieTcst mosoca [IPI1, a va niouHax BosH A ~ 550—700 HM HaONIONAOTCS SJEKTPOHHBIC TTOJIOCH
nortomieHust NiPc. BnusHue HaHOwacTHil cepeOpa Ha MOMIOIICHUE IJICHKH (DTAaIONMAHMHA HUKEIS
MOYKHO OLICHUTh, CPABHUBAS ONTHYECKYIO MNIOTHOCTH THOPUIHOM cucTeMBbI (KpuBas 3) ¢ CyMMOM OITH-
YeCKHX MIOTHOCTEH COCTAaBIISIOMINX KOMIIOHEHTOB (KpuBble 1 u 2). BunHo, 4TO B MPUCYTCTBUH HAHO-
yacTull cepedpa JOCTUTAaeTCsl CYIIECTBEHHOE YBEIMUCHHE ONITUYECKOH MIIOTHOCTH IIJICHKH (Tasonna-
HUHA HUKEJS B 00JIACTH AJIEKTPOHHBIX TIOJIOC TOTJIONICHHUSL.

WVHTEHCHBHOCTH TOJIOCHI TMMOBEPXHOCTHOTO TJIAa3MOHHOTO PE30HAHCHOTO TIOTJIONICHHS B CHUCTEME
I1/NiPc/Ag ymeHbIIHIIaCH TIO CPaBHEHHIO C HaHOCIOeM Ag (KpuBas 1), 94TO ABISETCS CIEICTBHEM UMe-
FOIUXCS Pa3Iuddid B CBOWCTBAxX IMOBEPXHOCTEH, Ha KOTOPBIC IMPOM3BOIMIIOCH OCaXIeHHE cepedpa
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pu (OPMUPOBAHUH HAHOCIIOS U JABYXCIOHHONW HAHOCTPYKTYpPhL. BO-TIepBBIX, IIEpOXOBATOCTH MOBEPX-
HocTH NiPc MokeT ObITh TPUYMHON O0JIee BRICOKOI CTEINEHU MOJIMIUCIIEPCHOCTH HAHOYACTHII cepedpa.
DTO JOMKHO MpUBECTH K yimpeHuto nonock! [ITTPII ¢ omHOBpeMeHHBIM YMEHBIIIEHHEM €€ HHTSHCHB-
HoctH. K Tomy xe ocmabmenuto monockl [ITTPII moxer criocoOcTBOBaTh HAJTUYHE IMOTIIOMIEHUS B Ha-
Hocioe NiPc, Ha KOTOpOM pa3MelieHsl HAaHOYACTHIIBI cepedpa, MomoO0HO TOMY, KaK 3TO TMPOUCXOTUT
B TIOIVIOIIAIOIIMX MaTpuuax (cM. puc. 2, b, ¢). Pacuets dakropos apdexrusrocTn ocnabnenus (Q,,)
1 paccesHus B OmmkHei 30He (Q ) NPOBOMMIMCH ¢ MCMOIb30BAHUEM TEOPHMH Mu. 3HAaYEHHUs ONTHYE-
CKHMX TIOCTOSIHHBIX cepeOpa Opanuck u3 [11]. PazmepHas 3aBUCHMOCTD ONTHYECKUX MOCTOSHHBIX Me-
TAJUIMYSCKUX HAHOYACTHI] YYUTHIBAJIACh B PAMKAX MOJICIN OrPaHUYCHHUS JUTMHBI CBOOOHOIO rpodera
3JIeKTPOHOB [12]. B cOOTBETCTBHY C 3TON MOJIEIIBIO IUAIEKTPUUYECKAs TPOHUIIAEMOCTbh, 00YCIIOBJICHHASI
BKJIaJIOM CBOOOJIHBIX 3JIEKTPOHOB, pacCUUTHIBaeTCs 1Mo opmyiie Jlpyae ¢ y4eToM yBEIUYCHHUSI TIOCTO-
STHHOW 3aTyXaHHs W3-32 CTOJIKHOBEHHH CBOOOJHBIX JICKTPOHOB C IMOBEPXHOCTHIO, OTPAaHUYUBAIOIICH
metami. CornacHo [12], pa3mepHo-3aBUCUMAas MOCTOSIHHAS 3aTyXaHUs UMEET BU

— oy 4 JF
YR=Yo+t L
I7I€ V. — CKOPOCTh DJIEKTPOHA HA MOBEPXHOCTU DepMu, ¥, — CPEHsIs YaCTOTa CTOJIKHOBEHUH (T. €. 110~
CTOSIHHAS 3aTyXaHUs) B 00beMHOM BeliecTse, a L — addexTuBHas cpenHsist qiinHa mpobera 3JIeKTPoHa
JI0 CTOJIKHOBEHHS C TpaHulleil. B mpeanonokeHnn H30TPOITHOTO PACCEeTHUS Ha TpaHuUIe sl cheprude-
ckoit wactuirel L = R (R — pagmyc yacTuisl).

Kak Buano u3 puc. 2 b, ¢, B paccMaTprBaeMoM ciiydae yBeTHMUEHIE MHUMON 9aCTH KOMILIEKCHOTO
nokasaresns npenomiieanst K ot 0 1o 0,1 mpUBOAUT K CYIIECTBEHHOMY YMEHBIICHHIO (akTopoB Q
1 Q, . IIpr 5TOM 0COOGEHHO CHIIBHO yMEHbIIAETCs (PaKTOp paccessHus B OmkHel 30He Q.

Puc. 2, d oTuuaercst ot puc. 2, @ TeM, 4To TonmuHa teHKn NiPc 3xecs coctaiser ~ 30 HM.
YBenuueHue TONIIUHBI TPUBOAKUT K BO3PACTAHUIO MHTEHCUBHOCTH TI0JIOC TIOTJIONICHHSI OPraHHYECKOTO
MOy NIPOBOIHKMKA B Y- U BUIUMOM auana3oHax. OQHaKO OTHOCHTENBHBIN 3((eKT YCUICHHUS OTIIO-
menns mieHkn NiPc B o6mactu 550—700 HM B IpUCYTCTBUY IJIA3MOHHBIX HAHOYACTHII CYIIECTBEHHO
HIDKE TI0 CPaBHEHHIO ¢ Oojiee TOHKOM rureHkoi NiPc. D10 cBsizaHo ¢ Tem, uTo B 1uieHke NiPc Oomnblmeit
TOJIIIMHBI TUITH MaJiasi 4aCTh OPTaHMYECKOTO MOTYITPOBOAHIKA TIOMAZaeT B 30HY YCHIJICHUS JIOKAJIHHO-
T'O OIS BOJTM3W TTOBEPXHOCTH TIJIa3MOHHBIX HaHO4YacTHII [13].

Ha puc. 3 mpuBeneHs! CIIEKTPHl ONTHUYECKON MIOTHOCTH HaHOCTPYKTYpHI II/Ag/NiPc (xpuBas 1),
Hanocsnost Ag ¢ TIIIM ~1,7-10 ¢ r/em? (kpuBast 2), a Takxe ruieHKd NiPc tommuHoit ~ 10 HM (kpuBas 3),
c(OPMHPOBAHHBIX Ha CTEKJISIHHBIX MOJUIOKKaX. BuaHo, uTo B oTianune ot HaHOCTPYKTYp [1/NiPc/Ag,
CIEKTPaJIbHbIC XapaKTEPUCTHUKH KOTOPBIX MPECTABJICHBI BBIIIIE, ONTHYECKAS TJIOTHOCTD JIBYXCJIOHHOM
HaHocTpyKTyphI [I/Ag/NiPc B obnactu criektpa A ~ 400—500 HM HPEBBINIAET ONTHYCCKYO TIIOTHOCTh
HAHOCJIOA Ag, T. €. B JIJAHHOM CJIy4ae He IMPOUCXOAUT OCIA0JICHHUS MTOJIOCHI IJIA3MOHHOTO MOTJIOIIEHUSI.

s Gornee neTalbHOrO YCTAaHOBIICHHUS CTENICHW BIUSHHS HAHOYACTHI[ cepedpa Ha ONTHUYECKUC
CBOICTBA IIJICHOK ()TaJOIMAaHWHA HUKEIS HaMH Oblja MpoBeleHa 00paboTKa ONTHYECKHX CIEKTPOB
JIBYXCJIOWHBIX HAHOCTPYKTYP, 3aKII0YAIONIAsICS B BRIYUTAHUU U3 HUX MOTJIOMICHUS] COOTBETCTBYIOIIMX

ext

D

0,20-

0,164

0,12+
Puc. 3. OnTuyeckas I0THOCTh HAHOCTPYKTYphl [1/Ag/NiPc

0,08+ (xkpuBast 1), Hanocnost Ag (kpuBast 2) u miaenku NiPc (kpu-
Bast 3) Ha CTEKJISHHBIX MOAJI0OKKax; TonmuHa NiPc ~ 10 HmM

0,04 - Fig. 3. Optical density of S/Ag/NiPc nanostructure (curve 1),
Ag nanolayer (curve 2) and NiPc film (curve 3) on glass

400 500 600 700 A, HM  gsubstrates; the NiPc film thickness of ~ 10 nm
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D
0,204
3
0,16+
2 Puc. 4. Ontuueckast MIOTHOCTH IUICHKHA NiPc ToImuHON ~
0124 10 aM (kpuBas 1) m pa3HOCTHBIC CIEKTPHI ONTHYECKOI
' - 1 mnotHoctd (Do =D, ) (kpuBas 2) u (Dyyipin, —DAg)
(xpuBast 3) Takux Ke 1Mo TonuuHe miaeHok NiPc, pacmomno-
0,08 JKEHHBIX COOTBETCTBEHHO B HaHOCTpyKTypax II/Ag/NiPc
u I[1/NiPc/Ag
0,04 4 Fig. 4. Optical density of the NiPc film of the thickness
. of ~ 10 nm (curve 1) and differential spectra of optical density
0.00 . . . : ] : . : (Dgagnine Dag) (curve 2) and (D x, —Dyy) (curve 3) for
550 600 650 700 750  the NiPc films of the same thickness placed in the S/Ag/NiPc
2, HM and S/NiPc/Ag nanostructures, respectively

HaHOocToeB Ag. Pa3HOCTHBIE CIIEKTPBI ONTUYECKON MIIOTHOCTH (DmNiPC/Ag —DAg) u (Dn/Ag/NiPC—DAg) s
cucteM [1I/NiPc/Ag u I1/Ag/NiPc B ciekTpansHoM Auana3oHe A > 550 HM npuBeAeHBI Ha pUcC. 4 (KpUBBIE
2 1 3 COOTBETCTBEHHO). B 3TOM cHeKTpalibHOM JHana3oHe HaXoAsATCs oIockl mornomeHus NiPc ¢ mak-
CHUMyMaMU Ha IJIMHaX BOJH 625 u 675 HM, a Tak)Ke pacnojaracTcs AJIMHHOBOJIHOBOE KPBLIO MOJIOCKHI
[IITPIT monocmost HanowacTui Ag. Kak BunHO U3 puc. 4, nis rieHku NiPc Toxmmuaoi# 10 HM, BXo e
B cocTaB HaHOCTPYKTYphI 1I/NiPc/Ag, B obmactu cniektpa A = 600700 HM mocTuraercst 6oiee BbICO-
Koe 3¢ (HEeKTHBHOE MOTIIOMICHUE IT0 CPABHEHHIO C TNICHKOH, pacIojIoKeHHON B HAaHOCTpYKType [1/Ag/NiPc.
Hannuwne HaHOUacTUIT Ag MPUBOANT K YBEITMYCHUTO ONITHICCKOM IIJIOTHOCTH HA JUTMHE BOJHEI A = 625 HM
nutst cuctem [1/Ag/NiPc u TT/NiPc/Ag coorBercTBeHHO Ha 25 1 33 %.

Takoii pe3ynbTaT MOXKET OBbITh YACTHYHO CBSI3aH C OCOOCHHOCTSAMHU (DOPMUPOBAHUST HAHOCTPYKTYP
B Tporecce Tepmuueckoro ocaxaeHus. st ctpykrypsl [1/Ag/NiPc ocaxaenue NiPc npoucxoqut Ha
yKe cOpMUPOBaHHBIC HA OAJIOKKE HAHOYACTUIBI Ag, U MOJIEKYJIBI OPIraHUYECKOTO MMOTYTIPOBOJAHUKA
MOT'YT KOHTAaKTHPOBAaTh JIMLIb C aTOMaMH cepedpa, HaXOAALIMMHKCS Ha MOBEPXHOCTH METAJUIMUECKUX
HaHOYaCTHUL. ATOMBI cepedpa B HAHOYACTULAX YACPKUBAIOTCS JOCTATOYHO CHIIBHBIMH XUMUYECKUMHU
CBSI3IMH, OOYCIJIOBJICHHBIMH B3aUMOACHCTBHEM HOHOB METaJIJIa C BAJCHTHBIMH ICKTPOHAMH, U UX MU-
rpauus B IPOLECCE OCAXKACHUS OPraHUIECKUX MOJICKYJI KpaiiHe 3aTpyaHeHa. [Ipu ocaxaenuu cepedpa
Ha NiPc Ha Ha9aTbHOU CTAINK MPAKTUUICCKH KK IBIH aTOM MeTajlia MOKeT KOHTAKTHPOBATh C IIOBEPX-
HocThIO NiPc. Pasmepsr Mostekyn NiPc cymmecTBeHHO IPEBBIIIAIOT pa3Mephl aTOMOB Ag, ¥ ITOBEPXHOCTH
OpPraHUYecKOro MONYIPOBOHUKA JlaKe B MpeliesiaX OJHOW MOJICKYIIbI SIBISICTCS JIJIsl aTOMOB Ag HEOI-
HOpPOJHOU 1O moTeHnuary. K Ttomy ke mmeroTcst o0JacTH, TIe BaH-JIeP-BaalbCOBO B3aMMOJIEHCTBHE
Mex Iy MoJekyinamu NiPc MUHUMaNbHO (HampuMep, Takas CHUTYalUsi MOKET Peain30BaThCs TaM, TJe
MJIEHKa UMeeT aMOp(HYIO CTPYKTYpY), @ TAaKKe TaKue, TJe 3TO B3aUMOACHCTBHE CHIIbHEE (KpPYITHbIC
HaHOKPHCTAJUIUTHI). B pesynbraTe ¢opMupoBaHHEe B MPOLECCE TEPMUUECKOTO OCAXKACHHUS HAHOCIOS
Ag MOXET COIPOBOXAATHCS BOZHUKHOBEHHEM U HAKOIUIEHUEM 3HAYMTEIIbHBIX MEXaHMUYECKUX Harmps-
JKEHUH B HAHOCTPYKTYpPE, KOTOPbIE MOTYT MPUBOAUTH K YBEIUUYECHUIO HEOIHOPOIHOCTH penbeda mo-
BepxHocTH NiPc BenencTrue ee nedopmanuu (M. puc. 1, b) u cnocobcTBOBaTE 06pa30BaHUIO OOIBIIION
IJIOINAAN UHTEpdelica MeTaJuI-OpraHMYEeCKUI Oy IPOBOAHUK. B Takoil cTpykType npu Bo3aeHCTBUM
CBETOBBIX BOIIH, HECMOTPS Ha HeKoTopoe ociabienue mosockl [ITTPI1, mo-BuanMomy mocturaercs BbI-
COKasi ”HTEHCUBHOCTb JIOKAJIbHOI'O IIOJISI, PUBOASIIAS K yBEINYCHUIO 3()()EKTUBHOIO MOTJIOLICHHUS
rieHku NiPc.

3akmaouenue. Takum 00pa3oM, UCCIEIOBAHBI TOJyYEHHBIC TEPMHUECKUM UCIIAPEHUEM B BAKyyMe
ToHKHe TIeHKH NiPc n Ag, a Takske miaHapHble rudpuaHbie HaHOCTPYKTYpbI [1/Ag/NiPc u I1/NiPc/Ag,
B KOTOPBIX HAHOMETPOBBIC TUIEHKH OPraHUYECKOT0 MOy TPOBOAHUKA KOHTAKTHPYIOT C HAHOCJIOSIMHE Ce-
pebpa. [lokazaHo, 4YTO HaJTMYKE MJIA3MOHHBIX HAHOYACTHUL HanOOJIee 3HAUUTEIBHO ycunuBaeT 3ddek-
TUBHOE mornomenue mieHku NiPc Tommunoii ~ 10 uM B HaHOCTpyKTYype [1/NiPc/Ag B obnactu smnek-
TPOHHBIX Tonoc noryomenus A ~ 600—700 am. [ansblii 3¢ dext mposBiaseTcs 3a c4eT CHOCOOHOCTH
MJIa3MOHHBIX HAaHOYACTHIl YCHIIMBATH JIOKAJBHOE I0JIe BOJIM3M CBOCH MOBEPXHOCTU HA PACCTOSHUSX,
CPaBHUMBIX C pa3MepaMy HAHOYACTHILI.
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ON OPTIMIZATION OF PROCESSES FOR SEQUENTIAL BATCH MACHINING

A problem of optimal design of processes of sequential machining of multiple parts on rotary table machines is con-
sidered. Batches are processed in a given sequence. Parts of the same batch are located at the working positions of rotary table
and are machined simultaneously. Operations are divided into groups which are performed by spindle heads or by turrets.
Constraints on the design of spindle heads, turrets, and working positions, as well as on the order of operations are given.
The problem is to minimize the estimated cost of machine equipment while reaching a given output. The proposed method
to solve the problem is based on its formulation in terms of mixed integer linear programming. Computational results are reported.

Keywords: rotary table machine, optimization, sequential batch machining.
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K OIITMHA3AIUA TPOLECCOB MOCJEJTOBATEJBHOI OFPABOTKH MMAPTUM JTETAJEN

PaccmarpuBaercs 3a1aua OnTHMaIbHOTO MPOEKTUPOBAHMS IIPOIECCOB TMOCIEA0BATENIbHOW 00pabOTKN mapTuil aetasiei
Ha CTaHKax ¢ MOBOPOTHEIM cToJioM. ITocnenoBarenbHOCTh 00pabOTKM MapTuif 3a1aHa. Jletanu ogHoM 1 TOH ke mapTuu ycTa-
HaABJIMBAKOTCA Ha pa601mx IMO3UIUAX CTAaHKA U 06paGaTbIBa}OTC$[ OJHOBPEMEHHO. MHOXeCTBO TEXHOJIOTHUYECKUX epexoa0B
U1 00pabOTKH BeeX JeTaeil pa3duBaeTcs Ha rPyIIIbl, KOTOPbIE BBITOIHSAIOTCS C TOMOIIBIO ITTUHACIBHBIX HIIH PEBOIIbBEP-
HBIX T'OJIOBOK. 3a/laHbl OTPAaHUUCHUS, CBA3aHHbIC C Pa30HMEHHEM NEPEX0/I0B 110 MINNUHACIBHBIM U PEBOJILBEPHBIM I'OJIOBKAM,
pabounM MO3HLHMSAM CTaHKA, a TAKXKe MOPSIKOM BBIIOIHEHHS MEPEeXonoB. 3ajaua 3aKJIF0UaeTCs B MUHUMH3ALUN OLECHKH
CTOMMOCTH 000PYJOBAaHUS CTAHKA NMPU 00ECIIEUEHNH 3alaHHON TIPOU3BOIUTENBHOCTH. [IpennaraemMblii MeTO] peleHus 3a-
Jla4y OCHOBaH Ha e¢e (OpMyIHpPOBKE B TEPMHHAX CMELIAHHOI'O LEJIOYUCICHHOr0 JIMHEIHOro nporpammuposanus. [Ipuso-
JATCS Pe3yJIbTaThl BBIYUCIUTEIbHBIX KCIICPUMEHTOB.

Kuroueswvie cnosa: cTaHOK € TIOBOPOTHBIM CTOJIOM, OIITHMU3AIIHS, OCIIEI0BaTeNIbHAsI 00paboTKa mapTHii.

Introduction. This paper deals with a problem of the optimal design of a rotary transfer machine
with turrets for sequential machining of multiple parts. Such a machine is multi-positional, i. e. parts are
sequentially machined on m (1, 2, ..., m) working positions. One position of the machine (zero) is
exclusively used for loading new billets and unloading finished parts. At each working position, several
machining modules (spindle heads) can be installed to process the operations assigned to this position.
They are activated sequentially or simultaneously. Simultaneous activation is possible if machining
modules are related to the different sides of the part and work in parallel. Sequential activation is realized
by the use of turrets. There are horizontal and vertical spindle heads and turrets to access to different
sides of parts on a working position.

© I'ymuuckwnii H. H., batraita O., Joxrwuii A., 2016
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We consider the case when there is only one vertical turret mounted at one position or one spindle
head common for all working positions. There are several horizontal spindle heads or turrets. However,
there is only one horizontal spindle head or turret per position.

At the preliminary design stage, the following decisions must be made: the choice of orientations
of parts, the partitioning of the given set of operations into positions and machining modules, and
the choice of cutting modes for each spindle head and turret.

Few studies on rotary transfer machines were published. Configuration of semi-automated systems
with multi-turn rotary table was discussed in [1]. Mathematical models of transfer machines with rotary
table were proposed in [2, 3]. The first mathematical model for the design of rotary transfer machines
with turrets for machining a single part was presented in [4]. MIP models for parallel and sequential
machining of multiple parts were considered in [5, 6].

Batch scheduling problems have been treated by many researchers. For an extensive review, we
refer to [7]. Two types of batch machines can be distinguished: sum-batch and max-batch machines.
On a sum-batch machine jobs are completed sequentially and the processing time of a batch is equal to
the sum of the processing times of all the jobs in the batch [8]. A max-batch machine treats the jobs
simultaneously and the processing time of a batch is equal to the time of the longest job [9].

1. Problem statement. We consider the problem of design of a rotary transfer machine with
m working positions for machining d, types of parts with required output O¢, d =1, 2...., d,. After finish
of processing of O“ parts of type d the rotary transfer machine is reconfugured, i.e. the fixtures of parts
are changed and some spindles are mounted or dismounted if necessary.

Let N be the set of machining operations needed for machining of elements of the d" part d = 1,
2,...,d,, located on n sides and N s=1,2,..., n , is a subset of opertations for machining of elements
of the s side of the part. The part d can be located at zero position in different orientations H(d) but
elements of no more than one side can be machined by vertical spindle head or turret. All elements of
other sides of the part have to be assigned to horizontal spindle heads or turrets. H(d) can be represented
by matrix of dimension » xn where h (d) is equal j,j = 1,2, if the elements from N ¢ can be machined by
spindle head or turret of type j for such an orientation of the part d.

do
Let N=[J N All operations peN are characterized by the following parameters:
d=1
— the length A(p) of the working stroke for operation peN;
—range [7,(p), v,(p)] of feasible values of feed rate;
— set H(p) of feasible orientations of the part (indexes re{l, 2,..., 7} of rows of matrix H(d)) for exe-

cution of operation pe N a by spindle head or turret of type j (vertical if h (d) = 1 and horizontal if h (d) = 2).

Obviously, there is no solution exists if (| H(p)= for some de{l, 2,...,d,} and s€{l, 2,...,n}.

peN{

Let N,, k = 1,..,m, be a subset of operations from N assigned to the k" working position;
N,, and N,, be the sets of operations assigned to working position K that are concerned by vertical and
horizontal machining, respectively; b, be the number of machining modules of type j installed at
the k'™ working position; N, [ = 1,...b,;, be subsets of operations from N, assigned to the /" machining
module of type ; at the k™ working position.

This assignment has to take into account the following technological constraints:

— possible sequences of operations for machining parts (precedence constraints);

— the necessity to perform some pairs of operations from N at the same working position, by
the same turret, by the same machining module (inclusion constraints);

— the impossibility to perform some pairs of operations from N at the same working position,
by the same turret, by the same machining module (exclusion constraints);

— the maximal number m of working positions and the maximal number b, of machining modules in
a turret;

— feasible orientations of the part for execution of each operation;

— the impossibility to perform operations from N d by machining modules of different types;
— the productivity providing the given output.
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The precedence constraints can be specified by a directed graph G°R= (N,D°R) where an arc (p,q)eD®
if and only if the operation p has to be executed before the operation g. It should be noted that if such
operations p and q belong to different sides of the part then they cannot be executed at the same position
without violating the precedence constraint.

The inclusion constraints can be given by undirected graphs G™ = (N,ESM), GT = (N,ES"), and
G3" = (N,ESP) where the edge (p,q)eESM ((p,q)€E®", (p,q)€E®) if and only if the operations p and g must
be executed in the same machining module (turret, position).

The exclusion constraints can also be defined by undirected graphs G°M= (N,EP™), GPT= (N,EP"),
and GP? = (N,EPP) where the edge (p,q)€E®™ ((p,q)€EP"), (p,q)€EPP)) if and only if the operations p and
g cannot be executed in the same machinning module (turret, position).

It is assumed that infeasible combinations of part orientations are given by a set EPH, each element of
which e = {dr ),d,r,),....(d,.r)} represents a collection of pairs (part number d and row number of
H(d)) that prohibit simultaneously orientation r, for part d,, orientation r, for part d,, and orientation r,
for part d. Obviously, the set EP" includes {(r’,d’"), (r",d")} if there exist pe NS, se(l...., d,}
qeNg, s"e{l,...,n,,} such that (p,q)eES™ U ESTand h ,(d") # h,,..(d").

LetP=<P..P,...P_>is a design decision with P, = (Pik11,Pak11,---Pdok11s++-:Pikibyss Pakibiy s+ - Pdokibirs
P1k211P2k211---an0k211"'1P1k2bk21P2k2bk2""1Pd0k2bk2)1 Pdkj|: (Ndkjl’ dkjl) P = (Pdk”“:la-”abkj)! Pdk: (Pko|J = 192)7
do m bkj )
andN.= U U U Nagi, j=1.2
d=lk=l11=1

The execution time t°(P aq) Of operations from N, with the feed per minute I, €[max{y,(p)|peN koI}
mln{yz(p)|peNdk J is equal to tb(Pdk ) = L(Ndk”)/ ag T T where L(Ndk ) = max{k(p)|peNkoI} and 12 is
an additional time for advance and dlsengagement of tools. We assume that only time needed for rotation

of the turret between nonempty sets N is taken into account and the execution time is equal to

(P, = 9 (P o) mln(P ko))+Z tb(P aq)» J = 1, 2, where 9 is an additional time for one rotation

of turret, I5ax(P,) = max{l = 1,2,..b, IN, #@} and 11, (P, ) = min{l=1,2,...b,IN, #D}, respectively.
The execution time tP(P,) is deﬁned as t*(P,) = T"+max{t"(P dk)|j 1,2}, where 1" is an additional time for
table rotation. Then the time t, for machining all the elements of d™ part is equal to t'(P) = max{t°(P_)|
k=1,...,m}.
We assume that the given productivity is provided, if the total time T(P) for machining O¢ parts does
do
i.e T(P) =2, td (P)(Od +m-1)<T . We take into account that at

d=l
the beginning and the end of machining of O parts not all the working positions are occupied.

not exceed the available time T,

It is easy to see that the constraint on the productivity is provided if and only if it satisfied for
L= min{y,(PIpeN,  d=1,...d k=1,...m j=12,1=1...b.

LetC, C,, C, and C, be the relative costs for one position, one turret, one machining module of
a turret, and one spindle head respectively. Since the vertical spindle head (if it presents) is common for

several positions its size (and therefore the cost) depends on the number of positions to be covered. Let

krr:nn and kfl‘m be the minimal and the maximal position of the common vertical spindle head. Then its

cost can be estimated as C, + (kmlX — )C where C. is the relative cost for covering one additional

l’l’lll'l
position by vertical splndle head. If the vertical splndle turret is installed its cost can be estimated by

C,+C,b, . In the similar way the cost C(b,,) for performing set of operations N, by associated b,

machining modules can be assessed as follows:

0 if by, =0,
C(bkz) = C4 if bk2 =1,
C2 +C3bk2 if bk2 >1.

The machine cost Q(P) is calculated as the total cost of all equipment used i. e.
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Q(P)=Cim+Cysign(] N1 [)(1- g‘, sign(| N2 [)) + g‘, sign(| Ngi2 )(C 2 +C3byg) +
k=1 k=1

m
+ Cs(Kihax — ki )+ > C(bya)
k=1

where sign(a) = 1 ifa >0, and sign(a) =0 if a <0.

The studied problem is to determine:

the number of positions m;

orientations of parts H(d);

the number bkj of machining modules of type j (j = 1 for vertical and j = 2 for horizontal) installed
at the k' position, k = 1,...,m;

subsets N, of operations from N“ assigned to the I'" machining module of type j at the k™ position,
d= 1,2,...,d0, k=1,.,m,I= 1,...,bkj;

the feed per minute T, for each subset N, d = 1,2,....d, k= 1,..m, j =12, 1=1..., b, in such
a way that the machine cost is small as possible and all the constraints are not violated.

It is easy to see that if P is an optimal solution of the considered problem then the design decision
P’ with P’dkjl = (Ndkjl’ min{Yz(p)|p€Ndk,-.}) is also optimal. This property is used in MIP formulation
of the problem.

2. MIP formulation. Let us introduce the following notation:

X,y — @ decision variable which is equal to 1 if the operation p from N is assigned to the I'" ma-
chining module of spindle head or turret type j at the k' position;

Y jds — an auxiliary variable which is equal to 1 if at least one operation from N is executed by

spindle head or turret of type j;

Yk(jjI — an auxiliary variable which is equal to 1 if at least one operation for machining elements of

the d* part is executed in the 1" machining module of spindle head or turret type j at the k™ position;

Y, — an auxiliary variable which is equal to 1 if the I" machining module of spindle head or turret
type j is installed at the k™ position;

Ifjmax — an auxiliary variable for estimation of the last machining module of spindle head or turret
type J at the k'™ position for machining elements of the d' part;

Ilfj min — an auxiliary variable for estimation of the first machining module of spindle head or turret
type j at the k™ position for machining elements of the d'" part;

Y,..» — an auxiliary variable which is equal to k if k is the minimal position covered by vertical
spindle head or turret;

Y, .. — an auxiliary variable which is equal to Kk if k is the maximal position covered by vertical
spindle head or turret;

Y, —an auxiliary variable which is equal to 1 if the vertical spindle head or turret is installed;

Z, —an auxiliary variable which is equal to 1 if at least one operation is assigned to the k™ position;

h¢ — an auxiliary variable which is equal to 1 if elements of the d* part are machined with the rt
orientation;

Fk(jjI — an auxiliary variable for determining the time of execution of operations from N%in the 1"
machining module of spindle head or turret type j at the k' position;

F?— an auxiliary variable for determining the time of execution of all the operations from N¢;

de — an auxiliary variable which is equal to F? if the k™ position exists and 0 otherwise;

t — minimal time necessary for execution of operations p and g in the same machining module,
t., = max(A(p), A@)miny,(p)y, (@)

It is assumed that (p,q)eE®" if min(y,(p).y,(d)) < max(y,(p).y,(@)).
The number of variables and constraints can be reduced by using set N instead of N. The set N’ is

built based on graph GV. Let G = (N ,ESM), i=1,...,n%™, be connectivity components of GSM
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including isolated vertices. Only one vertex (operation) . is chosen from each N and included into
N'. Later y(p)=g, for all peN{.
2.1. Cost calculation. The objective can be represented as follows:

. mo mo mo 2 mo 2 bo
mMinC; 3> Zx +C4 2 Yka1 +(C2 +2C3-C4) D> > Vi +C3 2 > D Yijt +CaY1 +Cs(Yimax —Yimin)- (1)
k=1 k=1 k=1 j=1 k=1j=11=3

If the horizontal turret is installed at position k then Y_ = Y _ = 1 and
C4Yk21 +(C, +2C5 —Cy4)Yk22 =C; +2C;5. If the horizontal spindle head is installed at position k then
Y, =0,1=2,...,b,, and C4Yyo; +(C; +2C3 —Cy4)Yk22 =Cy. If the vertical turret is installed at position k

then Ykll Y. =LY=1Y =Y and (Cz +2C; —C4)Yk12 +C4Y; +CS(Y1max _Ylmin) =C, +2Cs.

ki2 > " 1min Imax
If the vertical spindle head is installed common for positions kK =Y ..k = Y thenY =1Y, =0,
mo
1=2,.. .,bo, k=1,.. M, and C,Y; + (Cz +2C; —C4)2Yk12 =Cy.
k=1
Variables Z,, k= 1,...,m and Y, should satisfy the following constraints:
mo
Y, <2 Yui, (@)
m=1
mo
> Yk < mOYl, 3
m=1
Z < Ykll + Yk21’ k "mO’ (4)
Ykll +Y,,,<2Z,k= ,...,mO. ®)

Since the objective function (1) is minimized variables Y, . andY, can be defined by the following
constraints:

(m—k+1Y, +Y, . <m+1Lk=1..m, (©6)
Yoo 2 KY, s k=1...m, 7

Ylmax = mOYl’ (8)

Ylmin S m()YI' (9)

If there is no vertical machining in the design decision (Y, = 0) thenboth Y, and Y, . are equal to 0
due to (8) and (9). If the vertical turret is installed at position k (Y, , = 1, and Y, =0, k= k) then Y . <k
and Y, >Kkdueto (6) and (7). In this case C,(Y, _ —Y, )isminimalifY =Y . =k Ifthe vertical
spindle head is installed common for positions k = K’,..,k =k” then'Y . <k’ andY, >Kk" due to (7)
and (8) and C(Y, Y, )isminimalifandonlyifY, =k"andY, =Kk".

2.2. Time calculation. The time of execution of operations from N by the 1" machining module of
spindle head or turret type j at the k™" position cannot be less than the time of execution of any operation
from N assigned to this machining module:

d -

Fyji = tqqxx(q)kl, geN‘, d=1,..d,k=1...m,j=12,1=1,..b,. (10)
The time of execution of operations from N by the I'" machining module of spindle head or turret type j
at the k' position cannot be less than the time of execution of any pair of operations from N assigned to
this machining module:

Fit 2 X X gD P 4eN?, d = 1,....d,, (p.)2EPPUE®, p<q, k= 1,...m, j=1,2,1=1..b. (I1)

The time of execution of operations from NY cannot be less than the time of execution of vertical and
horizontal spindle head or turret at each of m  positions:

Fi> 1 +2ij,+r (g ), d= 1,0, k=1,...m,j=1.2, (12)

kj max kj min

where variables ij max and ij min €an be defined by the following constraints:
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d .
(bo—l+1)YkJ.+Ik, min < b0+1 d=1,...d,k=1L...m,j=12,1=1..b, (13)
e = Y, d=1Lod k= 1..m j=12,1=1,..b, (14)
| max < o EY"?" d=1,..d, k=1,..m,j=12, (15)
d % q
=1

If there no operations from N¢ assigned to spindle head or turret of type j at the k™ position

(Yk?l =0,1=1,...,b) then ij max IEJ min = 0 due to (15) and (16). If operations from N are executed by
machining modules | =1',...,| = 1" then IkJ min <1"and ijmax > 1" due to (13) and (14).

Variables Tk are defined by constraints:
T >F-T (1-2),d=1,...d, k=1,...,m,. (17)

Then the productivity constraint can be expressed as follows:

do d d
dZ(F 0 +2Tk —F%<T,. (18)
1

2.3. Assignment constraints. Each operation is assigned to one block

pkjl =1, peN'. (19)

I M§

2
§

i MO

Each predecessor  of the operation p assigned to the I'"" machining module of spindle head or turret
of type j at the k' position has to be executed at the previous positions or the previous machining module
of the corresponding turret

1-1

Z szx(q)k i+ Z Xo@kil' = Xy (pykit> (0,9)€DR, p,geN, k=1,...m,j=12,1=1,...b,. (20)
‘=1 j=1l=

Inclusion and exclusion constraints for working positions, turrets, and machining modules are
expressed by (21)—(26).

2 bo 2 bo
Z Z Xx(p)kjlzz IZ Xx(q)kjh (p’q)EESP’ p:QEN, k= 1:-'-am0a (21)
j=11=1 j=11=1
bo bo .
Z x(p)kjl :Z Xx(q)kjl 5 (paq)eESTa p:qEN: k= 1,...,m0,J = 1>29 (22)
2 bo
Z Z x(p)kJI+Z Z Xkt <1, (p.O)€E™, p,geN, k=1....m, 23)
j=11=1 j=l1=l1
bo bo T .
IZXx(p)kjl +2 Xkt TY, <2, (p.0) €E°T, p,geN, k= L...m;, j= 1,2, (24)
=1 1=1
Xx(p)kjl+xx(q)ijS1; (p,)eE™, p,geN, k=1,...m,j=12,1=1...b,. (25)

For operations p that cannot be executed in spindle head or turret type j

X o= 0peNd d=1...d,s=1...n,k=1...m, th @) =jr=1,...r} =3 1=1..b. (26)

x(p) Kjl R
Operations p from N have to be assigned to the same type of spindle head or turret
mo bo
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The following constraints define variables Yk(jjl, Yii and Y jds. They take 1 if and only if the corre-
sponding sums are not equal 0.

Y < zd Xkt 0= Loondy k= 1,..m, j= 1,2, 1=1,....b,, (28)
peN
dyd 4_ _ P _
Zd Xx(p)kjl S |N |ij|’ d - 1,...,d0, k - 1,...,m0,J - 1,2, I - 1,...,b0, (29)
peN
do
d .
Y Sdz_lijl Jk=1,...m,j=12,1=1...b, (30)
do .
dzlYk?l <dY k=1..m.j=12,1=1._b, 31)
Y-"S<zn§bz°x pLd=1,..d.j=12 (32)
)] = i x(p)kjl » EERRE A E] 9%y
peNs *=1 1=
Mg B dp ds -
de IZ:XX(P)kﬂ §|N5|Yj ,d=1,...,do,j=1,2. (33)
pENS =1 I=1

Operations from at most one side for d" part can be assigned to the vertical spindle head or turret

du ds
YY®<1,d=1,..d, (34)

s=l1

The constraints which prohibit empty machining modules:

Y1 = Y k=1,...m,j=12,1=2,..b,. (35
Vertical turret cannot be located with horizontal tables
YooY oS k=1,...m. (36)
Variables h,q can be defined by the following constraints:
d i 2 ds
hr 21-3° > Yy,d=1..d,r=1...n, (37)
s=1 j=1, j#hrs (d)
rq d
2hr =1Ld=1,..d, (3%)
r=1
S hf<le-1, eeEP". (39)
(r,d)ee

If the orientation (hrl(d),hrz(d),...,hmd(d)) is chosen for the fart d, then variables Y jds' = 0 for
d=1...d, 8 =1,..0, 8 %5,j= 12, j%h @). Therefore > 5 Y& =0,h¢ = I due to 37), and
s=1 j=1,j=hrs(d)
hrdf =0 forr"=1,...,r, r'=r, due to (38). Constraints (39) forbid to choose infeasible combinations of part
orientations.
2.4. Bound constraints.

X €40, peN, k= 1..m, j=12,1=1,.b, (40)
Y {01 k=1,..m,d=1,..d,s=1...n, 41)

Y el0k=1...m j=12.1=1..b,d=1..4d, 42)
Y el0lk=1...m j=12,1=1..b, 43)

|8 e Vg min €40, 1 b k=1,m j=1.2,d = 1,....d,, (44)
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Y Y ef0l..myk=1..m j=12,1=1..b, @5)

Y,e{0,1}, (46)

Ze{01)k=1,..m, @7)

Fd e 08" k= 1umy j=12,1= 1,0, d=1,....d, 43)
-d

Fle [t ],d=1...d, (49)

where t = max{(p)y,(p)+t+rpeNT and T = (To - dzo t4'0") /01,
d'=1,d=d

2.5. Estimation of m,. It is obviously that the number of variables and the number of constraints in
model (1)—(49) depends on m,. This value can be refined as |_(U B—LB)/CIJ where UB is an upper bound of
the objective function (1) and LB is a lower bound of the cost of equipment i.e. the cost of turrets, spindle
heads and machining modules needed to accomplish machining of all the parts. For finding UB
the heuristics [10] can be used. LB can be determined in the following way.

Let H= {H = (H(1), H(2)...., Hd )[H(d)eH(d),d=1,2,...,d } be the set of all possible orientations of
parts. Then LB = min{LC (H)+LC, (H)|HeH} where LC (H) andLC (H) are lower bounds on the equip-
ment cost for vertical and horizontal machining with the orientation H of parts. They can be estimated
as follows:

LCy(H) = C4+Cs(LM(H)-1), if LM (H)> b,
P77 I min[Cy + C5(LM (H) ~1),C5 + C5LM ()], otherwise,

LC,(H) = min[C,LM,(H),C[LM,(H)/b +C,LM,(H)],

where LM (H) and LM (H) are lower bounds on the number of machining modules for vertical and
horizontal machining with the orientation H of parts. They can be calculated using algorithms [3].

3. Experimental study. The purpose of this study is to evaluate the effectiveness of the proposed
techniques. There were generated series of 100 test instances for batches of 4, 6, 8 and 10 parts. Their
characteristics are presented in Table 1 where |N| is the number of operations, OSP is the order strength
of precedence constraints; DM, DT, DP, and SM are the densities of graphs G, GP', GPP, and GM
respectively. Constraints were generated using tools [11]. Experiments were carried out on ASUS
notebook (1.86 Ghz, 4 Gb RAM) with academic version of CPLEX 12.2.

Table 1. Parameters of problems

Number of parts | Parameters of problems IN| OSP DM DT DP SM
Minimal value 44 0.034 0.064 0.026 0 0.027
4 Maximal value 95 0.525 0.659 0.659 0.242 0.067

Average value 69 0.106 0.373 0.348 0.024 0.04
Minimal value 89 0.029 0.003 0.002 0 0.024
6 Maximal value 159 0.471 0.462 0.462 0.205 0.088
Average value 124 0.29 0.228 0.197 0.027 0.043
Minimal value 118 0.023 0.003 0.002 0 0.024

8 Maximal value 216 0.456 0.438 0.417 0.214 0.09
Average value 165 0.288 0.197 0.168 0.025 0.045
Minimal value 251 0.023 0.025 0 0 0.014
10 Maximal value 255 0.447 0.58 0.47 0.194 0.071
Average value 254 0.164 0.326 0.183 0.032 0.024

First, we compare the effectiveness of refinement of m  in accordance with section 2.5 for tests with
4 parts. The results are presented in Table 2. With refinement of m, the total time for solving all test
instances was reduced in 3 times and 49 instances were solved in 20 sec. For one instance, m, was not
refined and its time solution was greater than without refinement.
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Table 2. Effectiveness of refinement of m,

Parameters mO: 8 Refined m0
Minimal time (sec) 10.890 5.321
Maximal time (sec) 2039.800 2101.840
Average time (sec) 173.903 58.399
Total time (sec) 17390.300 5839.910

Then we change the procedure of refinement of m . We set m; to be equal to the number of positions
of heuristic solution. Finally, we present the results of solving 4 series of 100 test instances for 4, 6, 8,
and 10 parts with such a refinement. The maximal available time was set to 2 hours (7200 sec). The cal-
culation results are presented in Table 3. Two test instances for 8 parts were not solved optimally during
this time (gap is 21 and 27 %). For 10 parts only 35 test instances were solved optimally. Moreover aca-
demic version of CPLEX was not capable to solve 54 test instances (out of memory).

Table 3. Time solution of test instances

Parameters 4 parts 6 parts 8 parts 10 parts
Minimal time (sec) 378 6.98 0.93 15.90
Maximal time (sec) 713.80 7193.40 7200 7200
Average time (sec) 21.23 630.23 1210.97 1185.60
Number of solved problems 100 100 100 46
Number of problems with proven optimality 100 100 98 35

Conclusion. A problem of design of rotary transfer machines has been studied. The problem is
to choose the orientation of parts and to assign the manufacturing operations to positions in order to mi-
nimize the equipment cost. The improved version of MIP formulation is proposed. Experiments show
that the MIP approach is applicable up to 8 parts and 200 operations. Further development will concern
the design of machining lines consisting of several rotary transfer machines.
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HEOBXOJIMMBIE YCJIOBUSA JJIS1 CYIIECTBOBAHU A KJTACCUUYECKHUX PEINEHUI
YPABHEHUSI KOJIEBAHUI ITIOJTYOT PAHUYEHHOM CTPYHBI

Eciin HeoqHOpOIHOE ypaBHEHHE KOJe0aHWH MOJTyOrpaHHUCHHOH CTPYHBI MMEET HEKOTOPOE KIIACCHYECKOEe PEIlCHHUEe
B IIEPBOI YETBEPTH IJIOCKOCTH, TO IpaBasi 4acTh ATOTO0 ypaBHEHUsI OYEBHIHO HempepbiBHA. B pabore noka3biBaeTcs, 4TO
B 9TOM CJIy4ae CleHaJbHbIi HHTErpall OT 3TOW MPAaBOW YaCTH, KOTOPBII SBISETCS UL 0000IIEHHBIM PELICHHEM HEOHO-
PORHOTO ypaBHEHHS KOJICOAHWH IOyorpaHUYEHHOI CTPYHBI, UMEET BTOPBIE HEIPEPHIBHBIC IPOU3BOAHEIC H, CJICIOBATEIb-
HO, SIBJIICTCS €r0 KJIACCUYECKUM pelIeHHeM. DT0 0000IeHHOE PelIeHHEe OTIMYAETC OT H3BECTHOrO 000OIIEHHOr0 PEeLICHU s
JTAHHOTO YPAaBHEHHS B BEPXHEH MOIYIUIOCKOCTH HAJTHYNEM MOJYJISI OT IIPOCTPAHCTBEHHON MTEPEMEHHOI! B MOABIHTEr PaIbHON
(YHKIHH, KOTOPOH SIBJISIETCS] HENIPepBIBHAS [IPaBast 4acTh ypaBHEeHUs. JlokazaHHOE YTBEPKICHUE MOXKHO HCIOIB30BaTh AJIs
BBISIBJICHHSI COOTBETCTBYIOLIMX HEOOXOAMMBIX TPEeOOBAHHUIl IMIAIKOCTH HA MPABYI0 4aCTh yPaBHEHHs KOJEOAaHHH CTPYHBI
JUIS CYLIECTBOBAHUS KIIACCHUECKUX PEIICHHUH pa3IMYHbIX CMEIIAHHBIX 3a/1a4aX B YeTBEPTH M MOJIYOJIOCE TNIOCKOCTH.

Knioueswvle cro6a: HEOTHOPOIHOE ypaBHEHHE KoJieOaHUIT CTPYHBI, KJIACCHYECKOE pelieHHe, 0000IEeHHOE PellIeHUe, He-
obxonuMoe TpeOoBaHME TIaAKOCTH.

N. I. Yurchuk, E. N. Novikov

Belarusian State University, Minsk, Belarus

NECESSARY CONDITIONS FOR EXISTENCE OF CLASSICAL SOLUTIONS
TO THE EQUATION OF SEMI-BOUNDED STRING VIBRATION

If the inhomogeneous equation of semi-bounded string vibration is a classical solution in the first quadrant, then the right-
hand side of this equation is obviously continuous. We prove that in this case, a special integral of this right-hand side, which
is a generalized solution of the inhomogeneous equation for semi-bounded string vibration, has continuous second derivatives
and it is therefore a classical solution. This generalized solution differs from the known generalized solution of this equation
in the presence of the upper half of the module of the spatial variable in the integrand, which is a continuous right-hand side of
the equation. This assertion can be used to identify the corresponding necessary smoothness requirements on the right-hand
side of the equation for string vibration for the existence of classical solutions of different mixed problems in the quarter and
the half-plane.

Keywords: inhomogeneous equation of string vibration, classical solution, generalized solution, necessary smoothness
requirement.

Brenenue. Ecnu HeomHOpOIHOE ypaBHEHUE KOJIeOaHUI TIOJIYyOrpAaHUYCHHON CTPYHBI UMEET HEKO-
TOPOE KJIACCUYECKOE PEIICHUE B TIEPBOM YETBEPTH IIJIOCKOCTHU, TO IpaBas 4aCTh 3TOI'0 YPABHEHUS OUe-
BUJIHO HelpepbiBHA. HacTosimas paboTa MOCBSIIEHA UCCIICAOBAHUIO IIAJIKOCTH CICIHAIBHOTO HHTE-
rpaja, KOTOPBIU JJIsl HEMPEPBIBHOW TIPaBOW YaCTH HEOJHOPOJHOTO yPaBHEHUs KoieOaHWW Toiyorpa-
HUYEHHOW CTPYHBI SBISETCS JIUIIL ero 00OOIIEHHBIM PENIEHUEM B TIEPBOI YETBEPTH IIIOCKOCTH. DTO
0000IIIeHHOE pPelIeHIe OTIIMYAeTCS OT H3BECTHOTO 0000IIEHHOTO PEIICHHS TAKOTO K€ YPaBHEHUS B BEPX-
HEH TONYTIIIOCKOCTH HATMYMEM MOIYJIS OT TPOCTPAHCTBEHHOM MepEeMEHHOHN B MOJBIHTEr PATTbHON (PyHK-
LW, KOTOPOH CIYKHUT TpaBas 4acTh ypaBHEHHs KojeOaHWW CTpyHBL. B pabore mokaspiBaeTcs, 4TO
B 3TOM cClIy4daec CHeHHaHBHBIfI HUHTETpaI OT 3TOU npaBoﬁ YaCTU TAKXKE ABJIACTCA ABAXKJ1bl HCIIPECPBIBHO
muddepeHnrpyeMoil GyHKIMEH U KJIaCCHYECKHM PEIICHHEM 3TOT0 YpaBHEHHWs. B ciydae JBaKbl

© Opuyxk H. U., Hosuxos E. H., 2016
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HETPephIBHON AN PEepeHIIMPYEMOCTH CIIENAIBHOIO HHTErpaia ero Mo>KHO HaiTu metonom roamers [1].
JlokazaHHOE yTBEPKICHNUE MOXKET ObITh MCIOIb30BAHO JIJISl BBISBICHUSI HEOOXOIMMBIX YCIOBHH Cyllie-
CTBOBAHMSI KJIACCHYECKUX PEIICHUH Pa3lIMYHBIX CMEIIaHHBIX 3a7a4 [UIsl ypaBHEHHS KoleOaHui cTpy-
HbI [2—4].

@opMyJHPOBKA U 0KA3aTeJbCTBO yTBep:kaeHusi. O6o3HaunM cumBosiom C I((Q) MHOXECTBO
k pa3 HenpepsiBHO A depeHrpyeMbix GyHKIHH Ha MHOKecTBe Q. CrpaBeanBoO

Yreepxaenue. EciuueC 2 (Gw) — nexomopoe knaccuueckoe pewienue ypasHenus
Ouu(x,t)—a 2(%cxu(x,l) = f(x1),a>0,{xt} € G,=[0, 0[]0, oof, (1)

t x+a(t-r)

6 nepeoti wemeepmu niockocmu, mo f€ C(Gy) u ¢pynxyus F(x,t) = —j _[ f (|s
a0x- a(t—1)

HoxazatensbctBoO. IlycTh 11 — Knaccuyeckoe perenue ypasHenus (1). Torna nz u € c? (Gy) cre-

T)dsdreC (Gw).

JIyeT, 4TO TpaBas 4acthb f =0, u(x,t)—a 25 w(x,t) € C(Gy) u dpynKIHS F € C! (Gs) ABASICTCS MHIIB
0000meHHbIM pemeHneM ypaBHeHus (1). [lox Takum 0000meHHBIM pemieHueM ypaBHeHus (1) mormma-

eM dyrkimio F € C'(G,,), KOTopast yI0BIeTBOPSET yPaBHCHHMIO

TT (0, +ady) F(x,t) (0, —ad )o(x,t)dxdt = —Tof £ (x00(x, 0)dxdt, )
00 00

IUTST JTI000W (DyHKIIUH ¢ € C} (G ), umerommell KOMIAKTHBIA HOcuTens B G M (p| x=10="0,1€[0,00],
(p| t=10=0,x€[0,00[. JlroOyto TOUKYy (x0,f0)E€ Gow MOXHO TIOMECTHUTH BHYTPHh TpaNCIIHU
Go = {(x,t) 0<x+at<M=xg+atg+(a+1)gg, 05t <T =ty + so},so > 0. Bcerma cymecTByer Takas
TIOCTIeIoBaTeNbHOCTE (hyHKIHH £, (x,¢) € C 1(Go), KOTOpast CXOMUTCsI pu 1 — oo K pyHkiwn f(x,t) € C(Gg)

PaBHOMEPHO Ha KOMIIAKTHOM MHOeCTBE G . Jlns ucxomnbix panubix f, € C ! (Go)uueC 2(Go) BTO-
pas cMemaHHas 3aja4da

Outhn (X,0) — a0 ety (x,0) = [ (x,0),a >0, {x,t} € Gy, ?)
“"|t:0 =u|t:0, Gtun|t:0 =8,u|t:0, 0<x<M—at,te[0,T], @)
Oxttn| _o =04 _o, 1€[0,T], n=12,.., G)

HMMEET CIUHCTBECHHBIC KJIACCUUCCKUE peIeHU [4]

(un)_(x,t)_u(x+at O)-Zku(x at 0) J. o, ‘c)| . dE +
t x+a(t-7)
1 _f j fu(s,v)dsdr, (x,t) e G- N Go,G {(x ) eGy,x>at, t>0}, 6)
a0x- a(t—7)
()2 (x1) = u(x+ at, O);—u(at X O) I owu(E, T)| d§+

= 1 t x+a(t-r)

J 0.u(g, 1:)|1_ 0d&—a _|' Oeu(g, ’E)|E) 0d§+2 _[ j fu(s|,v)dsdr,

0 x—a(t-1)
(x,t)eGJrﬁGo,GJr ={(x,t)er,xSat,x20}. 7

B atom nerko yoenuThes HerocpeacTBeHHOM moactanoBkoi (6) u (7) B (3)—(5), Tak Kak COOTBETCTBYIO-
HIMe JIOCTATOYHBIC TPEOOBAHUS TNIAJKOCTH M YCJIOBHS COTIACOBAHMS HA MCXOJHBIC JAHHBIC BTOPOM
cMmemanHoi 3a1a4n (3)—(5) oueBHIHO BBITIOTHAIOTCS [4].

OyaKIAn v, (X,1) =u(x,t) —u,(x,t)e C 2 (Go), xak pa3HocTs ¢pyHKIHA n3 C 2 (Gyp), sBASAIOTCS Kjac-
CHYECKUMHU PENICHUsIMU BTOPOU CMEIIaHHOM 3a/1auu
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Ouva(x,0) = a’0 vy (x,0)= f(x1) = fu(x,0) = fu(x,1),a>0, {x} € Go, 8)
V| _o=0. 0wa|,_,=0, 0<x<Mo—at,t€[0,T], ©
Oxvn| =0, 1€[0,T],n=1,2,.... (10)

Jlist ee peleHui CrpaBeyIuBO SHEPreTHUECKOE HEPABCHCTRO (APUOPHAsI OIICHKA):
Mat 2 2 2 2
sup f (| Ovn(X,0) " +|0xvu(x,0) | +|v,(x,0)] )dx <cg j | f(x,0)— fr(x0)| dxdt,n=1,2,..., (11)
0<t<T ¢ Go
rie o = (16T3 + 4T) / (min a, az)).
JHoxaxem HepaBeHcTBO (11). [t siro06oro T €]0,T | ieByro yacTh ypaBHeHuUs (8) yMHOXKaeM Ha 20V,

UHTETPUPYEM 110 X ¥ [ Ha MHOXKecTBE G * = {(x,7): x €[0,M —at],t €[0,t]} u IPUXOAMM K PaBEHCTBAM

TM-at
2 [ (Ouvn a0 vy )Ovadvdt = | [a,((a,v,,)2 +a%(0,91)?) - 2020, (0,40 v, )]dxdt:
Gt 0 0

M —at M —at
= i [(5;\/,,)2+a2(8xvn)2}dxt=1— E‘). [(G,Vn)z+a2(8xvn)2]dx[=0+
+2azj[axv”atv”]dt| o+a,[((alvn)2+a2(axvn)2)‘ dt—2a2j[8xvn8tvn]dt| M—at’ (12)
0 = 0 x=M —at 0 x=M-a
Wuterpan (12) oneHuBaeTcs CHU3Y BEITMYNHOM
M —at
@va)? +a®(@5vs)* x] , (13)
( £ |: t :Id =1

TaK Kak B IpaBol 4acTu paBeHCTBa (12) BTOPOW U TPETUW MHTErpasibl 00PAIIal0TCs B HYJIb B CHIIY OJI-
HOPOJIHBIX HaYaJIbHBIX YCIIOBUH (9) 1 rpannyHoro ycioBus (10), mpeamnocieHuii MHTETpall HeOTpHUIIa-
TeNbHBIN, a TIOCIETHUN HHTETPpall TIocle 3aMEeHBI X = M — at B IPONU3BOIHOM O (v, = 0V, 0t =—0,v, / a,
PaBHBIM HHTErpAILY

T T
2a? (om0l =2af@m)d] >0

Tak)ke HeoTpuuaTreapHbld. Temepb mpaByio yacTbh ypaBHeHUs (8) yMHOXKaeM Ha 20,v,, HHTEIPUpyeM
0 X U ¢ Ha MHOXecTBe G° M pe3ysbTaT OLEHMBAeM CBEPXY C IOMOLIbI HepaBeHcTBa Komm —

ByHnskoBckoro, HepaBeHCTBaA 2ab < ca’+b%/e,e>0, npu € =1/ (2T ), 1 PIEMEHTapHBIX OIICHOK:

20 0vufudxdt<2 [ |0y || fuldxdt <2 | [0y |* dxdt | [ | f,|? dxdt <

G* G* G* G*
2 1 =0 e 2 [
s?,j |O4v, | dxdt +— f | £ |° dxdt <eT sup f |0V | dx+— j | /0 |© dxdt =
G* €5t 0<t<t 0 €5t
1 M —at ~
=—sup | |0, > dx+2T [|f,|? dxdt. (14)
0<t<t 0 Gt

W3 onenku cau3y (13) u HepaBeHcTBa (14) ciieayeT HEpaBEeHCTBO

M —at
J [@m)?+a?@wn)? |dx
0 t

1 M —at 2 = 5
<— sup J |6,vn| dx+2Tj | ful® dxdt. (15)
=T 0<t<T 0 Go

[IpaBast 4acTh 3TOro0 HEPABEHCTBA HE 3aBUCHUT OT T. Toraa B JEBOM €ro 4acTH BO3bMEM TOYHYIO BEpX-
HIOIO TpaHb 110 ¢ =T 0T 0 10 7' 1 B pe3yJbTaTe Mojay4uM HEpaBEHCTBO
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M —at

g |:(atVn)2 + (aan)z]dX

<L2 [ 1 n]? dxdt. (16)

t== min(, a®) g,

Tak kak s mo6oro T €]0,T] cripaBenInBO HEPABEHCTBO

M —at M —at
sup [ [va(xt)[P dx<4TZ sup | [8vn(x,t)]? dx, (17)
0<t<T ¢ 0<t<T ¢

T0 u3 HepaBeHCTB (16) u (17) BeITekaeT HepaBeHCTBO (11).

W3 nepasenctsa (11) cnenyeT, 4To NOCNENOBATENBHOCTE V. IPH N — 00 PABHOMEPHO CXOAMTCS Ha
MHO)KeCTBE G, K HYJIIO M, CIIEIOBATENBHO, U TIPU N — 00 paBHOMEPHO cxoauTcs Ha G K U, Tak Kak co-
riracHo Teopeme BioxkeHus Co0oJeBa UMEET MECTO HENPEPHIBHOE M TUIOTHOE BIOKEHUE MPOCTPAHCTB
\Nzl(Q) c C(ﬁ) I71st orpaHudeHHBIX MHOKeCcTB QC R . [TosTomy B pemenusx (6), (7) mepexoauM K Tpe-

Jeny npu N — oo M MmoJiy4aeM paBCHCTBA

u(x+at,0) +u(x—at,0) +ix+at

Uu_(x,t) = > ” [ owu(E )| dg+F(xt), (18)
x—at
_ X+at
qu(X’t):u(x+at,0)J2ru(at x,0)+% [ OTU(E,.,T)|T:OdE..+
0
X
at—x a
b [ 0] o5 -a | 0u(E D ode+ F(xD) (19)
a g 0

cootBeTcTBeHHO B G_ M Go u G NGy. U3 pasencts (18) u (19) BriTekaeT, uto F € CZ(GO), TaK Kak

B 9THX PABEHCTBAX BCE OCTANbHBIC ClIaraeMble npuHaieskar MuoxkectBy C2(Gg) B cuny U e C?(Gy).
OTcrona, B 4acTHOCTH, UMeeM, 4To F aBakapl HempepbiBHO AuddepeHnupyeMas B KaXIOH TOYKE
(Xo, to) € G..

3ak.iouenue. 3 10Kka3aHHOTO yTBEp)KACHHS clieayeT, yTo ¢yHkuus F(X,t) sBisercs knaccude-
CKHUM pEelIeHNEM ypaBHEHUS

Ou F(x,t)—a20,«F(x,t)= f(xt). (20)

JIefiCTBUTEIIBHO, HHTETPUPYSI TI0 YACTSIM B JICBOW YaCTH paBEHCTBA (2), TTOJTydyaeM PaBEHCTBO

00 00

Tof[an F(x,0) —a%0F (1) Jo(x ydxdt = [ |  (x hp(x,)dxclt.
00 00

Tak kak QyHKIUsS @ MPOU3BOJIbHAS U MPUHAMICKHUT MIOTHOMY B Lo (G,,) MHOKECTBY, TO U3 110-
CIIEIIHETO paBeHCTBA cieayeT, 9to dyukius F(X,t) yroBmeTBopsier ypasaenuio (20) u, cieaoBaTeasHO,
SBJISICTCS KJIACCUUECKUM pEIlIeHUEeM ypaBHEeHHS KojeOaHuii cTpyHsl (1).
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IMPABHUJIA JJIAA ABTOPOB

Peoaxyus socypuana «Becyi Hayviananenai akadamii naeyk benapyci. Cepuvia @izika-mamamamulunbix Ha-
8YK» NPOCUM a8MOPO8 PYKOGOOCMEOBAMbC NPUBLOCHHBIMU HUJICE NPABUNAMU.

I. Crarbu o pesyinbraTax paboT, IPOBEAECHHBIX B HAYYHBIX YUPEKJCHUSIX, JOJDKHBI UMETh pa3pelieHue Ha
OIyOJIMKOBaHUE (COMPOBOAUTENIBHOE MUCHMO PEKTOpaTa MM JAWPEKIUH COOTBETCTBYIOIIETO MHCTUTYTA JIMOO
BBINMCKY U3 IPOTOKOJIA 3aCEIaHNUS YIEHOTO COBETA, OT/EIA MIIN Kadeaphl, a TAKXKE aKT IKCTIIEPTHU3bI).

II. CraTbst mpetocTaBisieTCs B peaklMIo B IBYX DK3eMILISIpax Ha 0EJI0PyCCKOM, PyCCKOM MIIM aHTIIUHCKOM
s3bikax; mpudt — Times New Roman, kernb — 11 (B TOM 4ucie B GpopMyiiax); MEKXCTpOYHBIH HHTEpBaT — 1,5.
3aHyMepoBaHHbIE (OPMYIIBI BBIKIIOUAIOTCS B OTHEIBHYIO CTPOKY. POpPMYJIHMPOBKH YTBEpPXKICHHH (Teopem,
JIEMM, HPEIOKEHNN U CIIEICTBHUI) JOJKHBI OBITH BBITIOJHEHBI KyPCHBOM. B TEKCTE HE MOMYCKAIOTCS PyKOIHC-
HbIE BCTaBKH U BKJICHKH. CTaThsl 10JKHA OBITH TOJITMCAHA BCEMU aBTOPaMHU.

III. CraThst nOTKHA UMETH CIEIYIOUYIO CTPYKTYPY:

1. Manekc mo YHUBepcanbHOH aecaTnaHoi kinaccupukanun (Y IK);

WHUIMAIBEI U (paMUIHK aBTOPOB;

Ha3BaHHUE CTaThH;

MOJTHOE HAaUMEHOBaHUE YUPEXKJICHHH, TAe padoTaloT aBTOPBI, C YKa3aHHEM Iopojia M CTPaHbI, aJpec dJeK-
TPOHHOH MOYTHI KaXkJIOT'0 aBTOPA.

2. ArHOoTanus (aBTOpckoe pe3tome) ooveMoM 150-250 cinoB mOMKHA KPAaTKO MPEACTABIATH PE3yJIBTATHI
paboThl 1 OBITH MOHATHOW, B TOM YHUCIIE U B OTPHIBE OT OCHOBHOI'O TEKCTA CTAaThH; JIOJDKHA ObITh HH()OpMATHB-
HOH, XOpOLIO CTPYKTYPHPOBAHHOW (OIMH U3 BAPUAHTOB HANMCAHUS aHHOTAIIMH — KPAaTKOE IOBTOPEHHE CTPYKTY-
PBI CTAThH, BKIIIOYAIOIIEE BBEACHNUE, IETH U 3a/1a491, METOBI, PE3YJIbTAThI, 3aKIIOUCHHUE HITU BHIBOADI).

3. KirtoueBble ciioBa — Ha0Op CJI0B, OTPAXKAIOIINX COAEPKAHNE TEKCTA B TEPMUHAX 00BEKTa, HAYYHOH OTpacin
1 METOJIOB MCCIIEIOBAHMS; PEKOMEHTyeMOe KOJINYECTBO KIIFOUEBBIX clIoB 5—10.

4. 3aTeM MeTaTeKCTOBBIC JJaHHBIE (BCE TO, YTO MPEIIECTBYET OCHOBHOMY TEKCTY CTAThH) NPUBOASTCS HA aAHe-
JIUTICKOM S13blKe, IPUYEM aHHOTAIHS JIOJDKHA OBITh OPUTHHAIBHOM (T. €. HE SIBISATHCS JOCIOBHBIM IIEPEBOJIOM pYC-
CKOSI3bIYHON aHHOTAINM). ECIIM cTaThsl aHIIIOSI3BIYHAS — BBILIEYKA3aHHBIE JAHHbIEC IPUBOAATCS Ha pycckoMm (Oe-
JIOPYCCKOM) SI3BIKE.

5. OCHOBHOH TEKCT CTaThu HE JOJDKEH NpeBbIaTh 16 c. (T. €. 0koso 40 ThIC. 3HAKOB); B 3TOT 00BEM TaKKe
BXOJAT TaONMMIbl ¥ puUCyHKH (710 7—8). M310)KeHHBIN MaTepua 10JKeH ObITh YETKO CTPYKTYpPHPOBAHHBIM: BBE-
JICHNE, LIEJIN ¥ 3a/1a41, METO/IbI, PE3yJIBTAThI, 3aKJII0UeHUE (BBIBOBI). B pyccKo- 1 6EI0PyCCKOS3BITHBIX CTAThIX
PpEKOMEHyeTCs JIeNaTh MOAPUCYHOUYHBIE MOAMNCH M HAAIIMCH HAa CAMUX MJUTIOCTPALMAX Ha BYX S3BIKAaX — pyc-
ckom (0enopyccKom) u QHeIUTCKOM.

6. CiMCcOK MCTIONB30BaHHOM JiuTepatyphl (He 6osiee 40 ccpliiok) oopmirsieTcss B COOTBETCTBHM C TpeOoBa-
HuAMH Bricmeii atTectammonnoit komuccuu Peciyommkn bexapycs (TOCT 7.1-2003). LlutupoBaHHas IuTEpa-
Typa MPUBOJUTCS OOIIMM CIHHCKOM II0 Mepe YIIOMHHAHHS, CCBUIKM B TEKCTE JAIOTCs MOPSIAKOBBIM HOMEPOM
B KBa/IpaTHBIX CKOOKax (Hamp., [1]); ccbuiku Ha HeonyOIMKOBaHHBIE PA0OTHI HE JOMYCKAIOTCS).

7. 3aTeM NPUBOAMTCS CIIUCOK MUTHPOBAHHBIX UCTOYHUKOB 6 pomanckom aigasume (narnnauna) («Referen-
Ces») CO CIEAYIONIEH CTPYKTYPOH: aBTOPBI (TPAaHCINTEPALHs), HA3BAaHNE CTAaThbH B TPAHCIUTEPUPOBAHHOM BapHaHTE
[mepeBon Ha3BaHUs CTaThU Ha aHTVIMHCKUI SI3bIK B KBaJAPATHBIX CKOOKaX], HA3BaHUE PYCCKOSI3bIYHOIO UCTOUHH-
Ka (TpaHciauTepanus) [IepeBo Ha3BaHMUsI ICTOYHUKA Ha aHTIIMMCKHUN s3bIK — napadpas (1U1st )KypHAJIOB MOXKHO
He JIeTIaTh)|, BEIXOAHbIE JaHHbIE C 0003HAYEHUSIMU HA aHTJIMHCKOM SI3BIKE.

[Ipumepsl TOATOTOBICHBI 110 MaTepHUalaM METOAMYECKUX peKoMeHJanui «PemaknnoHHas MOArOTOBKA
HAy4YHBIX JKYyPHAJIOB JUIsl BKJIIOYEHHs B 3apyOexkHble mHJIekchl nutupoBanus» O. B. Kupunnosoii (http://
elsevierscience.ru/files/kirillova_editorial.pdf).

I'V. 15151 moArOTOBKY METa/IlaHHBIX (TaK Ha3bIBaeMbI HHPOPMALIMOHHBIH JIMCT) Ha OTJEIBHOM CTPaHUIIE CIIeTyeT
yKazarb Ha PYCCKOM U AH2AUUCKOM S3bIKAX JUTSL KaXKJI0T0 aBTOpa: (JaMHIINIO, UMS M OTYECTBO (MOJTHOCTHIO), yUe-
HYIO CTEIIeHb, 3BaHNUE, JOJDKHOCTh, MECTO PaOOTHI C yKa3aHUEM ajpeca, KOHTaKTHYIO nHpopmManuio (e-mail, Te-
nedons).

V. DneKTpOHHBIN BapuaHT CTAThU MPEAOCTABIACTCS HA JUCKE, (MISIIKE MM MPUCHIIAETCS MO JIEKTPOHHON
MOYTE B pENaKITUIo )XypHaia — fmvesti@mail.ru. Texct momxen 0b1Th HaOpan B Word mog Windows, popmymsr —
B penaktope MathType. Co6cTBeHHBIM penakTopoM Gopmyn Bepcuit Microsoft Office 2007 u BEITIIe TOTH30BATH-
Csl HeJIB3sI, TaK KaK B PEAAKIIMOHHO-N31aTEILCKOM ITPOIIecce OH HE MOoAep)KUBaeTCsl. BcTaBKy CHMBOJIIOB BBITION-
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HATh yepe3 MeHio «Bcraska\CumBom». Beikmouky Beepx u BHu3 (C?, C,) BEIIONHATHL uepe3 MeHI0 «Dopmar)
WpudT\Bepxuwuii napexce», «@opmat\IpundT\Hwxunii naaexe». JlarnHckue OyKBbI HEOOXOUMO HAOUPATh Kyp-
cu6om, rpedeckue — npsmMo (i Habopa rpedecKHX CHMBOJIOB CIIE/IyeT I0JIb30BaThcsl rapHUTYpoil Symbol).
O6o3HaueHust MaTemMatnueckux QyHkui (lim, sup, In, sin, Re, Im u 1. 11.), CHMBOJIBI XUMHUYECKUX DIIEMCHTOB
(N, C1) taksxe HaOUparoTCs NPSIMBIM MIPHUPTOM.

VI. YepHo-6embie 1 IBETHBIE PHCYHKHN BCTABISAIOTCS B TeKCT ctaThil (Word), a TakxkKe 1al0TCsl B BUJIE OTIEIb-
HBIX (paiimoB B popmare tif (600 Touek Ha mroitm). JKemaTenpbHO TakKe MPEAOCTABIATh UX B (JOpMATE OpUTHHATA
(Corel, nmarpammer B Excel, Origin Pro u T. 1.), T. €. B TOif mporpamme, B KOTOPOIl OHM BEITIOTHEHBI. TeKCT Ha
pHUCyHKaxX HabHupaeTcs OCHOBHOW FapHUTYPOM, MpUUEM HauepTaHWE CUMBOJIOB (IPEUECKOE, JTATHHCKOE) JTOJIAKHO
COOTBETCTBOBATh MX HAYEPTAHMIO B TEKCTE. Pa3mep Kerns coum3sMepuM C pa3MepoM PHCYHKa (KeIaTeIbHO
8 myHnkToB). Ha 060poTe pHUCYHKOB (€CiiM OHHU JAIOTCS OT/AEIBHO) yKa3bIBalOTCs (paMUIMKM aBTOPOB, Ha3BaHHE
crarbu. Qortorpaduu npeaocTaBiIsoTes B Buae ¢aiinos (tif, jpg, png, eps) ¥ B pacrieyaTraHHOM BH/IE.

VII. IlocTynuBiias B pelaklivio CTaThsl HAIIPABJISIETCS HA PELIEH3UIO, 3aTEM BU3UPYETCS YJIEHOM pEAKOJe-
rur. OCHOBHBIM KPUTEPHUEM LIEJIeCO00pa3HOCTH MyOJUKALUH SIBIISIETCS HOBH3HA U MH(QOPMATHBHOCTH CTaThH.
Ecnn o pekoMeHjanuy pereH3eHTa CTaThs BO3BPAIaeTCsl aBTOPY Ha JOpaOOTKY, TO repepadoTaHHasi pyKOIHCh
BHOBB paccMmarpuBaeTcs peakosiernei. Ctarby He 1Mo NpoQuIIIo KypHala BO3BPAIAIOTCS aBTOpaM Iocie 3a-
KJIFOYCHUS PEAKOIIICTHH.

Mamepuanvt 0ns nybaukayuu ciedyem Hanpasisimo no aopecy: yi. Akademuueckas, 1, k. 119,
peoakyusi dcypHara «Becyi HAH Benapyci. Cepois ghizika-wamomamolunolx Hagyky, 220072,
2. Munck, Pecnybnuxa Benapyce: men. ons cnpagok: +375 17 369 76 52 (cpeoa); +375 17 284 19 19
(uemesepe, namuuya), 160 No 2NeKMpPOHHOU noume: fmvesti@ mail.ru. 1ubo uepes oHAAUH-POPMY
Ha caime.



