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Valentina V. Skrundz, Inna N. Safonova
Belarusian State University, Minsk, Republic of Belarus

ON THE EXISTENCE OF $-CRITICAL FORMATIONS OF FINITE GROUPS

Abstract. The t-closed o-local formations of finite groups are studied, where ¢ is some partition of the set of all primes,

7 is an arbitrary subgroup functor. The question of the existence of )¢ -critical formations is investigated, i. e., such t-closed
o-local formations £ & § for which all proper t-closed c-local subformations are contained in the class of groups §. It is

proved that if §) is a o-local formation of classical type, then every t-closed o-local formation § & $ has at least one $¢ -
critical subformation.

Keyword: finite group, subgroup functor, t-closed formation, formation o-function, c-local formation, critical c-local
formation, formation of classical type

For citation. Skrundz V. V., Safonova I. N. On the existence of ¢ -critical formations of finite groups. Vestsi Nat-
syyvanal'nai akademii navuk Belarusi. Seryya fizika-matematychnykh navuk = Proceedings of the National Academy of
Sciences of Belarus. Physics and Mathematics series, 2026, vol. 62, no. 1, pp. 7-14. https://doi.org/10.29235/1561-2430-2026-
62-1-7-14

B. B. CkpyHnas, U. H. Cadonosa

benopycckuii cocyoapcmeennviii ynusepcumem, Munck, Pecnyonuka bearapyco

O CYLIIECTBOBAHHMH $7-KPUTHYECKUX ®OPMALMIA KOHEYHBIX I'PYIII

AHHOTaHHﬂ. I/I3y‘{eHLI T-3aMKHYTbIC G-JIOKaJIbHBIC (bopMaupm KOHEYHBIX I'pYIII, II€ G — HEKOTOPOEC pa36HeHHe MHOXE-

CTBa BCEX MPOCTBIX YMCEN, T — MPOM3BOJIBHBIN MOArpyNoBoil ¢pyHkTOp. MccaenoBan BOMPOC CYINECTBOBAHUS §) o -KPUTH-
4ecKUX (HOpMaIHH, T. €. TAKUX T-3aMKHYTBIX G-TOKaIbHBIX popManuit £ & §), y KOTOPBIX BCe COOCTBEHHBIE T-3aMKHYThIE
G-JI0KaJIbHBIE TToA(opMaLuu copepkaTes B kiiacce rpymnn ). Jloka3aHo, 4To eciu §) — G-JIoKalbHas (GopMalus KJIacCHYeCKO-

TO THTIA, TO y BCAKOH T-3aMKHYTOMH G-ToKanbHOH Gopmannu § & §) cymiecTByeT 1o MEeHbIIeH Mepe ofHa )& -KpUTHYECKAs
noagopmanus.

KiroueBble ciioBa: KOHeYHas IPyIIIa, HOATPYIIOBOi GyHKTOp, T-3aMKHYTast popmarus, popmManoHHas G-OyHKIIHS,
G-1oKanbHas GopMalusi, KpUTHUECKast G-lToKanbHas opmarus, GopMalus KIacCHUeCKOro THIa

Jas muruposanusi. Ckpynas, B. B. O cymectsoBanuu $)g -KpUTHIECKHX GopMaIuii koneuHplx rpymn /B. B. Ckpyn b,
U. H. Cadonosa / Becui HaupisinanpHaii akagdmii HaByk Benapyci. Cepsis dizika-maramareidHbiX HaByK. — 2026. — T. 62,
Ne 1. — C. 7-14. https://doi.org/10.29235/1561-2430-2026-62-1-7-14

Introduction. The study and classification of formations are inextricably linked with the investiga-
tion of questions concerning the existence of subformations of a particular kind in the studied forma-
tion and their mutual arrangement in the structure of the subformations of the given formation. Since
the lattice of subformations of any non-identity local formation has the cardinality of the continuum,
the application of inductive reasoning in studying the structure of subformations of a local formation
is rather difficult. This circumstance led to the necessity of developing special methods for investi-
gating local formations, associated with the concept of a critical formation. The special role of mini-
mal local non-f)-formations [1] or, equivalently, $-critical formations [2] (i. e., such local formations

© Skrundz V. V., Safonova 1. N., 2026
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§ &£ $ all of whose proper local subformations are contained in the class of groups ) was first noted
by L. A. Shemetkov at the VI All-Union Symposium on Group Theory [1]. There, he also set the general
problem of studying critical formations. The solution to this problem in the class of local formations was
obtained by A. N. Skiba in a series of works from 1980—1993. The main result of this series of works
was the construction of a theory of minimal local non-$)-formations, central to which are the theorem
describing $)-critical formations for the case when $) is an arbitrary formation of a classical type [3]
(a formation is called a formation of the classical type [2] if it has a local screen such that all its non-abe-
lian values are local), as well as the theorem on the existence of §),-critical formations in every local
formation § & $. The results of the theory of minimal local non-$)-formations have been widely used
in questions of classification and investigation of the structure of local formations, as well as in the study
of irreducible factorizations of bounded and one-generated local formations [4].

Subsequently, during the development of the theory of t-closed local formations [5], A. N. Skiba de-
veloped the theory of $); -critical formations (a t-closed local formation § & ) is called $); -critical [5]
or minimal t-closed local non-$)-formation if all proper t-closed local subformations of § are contained
in the class of groups §), where 1 is an arbitrary subgroup functor in the sense of the following definition.

Suppose that to each group G, a certain system of its subgroups t©(G) is assigned. Then 7 is called
a subgroup functor [S, p. 16] if G et(G) and for any epimorphism ¢:4— B and for any groups

Het(A4) and T et(B), we have H® €t(B) and T° : €1(A). A formation § is called t-closed if
1(G) < § for any group G € 3.

The development of the theory of o-properties of groups [6, 7] and their classes, in particular, the the-
ory of o-local formations [8—15], has led to the necessity of studying and classifying c-local formations,
including the development of a theory of critical 6-local formations. The solution to L. A. Shemetkov’s
problem [1] in the class of o-local formations is given in the works [13, 14], where a description of $¢-
critical formations is obtained for an arbitrary o-local formation §) of the classical type (a formation ) is
called a 6-local formation of the classical type if § has a c-local definition such that all its non-abelian
values are o-local). Note that the results on critical c-local formations have been successfully used by
the authors [16] in the study of o-local formations with bounded ¢ -defect.

The study of minimal t-closed c-local non-$)-formations, or g -critical formations, is the subject
of the authors’ works [17, 18], where a description of minimal t-closed c-local non-$)-formations is ob-
tained for an arbitrary c-local formation § of the classical type.

Theorem A [18, Theorem]. Let § be a c-local formation of the classical type and h be its ca-
nonical o-local definition. Then § is an $g-critical formation if and only if § = I3formG, where G is
a monolithic T-minimal non-$)-group with monolith P=G®, and one of the following conditions hold:

1) G = P is a simple o~-group such that o; ¢ 5($)) and ©(G)c{1,G};

2) P is a non-c-primary group and G is a t-minimal non-h(c,)-group with P = Gen forall6; € 6(P);

3) G=PxK, where P=Cg(P) is a p-group, p € c;, and K is either a monolithic T-minimal non-
h(c,)-group with monolith Q = KMo Z O(K), where o; ¢ 6(Q), or a minimal non-h(c;-group of one
of the following types:

a) a quaternion group of order 8, if 2 ¢ 6;;

b) an extraspecial group of order ¢* of prime odd exponent q ¢ 6;

¢) a cyclic g-group, q ¢ ;.

In this work, in the framework of the general problem posed by L. A. Shemetkov [1], we study
the question of the existence of minimal t-closed c-local non-$j-formations in every t-closed o-local
formation § & 9. The main result of the work is the following theorem.

Theorem B. Let § be a t-closed c-local formation, and $ be an arbitrary c-local formation
of the classical type. If § & ), then § contains at least one minimal t-closed c-local non-$)-subformation.
We will prove Theorem B in Section 2 and also consider some of its most interesting corollaries.

1. Basic concepts and auxiliary results. All groups under consideration are assumed to be fi-
nite. The main definitions, notation, and a number of properties of 6-local formations are presented in
the works [8—18].
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Let o={c;|iel} be some partition of the set of all primes P, i e, oc={c;|iel},
where P={J,_,0; and o,nc; = for all i # j, G be a group, § be a class of groups. Then
o(G)={oi|o; "(G) #D}; o(F)=gez0(G).

A group G is called [7]: o-primary if G is a o;-group for some i#; 6-nilpotent if G =G x---x G, for
some o-primary groups Gi,...,G;; o-soluble if G =1 or G # 1 and every chief factor of G is 6-primary.

The classes of all o-soluble, o-nilpotent, c,-groups, and identity groups are denoted by &, My,
&, , and (1), respectively.

Let § be a nonempty formation. Then for any group G, G3 denotes §-residual of G, 1. e., the small-
est normal subgroup of G such that the quotient group belongs to §.

A formation § is called (normally) hereditary it H € § whenever G € § and H is a (normal) sub-
group of G.

Let § and $ be some classes of groups. The product §$ of the classes of groups § and § is defined
by the condition: G € §$) if and only if there exists a normal subgroup N in G such that G/ N € §. If, in
addition, $) is a formation, then the residual product §°$ of the classes § and § is defined as follows:

Fo9=(GIG” ).

The symbol Og; ;(G) denotes (&, B, )-radical of the group G (the largest normal (&, &, )-
subgroup of G), 1. €., O, 5;(G) = G@Gi,@ci .

A function f of the form f:c — {formations of groups} is called a formation o-function. For every
formation o-function f; the class LF(f) is defined as follows:

LF5(f)=(G|G=1orG#land G/Og;s;(G) € f(c;) forall 5; € (G)).

If for some formation o-function f we have § = LF;(f), then the formation § is said to be c-local,
and f'is called a c-local definition of §.

If f'is a formation o-function, then Supp(f) denotes the support of f, i. e., the set of all o, such that
f(o))#.

A formation o-function fis called: t-valued if f(c)) is a t-closed formation for all o; € Supp(f’); inte-
grated if f(c;) < LFs(f) for all i; full if f(c;)=®&g,f(c;) foralli. If fis a full integrated formation
o-function and § = LF;(f), then fis called the canonical c-local definition of §. The smallest o-local
definition of § is its o-local definition f'such that f(c;)< #(c;) for any o-local definition / of the for-
mation § and all 7.

A subgroup functor t is called [5, p. 16]: closed if for any two groups G and H €1(G) we have
©(H) < t(G); trivial if for any group G we have 1(G) = {G}; identity if for any group G we have 1(G)
being the set of all subgroups of G.

A partial order < is introduced on the set of all subgroup functors [5, p. 19] by defining 1, <, if and
only if for any group G we have 11(G) < t2(G). For any collection of subgroup functors {t;|ie [},
their intersection t={,_,t; is defined by: ©(G) = (/7 (G) for any group G.

If t is an arbitrary subgroup functor, then T denotes the intersection of all closed subgroup functors 1,
for which 1 < 1;. The functor 7 is called the closure of the functor t [5, p. 20].

Let $) be a class of groups. A group G is called [5, p. 38] a T-minimal non-9- group if G ¢ $, but
every proper t-subgroup of G belongs to the class .

For an arbitrary set of groups X and any o, € 5, the symbol X(c;) [11, p. 962] denotes the class of
groups defined as follows: X(c;) =(G/ Og; ,;(G)| G € X), if 6, €o(X), and X(c,) =0, if 5; ¢ 5(X).

The set of all 1-closed c-local formations is denoted by /5. Formations from /S are called IZ-for-
mations. For any collection of groups 90, Isform9M denotes a t-closed o-local formation generated by
M, i. e., the intersection of all [ -formations containing 9. In the case when 9t ={G}, the formation
lsform G is called a one-generated 15 -formation.

To prove the main result of the work, we will need some known facts from the formation theory.

Lemma 1[11, Lemma 2.1]. Let f and h be formation o-functions and let I1 = Supp(f). Suppose that
§ = LF(f)=LF.(h). Then:

(1) M=0(3);
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2= (ﬂcl_en@civ@cif(ci)) NG1. Consequently, § is a saturated formation;

(3) If every group in § is o-soluble, then § = (ﬂcieHGGiv(’ﬁcif(c,-)) NG,

@) If o, €IL, then G, (f(6)NF) =0, (o) NF)CF:

(5) 8§ = LF5(F), where F is the unique formation o-function such that F(c;)=®s,F(c;)=§ for
all 6; €Il and F(c;)=Q forall c; eIl'. Moreover, F(c;)=®, (f(ci) m%’) for all i.

Lemma 2[4, Ch. II; 20, Ch. 1V; 21, 2.2.11]. Let §, $ and M be formations. Then the following
Statements hold:

(1) FoHCFN, and HF o9, if § is nonempty;

(2) if § is normally hereditary, then §o$H =359, and T T 9, if O is nonempty;

(3) T o9 is aformation;

@) G =(G™)S forall Ge®;

(5) (FoH)oM=Fo(HoM).

Lemma 310, Lemma24]|. If § = LF;(f),then§ = LF5(t), wheret(c;)= f(c;)N§ forallc; €o.

Lemma 4 [11, Theorem 1.13]. The set S, of all n-multiply o-local formations forms a subsemi-
group of the semigroup of all formations G&. Moreover, | Sy |= 2%o Jor each o with |c|>1 and &, is
a minimal idempotent in S; for alln>0andi € I.

Lemma 5[4, Lemma 18.8]. If'a group G has only one minimal normal subgroup and O,(G) = 1
(p is a prime number), then there exists a faithful irreducible F,G-module, where F), is the field of p ele-
ments.

Lemma 6[12, Lemma 11]. If = LF;(f) and G/ O, (G) € f(c;)N$ for some c; € 5(G), then
Ge?$.

Recall that the group G is called n-closed if it has a normal Hall n-subgroup.

Lemma 7[19, Lemma 44]. Let Kc NG, KAG, K cO(G). Then the following statements
hold:

1) if NIK is m-closed, then N is n-closed,

2) Fy(N/K)=F,(N)/K.

Lemma 8 [3, Lemma 8] Every non-abelian t-closed formation contains at least one minimal
t-closed non-abelian subformation.

Recall that tform X denotes the t-closed formation generated by the class of groups X, i. e., the in-
tersection of all t-closed formations containing X.

Lemma 9 [5, Lemma 2.2.4]. A formation § is a minimal t-closed non-abelian formation if and
only if § =tform A, where A is a t-minimal non-abelian group and one of the following conditions hold:

1) A is a monolithic group with a non-Frattini monolith R = A"

2) A is a quaternion group of order 8;

3) A is a nilpotent group of class 2 and its exponent is 4;

4) A is an extraspecial p-group of order p* and its exponent is p > 2;

5) A is a nilpotent group of class 2 with a prime odd exponent.

Lemma 10 [4, Corollary 19.14]. A group is nilpotent if and only if all subformations of the forma-
tion it generates are hereditary.

2. Main result. Recall the concept of a direct decomposition of a formation (see [5, p. 171]). Let
{81 Jje€J} be anon-empty set of subclasses §; = § such that §;; N§;, =(1) forany j; # j, fromJ.
If, moreover, every group G € § has the form G=4; x...x4;,, where 4; €9j,...,4;, €F;, for
some ji,..., j; €J, then we write § =@ j;§; (in particular, § =51 ®...0F;, if J ={1,...,1}).

Lemma 11. Let §=LFs;(f), 1=0(F). Then F"Ng=MNp and 11={c;| f(c;)=}.

Proof. According to Lemma 1(1), we have IT1={c; | f(c;) # D}. Since the formation &, is he-
reditary, it follows that &, < &, (f(c;) N§) by Lemma 2. Therefore, by Lemma 1(5), we have

Qjcsl' g(ﬁci(f(ci)mg)gg

for every o; €Il Hence, My =®5,en®; = 3F.
On the other hand, it is obvious that § N9t < Dy Therefore, § NI =M. The lemma is proved.
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Lemma 12. Let h be the canonical definition of $ and G =PxK be a monolithic group with
the monolith P=Cg(P)=G? being a p-group, pec;ec, Oy, (K)=1. Then G is a T-minimal non-
$-group if and only if K is a T-minimal non-h(c,)-group.

Proof Necessity. Let G be a T-minimal non-$-group and M € T(K)\{K}. If under the iso-
morphism G/ P~ K the subgroup M corresponds to the subgroup D/P in G/P, then D e7T(G)\{G}.
Consequently, D € $). Therefore, D/ Og; 5, (D) € h(c;). Then since

D=DNG=DNPK=Px(DNK), P=Cg(P)and O, (K)=1,

it follows that O, ;(D)=Os,;(D). It is also clear that O, (D)/P=0O;,(D/P). Hence, since
D/ Osys;(D)eh(c;), we have M /Os,(M) e h(c;)=&s,h(c;). Therefore, M € h(c;). Thus, every
proper T-subgroup of K belongs to A(c)). If, moreover, the group K € i(c;), then G € $ by Lemma 6,
which is impossible. Hence, X is a T-minimal non-/4(c,)-group.

Sufficiency. Let K be a T-minimal non-/(c)-group and M €7T(G)\{G}. Let us show that
M € §. If G = PM, then obviously M " P=1. Hence, M M /| PNM ~MP/P=G/Pe$. Suppose
PM # G. Then PM / Pe=(G/P)\{G/P}. But G/ P~ K. Consequently, there exists a proper T-sub-
group D in K such that MP/ P>~ D € h(c;). Thus,

M /M AP~MP/Peh(c;)=6qho,).

Therefore, M € h(c;). Hence, every proper T-subgroup of G belongs to §). Since by condition
P=G7, it follows that G is a T-minimal non-§)-group. The lemma is proved.

Proof of Theorem B. Assume first that o(§) & o($) and let o; € 6(§)\o($). Then by Lem-
ma 1(1)(4), we have &, & $ and &,, < §. Since, moreover, &, is a hereditary c-local formation, it
follows that &, is a t-closed c-local formation for any subgroup functor 1. Since the formation (1) of all
identity groups is the only proper t-closed c-local subformation of the formation &, and (1)c H# I,

it follows that &, is the desired $¢ -critical formation contained in .

Henceforth, we assume that o(§) < o($). Let f be the smallest t-valued c-local definition of 3,
and / be the canonical o-local definition of §). Set S:={c; € 5(F)| f(c,) & h(c;)}. Since § £ 9, it
follows that S #@. Associate with each ¢; €S a group H,, which is a group of minimal order from
f(o;)\h(c;). Let H:={H ;|c; €S} and H = H, be a group of the smallest order among the groups
in the set H Denote by D the monolith of H. By condition, $) has a c-local definition & such that ev-
ery nonempty value of it is either an abelian or a c-local formation. By Lemma 3, we may assume that
the o-local definition k is integrated. By Lemma 1(5), we have h(c,)=®s, k(c,) for any o,. Since
c; €o(F) = o(H), it follows that i(c;) =G4, k(c;)# D by Lemma I(1). Therefore, k(c;) # <.

First, consider the case when k(o)) is a o-local formation. Then by Lemma 4, A(c)) is also c-local.
Since by Lemma 1(2) the formation /(o)) is saturated, it follows that D & ®(H).

Assume that D is a non-c-primary group. Then Os o, (H)=1 for all o; ec(D). Suppose that
o; £6(D) and let p €c;. Then since H is monolithic and O,(H)=1, by Lemma 5 there exists a faith-
ful irreducible F,H-module K. Let G =K x H. Clearly, K < O, (G). Since O, (H) =1, we have

05,(G)=05,(G)NG =05, (G)NKH =K (05, (G)nH) =K.

Since, moreover, G/ O, (G)=G/ K ~H € f(c;) < §, it follows that G € § by Lemma 6. Hence,
D =I5formG < §. By the choice of H, we have D=H 5 and H is a T-minimal non-A(c,)-group.
Therefore, G is a T-minimal non-$)-group by Lemma 12.

If K =GP, then D is the desired $§ -critical formation contained in § by Theorem A(3).

Suppose G/K ¢$. Then since H~G/K, it follows that H ¢$). Consider the forma-
tion £=I[5formH. By our assumption, H 9 =D, Assume that there exists o, € o(D) such that
H/Degh(c,). Since He§ and Osy 6, (H)=1, we have H € f(c,). Thus, H/D e f(o,)\h(oy).
Since |H / D |<|H |, this contradicts the definition of H. Therefore, H"°s) = D for every o, e o(D).

Let us show that A is a T-minimal non-A(c,)-group for any o € o(D). Indeed, suppose that there
exist o, € o(D) and a proper T-subgroup M of H such that M ¢ h(c,). Thensince H € f(5;) = F and
Os, 5, (H)=1, we have
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H=~H/Os, s, (H)e f(c.)=tform(4/Og, 5, (4)| A€F).

Hence, M € f(c,)\h(c,) and | M |<| H|. The resulting contradiction shows that / is a T-minimal
non-#(c)-group for every o, € o(D). But then £ is the desired minimal t-closed o-local non-$)-forma-
tion contained in § by Theorem A(2).

Suppose now that o; € o(D). Let ® = formH. Clearly, ® ¢ §. Since H"®) = p, it follows that
H/De$. If we assume that H € §), then H >~ H /Oy, s;(H) € h(c;). This contradicts the definition
of H. Therefore, D= H . As above, it can be shown that H hor) = D and H is a T-minimal non-A(c,)-
group for every o, € 6(D). Hence, by Theorem A(2), the formation ® is the desired $g -critical forma-
tion contained in §.

Suppose D is a o-primary group, i. €., a o;-group for some j. Then, due to the monolithicity of #,
we have O, o ;(H)=0g,;(H). Since D= H"®D and h(c,)=64,k(o,), it follows that j # i. Let
p€o;. Then by Lemma 5, there exists a faithful irreducible F,H-module K. Let G =K x H. Clearly,
K < O5,(G). Now since O, (H)=1, we have

05,(G)=05,;(G)NG =05, (G)NKH =K (05, (G)nH) =K.

Hence, since G/ K =G/ 0Oq;(G)~ H € f(c;) and f'is an integrated c-local definition of g, it fol-

lows that G € § by Lemma 6. Therefore, R = /sformG < §.
Let us show that G satisfies the condition (3) of Theorem A. Assume that G € ). Then

H~G/K=G/0q,s (G)eh(c)),

which contradicts the definition of H. Therefore, Gg $. If H¢$, then by Lemma 6, we have
H/ OG]. (H)eh(c;)c 9. Since Dc Ocj (H), it follows that | H / Ocj (H)|<| H |. Since the formation
o-function f'is integrated, H € § and H / Oij,cj (H) e f(o ). Hence, for some j # i, we have

H/Og;q;(H)e f(c,)\h(c)).

Thus, in H there exists a group of an order smaller than | H |. This contradicts the choice of H.
Therefore, H € $ and hence, K = GY. Moreover, by choice, H is a T-minimal non-/A(c,)-group and
D=H"), Consequently, G is a T-minimal non-$)-group according to Lemma 12. Thus, G satisfies
the condition (3) of Theorem A. Therefore, R is the desired minimal 1-closed c-local non-$)-formation
contained in §.

Now consider the case when k(o)) is an abelian formation. If D & ®(H), then by reasoning similar-
ly to the case when k(o)) is a o-local formation, we can show that there exists a minimal t-closed c-local
non-$)-formation in §.

Suppose D ¢ ®(H). Since H/Deh(c;)=®& ,k(c;) and H is a group of the minimal order from
f(c:)\h(c;), it follows that T/ D= (H / D)*°? e .. Since D < ®(H), Tis -closed by Lemma 7.
Hence, if [T/ DJ#1, then Og;(T)#1. Since O, (T) is a characteristic subgroup of 7"and T is normal
in H, Og,;(T) is a normal subgroup of H. But H is a monolithic group with the monolith D. Therefore,
D c Og;(T), 1. e, D is a o-group. The latter is impossible, since D is a o;-group and j # i. Thus,
|T/DJ=1. Butthen H /D ek(c;)< . Since the formation 91 of all nilpotent groups is saturated and
D c ®(H), it follows that H is a nilpotent g-group, where g ¢ ;.

Suppose H is a non-abelian group and ® = formH. Then © is a non-abelian formation. Hence, by
Lemma 8, there exists a minimal non-abelian subformation X in ®. Since D < ®(H), by Lemma 9 we
have X = form.X, where X is either a quaternion group of order 8, or an extraspecial group of order ¢° of
the prime odd exponent q.

By Lemma 5, in each of these cases there exists a faithful irreducible F,X-module R, where p e ;.
Let G=RxX. Then Oy, 5, (G)= 0O, (G)=R. Since

G/ 05, (G)=G/R~=X eformH c f(c;) T,

it follows that G € § by Lemma 6. Therefore, £ =1I:formG < §. Let us show that £ is the desired 9o-
critical formation. In view of Theorem A(3) and Lemma 12, it suffices to prove that R=G? and X is
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a T-minimal non-/(c,)-group. Let us show that X € . Since o(§) < o($)), by Lemma 11 we have
MNos3) S No(e) < H. Since X is nilpotent, and hence c-nilpotent, it follows that G/ R~ X e N5) < H.
Assume that G € §). Then

X ~G/R=G/0g;4;(G)eh(c;) =6 k(o).

Since X'is a g-group and ¢g ¢ 6;, we have X € k(o;). But in the case under consideration, the forma-
tion k(o)) is abelian. The resulting contradiction shows that G ¢ §). Therefore, R = G 7.

By Lemma 10, the formation formH is hereditary. Therefore, tformH = formH. By the choice made,
H is a minimal non-/(c;)-group. Consequently, all proper subgroups of /7 belong to the abelian formation
k(o).

Let X be a quaternion group of order 8. All proper subgroups of X are abelian groups of the expo-
nent dividing 4. Since X e formH, the exponent of X divides the exponent of H. Hence, X is a minimal
non-#4(c,)-group. Therefore, H is a minimal non-$)-group by Lemma 12. Thus, £ is the desired minimal
t-closed 6-local non-$)-formation contained in § by Theorem A(3).

Let X be an extraspecial group of order ¢° of prime odd exponent g. Then all proper subgroups of
X are abelian groups of exponent ¢. Since X € formH, the exponent of X divides the exponent of H.
Consequently, X is a minimal non-4(c,)-group. Hence, H is a minimal non-)-group by Lemma 12.
Therefore, by Theorem A(3), £ is the desired $g -critical formation contained in J.

Suppose now that /1 is an abelian group. Then //is a cyclic g-group, where g € 6 ;. Let p e ;. By Lem-
ma 5, there exists a faithful irreducible F,H-module R. Let G =Rx H. Then O, 5, (G)= O, (G)=R.
Since G/O5,(G)=G/R~HEe f(c;,)c§, it follows that G € §F by Lemma 6. Hence,
M =[iformG < §. Note that R=G". Indeed, if G € $, then H~G/R=G/Os; 5;(G)€h(o;),
which contradicts the choice of H. Therefore, R =G. Moreover, since, by choice, H is a minimal non-
h(c;)-group, the group G is a minimal non-$)-group by Lemma 12. Therefore, 91 is the desired minimal
1-closed o-local non-$)-formation contained in § by Theorem A(3). The theorem is proved.

In the case when 1 is the identity subgroup functor, from Theorem B we obtain

Corollary 1. Let § be a hereditary c-local formation, $) be an arbitrary c-local formation of
the classical type. If § & §) then § contains a minimal hereditary c-local non-$)-subformation.

Let ©(G)=s,(G) be the set of all normal subgroups of the group G for any group G. Then the fol-
lowing holds:

Corollary 2. Let § be a normally hereditary c-local formation, $) be an arbitrary c-local forma-
tion of the classical type. If § £ §), then § contains a minimal normally hereditary c-local non-$)-sub-
formation.

In particular, if 7 is the trivial subgroup functor, we have

Corollary 3. Let § be a c-local formation, ) be an arbitrary c-local formation of the classical
type. If § & 9, then § contains a minimal c-local non-$)-subformation.

In the classical case, when 6 =c' ={{2},{3},{5},...}, from Theorem B we obtain

Corollary4][5, Theorem 2.3.2]. Let § be a 1-closed local formation, $) be an arbitrary formation
of the classical type. If § & $), then § contains a minimal t-closed local non-$)-subformation.

If, in addition, t is the trivial subgroup functor, we have

Corollary 53, Corollary 1]. Let the formations § and $) be local and § & $. If §) is a formation
of the classical type, then § contains at least one $) -critical subformation.
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Ji . o
Benopyccruii cocyoapcmeennvtii ynusepcumem, Munck, Pecnyonuxa berapyce
2 .
Hucmumym mamemamuxu Hayuonanvroii akademuu nayx berapycu, Munck, Pecnyonuxka Berapyce

MNPAMON CHEKTPAJbHBIN METO/I YEBBIIIIEBA
JJI PEHHEHU S OBOBIIEHHOI'O YPABHEHMU SI KPBIJIA

AHHoTanus. PaccMorpeno o6o0umenHoe nHTerpo-auddepenunansioe ypasuenue [IpanaTis, B KOTOPOM CHHTYJISP-
HbIE MHTETPaJIbl COACPIKAT KaK HCKOMOE pPelIeHHe, TaK U ero MPOU3BOAHYI0. JlIs perieHus JaHHOW 3aa4y OCTPOCHBI Mpsi-
MbI€ YUCJICHHBIC METOAbI, OCHOBAHHbLIC Ha NPCACTABJICHUN PEUHICHWA U NEPEMEHHBIX KO3(1)(1)I/ILU/I€HTOB YpaBHEHUSA B BUAC
MHTEPIOJIIIUOHHBIX MHOTrOouJIeHOB YeOblmeBa. Pa3BUTHIN 11OX0/, UCIIOIB3YIONIMI U3BECTHBIC CIIEKTPaJIbHBIE COOTHOILIE-
HUSI, TI03BOJISIET MOJTYYUTh aHATUTHYECKHE BBIPAXKCHUS JUISI CHHTYISIPHOM COCTaBISIONICH 3a/aun M CBOJUT €€ pelIeHHue
K CHCTEME JIMHEHHBIX alreOpandyecKux ypaBHEHUH 1151 K09()GUIIMEHTOB HHTEPIOIIIIHOHHOr0 MHOTOWIeHa. [locTpoeHs! aBe
BBIYUCIUTEIBHBIX CXEMBI PEIIEHNs C HCIIOJIF30BaHUEM ITOJINHOMOB YeObIIeBa epBoro 1 BTOPOro pojia COOTBETCTBeHHO. Ha
mprMepe MOJENIBHOM 3a/1auu IToKa3aHo, 4TO 00€ CXeMBI 00€CIIeUNBAIOT XOPOIIYI0 00yCIOBICHHOCTD alIredpandeckoil 3a1a-
4H ¥ 00J1a1al0T BBICOKOIl TOUHOCTBIO, JIEMOHCTPUPYS SKCIIOHCHIIMAIBHYIO CKOPOCTh CXOAMMOCTH MOTPEITHOCTH.

Ki1oueBble cj10Ba: CHHTYJISIPHOE YpaBHEHHUE, HHTETpo-AnddepeHnanbHoe ypaBHEHHE, OPTOrOHABHBINH 6a31C 1OJTH-
HOMOB YeOrbImeBa, criekTpaiabHbli MeTon YeOrimeBa, 00o0menHoe ypaBHeHue [IpanaTis

Juas uutupoBanus. Paconsko, I. A. Ilpsmoii ciekTpanbHbIi MeTon YeObleBa aAns pemeHns 0000IEeHHOro ypaBHe-
Hus kpeuia / I. A. Paconbko, B. M. Bonkos, M. B. Urnarenko / Becui Haupissnanbnaii akagdmii HaByk Benapyci. Cepsis
¢izika-MaTIMaThIYHBIX HaBYK. — 2026. — T. 62, Ne 1. — C. 15-26. https://doi.org/10.29235/1561-2430-2026-62-1-15-26

Galina A. Rasolka', Vasily M. Volkov?, Marina V. Ignatenko'

!Belarusian State University, Minsk, Republic of Belarus
’Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Republic of Belarus

DIRECT SPECTRAL CHEBYSHEV METHOD FOR SOLVING THE GENERALIZED WING EQUATION

Abstract. The generalized Prandtl integro-differential equation is considered, in which the singular integrals contain
both the unknown solution and its derivative. Direct numerical methods for solving this problem are constructed, based on
representing the solution and the variable coefficients of the equation in the form of Chebyshev interpolation polynomials.
The developed approach, which utilizes known spectral relations, makes it possible to obtain analytical expressions for
the singular component of the problem and reduces its solution to a system of linear algebraic equations for the coefficients
of the interpolation polynomial. Two computational schemes for the solution are constructed using Chebyshev polynomials
of the first and second kind, respectively. Using a model problem as an example, it is shown that both schemes ensure good
conditioning of the algebraic problem and possess high accuracy, demonstrating an exponential convergence rate of the error.

Keywords: singular equation, integro-differential equation, orthogonal basis of Chebyshev polynomials, spectral
Chebyshev method, generalized Prandtl equation

For citation. Rasolko G. A., Volkov V. M., Ignatenko M. V. Direct spectral Chebyshev method for solving the generalized
wing equation. Vestsi Natsyyanal'nai akademii navuk Belarusi. Seryya fizika-matematychnykh navuk = Proceedings of
the National Academy of Sciences of Belarus. Physics and Mathematics series, 2026, vol. 62, no. 1, pp. 15-26 (in Russian).
https://doi.org/10.29235/1561-2430-2026-62-1-15-26

Brenenue. PaccmoTpum paspeninmoe moiHoe 0000IIeHHOE ypaBHeHHE Kpblia [ 1, 2]

Fx) 1T, s 1 o )
B0x) n,jlt—deJl P F(t)dz+J1g(x,t)r (Odt= f(x), —-l<x<l. )

3nech B(x), s(x,f), g(x,f) u f(x) — u3BecTHbIe QPyHKIUU (S(X,f) YIOBIETBOPSET YCIOBHIO [enbiepa mo
o0euM mepeMeHHbIM); [(x) — nckomasi PyHKIUS, yIOBJICTBOPSIONIAsl KPACBBIM YCIOBUSIM Ha T'PAHUIIC
uHTepsana; ['(+1) = 0.

© Pacomsko I'. A., Boakos B. M., Uruarenxo M. B., 2026
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BaxxHO OTMETHTB, 4TO SIAPO 00OOIIEHHOTO ypaBHEHHMSI Kpblla — ypaBHeHus [Ipanatis — umeer cun-
TYJISIPHOCTb, YTO TIOPOXKIACT CYLIECTBCHHBIC TPYAHOCTHU MPH YUCICHHOM PELICHUH MOMOOHBIX 3a/1ad.
BecbMma s exTuBHBI ciocod 00padOTKH MOJOOHOTO poja CHHTYISIPHOCTEH COCTOUT HE B UCIIONIB30-
BaHUH KBaJpaTyPHBIX GopMyI [3], a B IpeICTaBICHUH PELICHHS 3aJa9H U KO3(PHUINEHTOB ypaBHEHHS
B BH/IC HHTEPIOJISIIIMOHHBIX MHOTOYJICHOB C UCIIOIb30BAaHNEM MHOTO4JIeHOB YeOrImesa (cM., Hamp., [2,
4-8]). JaHHbBII IPHEM C YIETOM H3BECTHBIX CIIEKTPATBHBIX COOTHOIIEHUH [9, . 188],

1L T, ar

- = Un—l (x)s

Mol 1—X
1! dt @
— [VI=22U i (t)——=-T,(x), —1<x<l, n=1,23,..,
T _4 t—x

rae 7,(x), U,(x) — MHOrouneHsl YeObleBa CTEIEHH /1 TIEPBOTO U BTOPOTO POfia COOTBETCTBEHHO, ITO3BO-
JISeT BBIYNCIUTH AaHAIIUTUYECKH CHHTYJSAPHYIO COCTABIISIONIYIO BXOJSIIUX B YpaBHEHHE UHTEIPaJioB
U TIOJYYUTh BBICOKYIO CKOPOCTH CXOJUMOCTH MPHUONIMIKEHHOTO pemieHus 3agadu [S]. CnekTpabHble
METOABI Ha OCHOBE MHOTO4JIeHOB YeOrpIeBa 1151 HEKOTOPBIX YAaCTHBIX cilydaeB ypaBHeHus [Ipanaris
MOCTPOEHBI B paboTax [6—8], rie mokazaHa X BBICOKAS 3PPEKTUBHOCTD.
IMocTaHoBKa 3a/1a4N 1 HEKOTOPBIE NpeABapuTe/bLHbIe cBedeHus. [IpensapurensHo B (1) BbImon-
L s(x,1)
HUM peoOpa3oBaHUe CUHTYIISIPHOTO HHTETpaia I ﬁl“(t)dt B cooTBeTcTBHH ¢ [10, c. 315]:
-1

} S0 e = i SO0 =8B X) + 56X 1y gy = 2D i IO g4 } W(x, )T (t)dt,
t-x ’ ‘- n it-x 7

s(x,t)—s(x,x)

t—x
Hanee Oynem paccmarpuBath ypaBHenue (1) B Buze

rae b(x)=mns(x,x), v(x,t)=

L(x) 1:T'@®) , b Q) ; ' ; _
B 1 ,jlz—de - :flt_xdt+ Jl g(x,O'(t)dt + le(x,t)l“(t)dt— f(x), |x<1. 3)

3nech B(x), b(x), g(x,7), v(x,f) u f(x) — u3BecTHbIC PyHKIMHU; ['(x) — nckOMasi PYHKIIUSI, yIOBJICTBOPSI-
FoII[asi KPAEBBIM YCIIOBHSIM

(1) =0. “

[Nonaraem, 4To MpPOM3BOJHAS PEIICHUS 3aJa4y¥l MPUHAISKHUT Kiaccy QyHkiui /4(0) mo Mycxe-
JUIIBUIM — KJaccy QYHKIUI ¢ MHTErpupyeMOil 0COOEHHOCTBIO B OKpecTHOCTH Touek x = *1 [10, c. 31],
T. €. y(x)eh(0), ecnu Ha orpeske [-1+g1,1—-€2] €/>0, €2 >0, y(x) yIOBIETBOPSAET YCIOBHIO
[enbaepa ¥ B OKPECTHOCTH TOUYEK 1 J0MycKaeT HHTEIPUPYEMYIO OCOOCHHOCTb.

OTHOCHTENBHO YCIIOBUH pa3peminMocTy 3a1a4i (3), (4) umMeeT MecTo

Teopewma. Ilycms ¢ynkyuu B(x), b(x), v(x,t), g(x,t), exooawue 6 ypasnenue (3), yoosremeopsi-

rom ycioeuro
V1-x? /|B(x)|

Tocoa epanuunas 3a0aua (3), (4) umeem eouncmeennoe pewenue 6 kiacce yuxyuit I'(x) € h(0) npu
aoou f(x)e C[-1,1].

JlokazaTenbCcTBO TCOPEMBI IPOBOAUTCS IO aHaoruu ¢ [11].

IMocTpoenne BLIYUCIAUTETBHBIX cXeM. J[J1s1 TOCTpOeHMS TPUOTMIKEHHON CXEMBI pEIIeHUS 3aa9u
(3), (4) ucrionb3yeM MHTEPIOJISIIIUOHHBIA MHOTOWICH st pyHKIMHU f(x) 1o y3nam YeOblleBa epBoro
pona [12, c. 89]:

2
p=max +||b||c+§||"||c+;||g”c <l.

F@) = fu)= 3 O, T; (), 5)

Jj=0
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e

-——Zf(xk)T(xk) j=0,1,....,n, x;=cos n, k=0,1,...,n
5 2m+2

n 1
3neck mmanee Y. Ya;=—ag+a; +...+a,.
j=0 2
Hcnonw3ys u3BecTHBIE CBOMcTBa MHOTOWIEHOB YeobImeBa (cM. [12, c. 23])

To(x)=Uo(x), 2T1(x)=U1(x), 2T;(x)=U;(x)-U;2(x), j=2,

HECJIO’KHO TOJTYYHUTh aHAJIOTUYHOE MPUOIMIKEHHOE TTpeicTaBieHne (GyHKIHUH f(X) B BUAE Pa3JI0KEHUS
10 MHorouseHam YeObll1eBa BTOPOIro poja:

n
fu() =2 fiU;(x), ©6)
Jj=0
rae
2k +1 1 &
X = COS n, k=0,1,...n, G,=—— x)Ti(xx), j=0,1,...,m
k 42 J n+1k§0f( k) ]( k) J

f]:Gj_G]+25 jZOala""n_Q', fn—lan—la fnan-

[Ipy mOCTpOEHMH BBIYUCIUTEIBHBIX CXEM KCIOJIb3yeM HHTEPIOJSIIIMOHHBIE MHOIOWICHbI (DYHKIMH
JIByX TICPEMEHHBIX B BUJIC PA3JIOKEHHUS 10 MHOTOWIeHaM YeOplieBa, moydeHHbIe Ha OCHOBAHUU (5) 1 (6):

gn,n(xs t) Z Ton (X)Z Om jT (t)

m=0
.n+1
Cm '—n—ZT( r) ZT (xg(xr, x,), (7
1, i=0, 2 1
8, = xp=cos= L, p=1,2,...n+l,
2, i>0 2n+2

Vn,n(xat) Z Ton (X)Z Nm,j j(t)a

m=0
n+l n+l
Nm,j = ZT (xr)ZT ((X[) B] ]+2(xl))v(xl,xr)
(l’l+1) r=I1 (8)
5. = 1, j=0, B, = I, 0<j<n-2,
72, j>o, 7o, j=n-1,n,
xk=cos2k_1 , =1,2,...,n+1
2n+2
B manpHelmeM HaM TTOHATOOUTCS
Yreepxnaenue 1. /[na |x|<1 umeem mecmo paseHcmeo
1 1 d _U()(X), k=0,
"odt
H@== [ [1-r10] L =i, k=1, =
T -Xx
- ~(k + DT (x) ~Upa (), k22,
_UO(x)a k:()a
=1-U1(x), k=1, ©)
k-1

+1
—U ——U k>2.
5 Uk 2(x) 5 k (%),
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HoxaszatenbcTBo. [Ipu £ = 0 dopmyina (9) oueBuHO BepHa Ha OCHOBaHMHU (2) U TOro (akra,
yto U_;(x)=0.

[IycTs k> 1. Beruuciaum npou3BOAHYIO OT MOABIHTEIPAJIbHON (QYHKIUU M HCIOIb3yeM COOTHOILE-
e [12]: x Ty (x) = (1 - x2)U g1 (x) — Ti—i (x). Torna

_ 1 / Ti1 (1)
Jk(x)_TC {(k"'l) 1- tUkl(t) \/ﬁ] o

[Ipumennum (2), yutem cootHorenue 2 7 (x) =U (x) —Uj_2(X) 1 moqydum, 4TO
k-1 k+1
Ji(x) ==k + DTk (x) -~ Uj2(x) = TUk—Z (x) —TUk(x)-

VTBepkIeHue J0Ka3aHO.
[o aHaJIOrUU MOYKHO JIOKA3aTh CIIEYIOIIee
Yreepxaeaue 2./ xe(—1,1) cnpaseorusvt popmynv

—T1 (x), k=0,
1
lj\h—ﬁTk(t)i: —sz(x), k=1, (10)
T t—x 2
1 1
ETk_l (x)—ETk_,.] (x), k>2.

[pudan:xkennoe pemenue 3aaaqu (3), (4). [Ipubmmkennoe perrenue 3anauu (3), (4) Oyaem uckathb
KaK pelIeHHe CIEAYIOIEro ypaBHEHUS:

L) 1[I0,

1 1
K(T,;x) = dr + 2 [ LIONN [ @un (e, ()dt +
B(x) wmit-x T o t—x e

1
+ [ Va6, 0OF , (D)dt = F, (x), - 1< x <1, (11)
-1

rae I, (x) —uckomas hyHKIUS, yAOBIETBOPSIOMAs KpaeBbIM ycnoBUAM I, (£1) =0, g, (x,1); vy » (x,1) —
UHTEPNOJALUOHHbIE MHOrOuIeHs! (7), (8) st Gynkuuit g(x,t), v(x,f) COOTBETCTBEHHO; F,(x) — HEKO-

Topas Qpynkuus u3 knacca C[-1,1] rakas, uto F,(x;)= f(x;), x; =cosJ—+;, j=0,1,....,n
n+

Cxema 1. Ilyctp

[,(x)=+v1-x> z cxUr (%), (12)
k=0

rae ci, k=0,1,...n, — HEU3BECTHEIC TOCTOSTHHEIE,
Orcrona nanee noay4um

I (x) = (Vl x ZCkUk(X)J chk(k+1)Tk+1(x) (13)
x° k=0

Wnrerpansl, Bxogsmue B (11), Beruncnsiorces sBHO. PaccMoTpum niepsrie aBa. imeem

! i O ([) S Tin(2) dt n
I(x) —Jlt ; kZO (k+1) I\/—t— ,Zbck(kJrl)Uk(x)' (14)

AHajnoruyHo noaACYHUTaAEM

L@ =" 10O oS e L T Pr 02— b0 S T, (5)
T t—x k=0 T t—x k=0

BpruncinuMm nocneaoBaTeabHO PETYJISIPHBIE HHTETPAIbI
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1 1
I3(x) = [ gua(e, Oy (0)dt,  14(x)= [ vy, (x,0OF ,(t)dt.
_ -1

ITpu BhruMcneHnu uHTErpana [;(x) ucnonaszyem (13), HHTEPHONALUOHHBIN MHOrowIeH (7), yuTeM

[12] cBoticTtBO 2 Ty ()T (x) = Topnn () + Ty (x), @ Takke CBOWCTBA OPTOrOHAJIBLHOCTH MHOTOUJICHOB

YeObImena:
l, p=0,
1L 7,07, () 0. /%P 1! 21
— [ a= 1, j=p=0, = [V1-£?U,(dt = |-=, p=-2,
T -t 1 T 2
> j=p#0, 0, unaue,
I/IHOJ'Iy‘II/IM
1
Lx)=[| X T,,,(x)z ST (t)| —— ch(k+1)Tk+1(t)
—1\ m=0 o \[l—t k=0
= Z cr(k+1) Z T (x)z Cm Tk 1(OT(t)dt =
m=0 J I 1Vl = '
SIS k4 1) S T () mn. (16)
220 m=0
Tac
6. n+l
Omj=——=2T;(x, ) ZT (xDg(xr, x),
n+l,5

1, i=0, 2p—1
9; = ) xp=cosp—n, p=1,2,...,n+1.
2, i>0, 2n+2

AHaJIOrMYHO BEIYUCINM [4(x), nucnionb3ys (12), HHTEeprnoasLnOHHBIM MHOTOUIeH (§) 1 CBOHCTBO [12]

2(1= X2 (U 4 (%) = Tppon (%) = Typgnsz (%)

I4(x)= j[ZT (x)z N, ;U (t)](\/l t chUk(t))dt

—1\ m=0
n 1 M (Th—j () = Tis j2 (2)
—chZT(x)an, J( / 20), ZS ek Y Tk (17)
= 2 1 1_12 2k1 m=0
rue
Niyj =—2 ZT (xr)ZT((xz) B T2 () V(x1,x, ),
1, j=0, 1, 0<j<n-2, 2k —1
o= ] B;= .J " Xj = COS k n, k=1,2,....,n+1.
2, j>0, 0, j=n-1,n, 2n+2

Taxum 06pazom, codupas Bmecte (14)—(17), umeem

[ 2 n n
= e+ S cx(k+ DU (x)=b(x) Y cxThsr () +

k=0

K(T,ix=3
(Eai ) EoCk B(x) k=0

-l mk+1) & T n
+ch ( )ZTm(x)cm,k+l+_zckZTm(x)nm,kan(x)a -l<x<l.
k=0 m=0 2520 m=0

(18)
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U3 ypaBuenus (18) ciexyeT cuctema JMHEHHBIX anreOpandeckuX YpaBHEHUU Il BBIYUCICHHUS
€0, Cl,--., Cy, KOTOPAS MOJIyYaeTCs Iy TEM MOCIIEA0BATENBHOM oacTaHOBKY B (18) BMecTO X HyJel MHO-

il oLn
n+2

rowieHa YeObIleBa BTOPOro pojia X; = COS

2
ch —Uk(xt)+(k+1)Uk(xz) b(xi) Ty (x;) [+

k=0 B(x;)
lonk+l) & T &
£S5 o D S o man 45 ek 3 T (e M = Fo (30,
k=0 2 w0 2520 m=0

i=0,1,...,n. 19

VYpaBuenue (11) u sxBuBasieHTHOE eMy ypaBHeHHE (18) paBHOCHIIBHBI, TaK Kak, BBIIIOJHSIS JICH-
ctBust, npuBonsmue (11) k (18) B oopaTHOM Topsike, u3 (18) momyuum ypasaenwue (11) (cMm., Hamp., [13,
c. 535]). CnenoBarenbHo, cucteMa (19), momydennas u3 (18), pa3penma 1 UMeeT eIMHCTBEHHOE pellie-
uue ci, k=0,1,...,n

[TpubnuxenHoe pemenue 3anauu (3), (4) — dynkuusa I, (x) — Beruucnsercs no (12) B npon3BoabHOM
touke x €[—1,1].

3ameuanue 1. Ilpu Beruncienun uarerpana /,(x) 611 UCHOIB30BaH UHTEPIOISALIUOHHBIN MHO-
rouJsieH (8), OMHAKO MOKHO BOCITOJIb30BaThCS 1 MHOTOWICHOM (7). Torma mHTErpait

I4(x)= j[z Ty (x)ZSij (t)](\/ —t chUk(t)jdt—

—1\ m=0

:_chzT (X)ZSij V1—t (Uk j(t)+Uk+](t))dt_

m=0
—Co—ZT (x)9m0+ ZCkZT ()85
mO k=1 m=0

rae

. n+l

j ZT( r) ZT (x])v(xl,xr)

1, i=0, -
;= xp=c0s£n, p=12,...,n+1.
2, >0, 2n+2

Takum 00pa3oM, TOAOOHO MPEABITYIIEMY, HMEEM

\/72

KT ,;x)= ch B0n) Uk(x)+2ck(k+1)Uk(x) b(x)chTk+1(x)+
+n§c n(k+1)ZT (x)cmk+1+co—ZT (X)) 0 +
=0 P— 2 m=0
I chZT(x)Smk—F(x) “l<x<l. (20)
kl m=0

N3 ypasrenus (20) cregyer cucTteMa JWHEHHBIX alreOpandecKuX YpPaBHEHHWH IJIS BBIUYMCICHUS
Co,Cl, ,Cp, KOTOpas TIOJIYYaeTCsl ITyTEM TOCIEIOBATEIbHON MmoacTaHoBKH B (20) BMecTO X HyJeH

i+1
MHOTOWIeHa YeOrImieBa BTOPOro poaa X; = COS >’ i=0,1,...,n
n+

2
Nlzxnm b(x)xl+ S To(x)

B(xl') m 0

Co (Gm,l +9m,0) +
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n— " p— 2
+Zlck [l—xl)+k+1JUk(Xi)—b(xi)Tk+1(Xi)+
P

Xi

+ZT( )(n(k+1) m,k+1+%8m,k])+

2
oo | Y25 U () - BT ()45 3 T ()8 | = Fa)
B(x;) L ——

i=0,1,..n @)

Cxema 2.Ilycts
T,(x)=V1-x2 Y e, Ti (x), (22)
k=0

rae ci, k=0,1,...n, — HEU3BECTHHIC TOCTOSHHEIE.
Wurerpansl, Bxojsmue B (11), 1 B JaHHOM ClTydae BBIYHCISIOTCS SIBHO. B mepBoM WHTErpasie mpu-
MeHuM (9):

1 ' n 1 '
1 (x) S | r”—(t)dt:—z ck% [ (\/l—tsz(t)) %:

mot—x k=0

—co+elUi()+ Y ex (k+ DTk (0) + Uga (1), 23)
k=2

Ha ocunoBanuu (10) ¢ yuetom cBoiictBa [12] T} (x) — T, (x) = 2(x2 -1)U,, (x) monyuaem
1o =" [ a- b(x)(COTl (W + 3o+ (2 -0 F e m} @4
k=2
BeruncianM nocneoBaTenbHO PeryispHble HHTErPajbl
I3(x)= }gn,n(x,t)l“'n(f)dt, I4(x) = ivn,n(x,t)l“n(t)dt-
5 -1

Tak kak, cornacHo [12], umeet mecto —x T} (x)=(1— xz)U k—1(x) = Ti—1(x), TO

[ L Tia(x)
| k+1)W1-x2U 25
(X) ch( + ) X k— ](X) kz‘b W ( )

Hcmonb3yst HHTEPIOIAITHOHHBIA MHOTOWICH (7) miist pyHKImH g(x,?), mpeacTaBicHue (25) U BBITION-
HsIS HEKOTOPBIC dJIEMEHTapHBIC BEIYUCICHUS ¢ yaeTOM CBOUCTB [12] 2 U, ()T, (x) = U 1y (x) + U i ()
1 OPTOrOHAJILHOCTH MHOTOUYJICHOB qe6mmeBa MOy YUM

I3(x) = Ignn(x N, (t)dt=—005 ST, (X)Sm,1 =

m=0
_Cl_ Z T (x)cm2+cn_(n 1)2 T (x)Gmn 1+
2m 0 m=0
+ni Ck E((k -1) i T (X)G 1 — (K +1) Z Tn (X)Gm,k+1j, (26)
k=2 4 m=0 m=0

rIe

6 . n+l n+l

(Sm,j_mr1 ]( r) ZT (x)g(xr, x,),
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1, i=0, 2p—1
61': . =
2, i>0,

AHaIOTUYHO, UCIIONIB3YSl UHTEPIIONISAIIMOHHBIN MHOTOWIEH (8) 17151 GYHKIHUU V(X,f), BBIYUCITUM

]4()6) = j- Vn,n(xat)rn(t)dt =
il

}(me(x)an,U (t)J(\ll t chTk(Z)jdt—

1\ m=0

_chZT (x)znm, j\/l t? (Ujek ) +U o (1) )dt =

k=0 m=0

T T
:COE Z Tm(x)nm,() +clz Z Tm(x)rlm,l +

+— chzT (x)(nmk nm,k72)a (27)

k 2 m=0
rae
n+l n+l
MNm,j = ZT (xr)Z(T (xl) B] j+2(xl))v(xlaxr)
1, =0, I, 0<j<n-2,
6= j B,= . S

2’ .]>05 05 J:n_lan,

xk—coszk_ln, k=1,2,...,n+1.

Takum 00pa3om, Ha ocHOBaHUH (22)—(27) moirydaeM, 9To

2 n
K( p;x)= ch T (x)+co + Ui (x) + X, e ((k+ DT (x) + Uga(x)) -
=0 B( ) k=2
—b(x)[cm(xn e Ta(x)+ (x> ~1) Y eyl mj
k=2

_COEZT (X)Gm1—01 ZT (x)6m2+cn_(n I)ZT (x)Gmn1+
m=0 m 0 m=0

n—1 n
+> ck %[(k -1 Z Ty (X)C -1 —(k+1) 2 Ty, (X)Gm,kﬂj +

k=2 m=0 m=0

+CO_ZT (x)nmo+01—ZT (x)nm1+4ZCkZT () (Mg —Nmp—2) =
m0 k=2 m=0

=F,(x), —-1l<x<l. (28)

U3 ypaBHenus (28) crnenyer cucremMa JMHEHHBIX alreOpanuecKuX ypaBHEHWH AJIS BBIYUCICHHS
€05 Cl,---, Cy, KOTOPAs MOJYyYAECTCS MyTEM IOCJIEAOBATEIBHOM MOACTAHOBKH B (28) BMECTO X HyJei

i+1 .
MHoTo4JIeHa UeObITeBa BTOPOTo poja X; = COS >’ i=0,1,...,n
n+

n / X,
2 Ck Tk(xz)+60(1 b(x;)x; + ZT (xl)(an_Gml)]

=0 B(x z) 2 =0

+Cl(_b(;i)T2(xi) z Tm(xz)(nml_zcm 2)}

mO
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+co (3T2(xi)+1—b(xi)(xi2 _I)Ul(xi)+£ Zn: T (xi))Mm2 +Om1 _3Gm,3)]+

m=0

n—1
+> cr ((k + DT () + U gz (x3) = b(x; ) (x> =1)U (xi)) +
k=3

%[ z T (x; )(nm k~Nmk-2 T+ (k_l)cm,k_l —(k +1)0_m,k+1 )]—l— (29

e (1 DT, (x0) + U2 (x) b )™ = DU () +
+% i Tm(xi)[nm,n _nm,n—2 +(}’Z _1)Gm,n—1]j = Fn(xi)a i= 0,1,...,]’1
m=0

VYpauenwue (11) u 3xBuBasieHTHOE €My ypaBHeHHE (28) paBHOCHIIBHBI, TaK KaK, BHITIOMHSS JEHCTBHS,
npusomsiue (11) k (28) B oOpaTHOM Topsizike, u3 (28) nomyuum ypasuenue (11) [13]. CrnenoBarensHo,
cucrema (29), momydenHas u3 (28), pazpemnma 1 UMeeT eMHCTBEHHOE pelienue ¢k, k =0,1,...,n

[Tpubnuxennoe pemenune 3anauu (3), (4) — dynkuns I, (x) — Beruucasercs no (22) B Ipou3BOJILHOM
Touke x €[-1,1].

3ameuanue 2. llpu BeluncneHuu UHTErpana /,(x) ObLI UCHONb30BaH HHTEPHOIALUOHHBINA MHO-
rowieH (8), 0HAKO MOKHO BOCIIOJIB30BaThCsl 1 MHOTOuJIeHoM (7). Torna unTerpasn

1 n
I4(x)= J Vi (5O ()t = | (ZT (x)Z P T (r)J[v 1-1° zckam]dr:

—1\ m=0 k=0

—chZT (x)mej j\/1 7 (Tjok () + Tk () dt,

rae
n+l

% S, (0)-2 O S p (o, x,),

n+l,5 +15

pm,j_

1, i=0, 2p—-1
d; = X, =Co0S T, =1,2,...,n+1.
{2, i>0, P

CrnenoBarenbHo, ¢ ydeToM (10) momygaem

T n
Is(x)=co— 2 Tu(X)N2Pmo —Pm2] +01—ZT X)Pm1—Pm3)+
4m=0 m 0

T & " T
+Cy— Z Tm(x)(pm,Z _pm,0)+ z Ck— z Tm(x)[zpm,k _pm,k—Z]-
4 120 =3 8 m=0

Takum 00pa3om, TOAOOHO MPEABITYIIEMY, HMEEM

V11— x?

K[ ,;x)= i Ck Ti(x)+co +cUp(x) + Z ek ((k+ DT (x) +Ug—a(x)) -

=0 B(x) k=2
—b(x)[coxvL Tz(x)+(x —I)chUk 1(x)j—co— > Tn(X)o 1 —c1— 5 Z T (X)O 2 +
k=2 m=0 m=0

m=0

—(n 1)ZT (X)Gmn1+zck—((k I)ZT (X)Gmkl_(k+1)zT (X)Gmk+1J+
+0022Tm(x)[2pm0 pm2]+01 ZT X)Pm1—Pm3)+
m=0 m 0

+62—ZT(X)(Pm2 pmo)+zck—ZT(x)[2pmk Pmi—2]=Fp(x), —l<x<l.
mO k=3 m=0
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Otcrozia clieyeT CUCTEMa JIMHEWHBIX alreOpanvecKuX ypaBHEHUH IS BBIYUCICHUS C(, C1,..., Cp,
KOTOpas MoJyd4aeTcs IyTEM MOCIIEI0BATEIBHOM MOICTAHOBKH BMECTO X HyJIei MHOrouieHa YeOpiena
i+1 .
MepPBOTO poa X; = COS ,1=0,1,...,n
n+ 2
n '
Z Tk(xz)+CO 1=b(x;)x; +_ Z T (xz)(zpm 0~ 2Gm,l _pm,2) +
=0 B(x z) 4,20
b(x;)
+01( 5 Tz(x,)+U1(x)+ ZT xXi)Pmi—Pm3 —4Gm2) |+
m 0

+c2(3T2(xz)+1 b(x )(xl _I)Ul(xl)+4zT (xl)(pm2 Pmo tOm1 — 3Gm,3)j+
m=0

n—1
3 ek (b + DT+ Usea () =bGxi) (317 =1)Usea (x) ) +
k=3

+g( i T (%) (2(k =S g1 = 2(k + 1) mgs1 + 2P mk = Pmk—2 )] +
m=0
+ey ((” + DT (x;) +Upa(x;) _b(xi)(xi2 —1)Un—1(xi) +

+g Z Tm(xi)[zpm,n ~Pm,n-2 +2(}’l _1)Gm,n—l]) :Fn(xi): i=0,l,...,n (30)
m=0

Pe3yabTaThl 4MCIeHHOro JKcmepuMmeHTa. [IpuBeneM pe3ynbTaThl YHCICHHOTO JKCICPUMEHTA,
MPOBECHHOI0 COIJIACHO MOCTPOCHHBIM YMCIIEHHBIM cxeMaM. PaccMoTpum unTerpo-nuddepeHiuaib-
HOE ypaBHEHHUE

F(x) 1 i r'(t) s

+ b(x) j' tF(t) dt + i g(x, )T (t)dt + _1[ v(x,)['(t)dt = f(x), |x| <1,
T o t—-x ] b

B(x) mijt-x
1+4x° x2
B(x)= l—xz—, b(x)= ,
) 1+2x7 =10
b 1 1 N (31)
v(x,t)=——— , -
() 20x+40 (% +1 gn)= 20x—40 (212
5 a3 2 2 _ 3
f(x)=(32x 32x 2+6x)(2x +1) x (32x 48x* +18x2 1)+
4x° +1 x+2

+192x> —192x3 + 36x.

W3BecTHO, uTo pemenuem 3aaaqu (31), (4) siBasercs GyHKIAS

T(x) =V1-x2(32x° —=32x% + 6x) = V1 - x? Us().

HecnoxHo yoeauThes, 4To npousBoaHas ganHoi Gpynkuuu I'(x) € A(0).

Kak moka3sbIBarOT pacyeThl, yiKe MPU CPABHUTEIHHO HEOOIBIITUX 3HAUCHUSIX 1 (HAUWHAs ¢ 5) T0CTHU-
raeTcs mpeeabHasi TOYHOCTh MPUOIMKEHHOTO PEIICHHMS], TIOTPEIIHOCTh KOTOPOTO OrpaHHyueHa CHU3Y
JIUIIB C BEIYHCIUTEIHHOMN MOrPENTHOCTBIO.

Pemas cucremsr ypaBuenwuit (19), (21), (29) unu (30) nipu n = 5 u n = 35, npuOIMKEHHOE perre-
Hue I, (x) onuyaercs ot TouHoro pemerus I'(x) B Toukax x =-0,99,-0,98,...,0,99 He Oonee uem Ha
1,5 - 107", Yncno 06ycOBIEHHOCTH MATPHIIBI CHCTEM IIPH PasMEPHOCTH 71 PaBHOM 5 U 35 COOTBET-
crBenHo cond(Cs) < 11 u cond(Cy5) < 290, uTo no3BossieT rpy00 OLEHUTH 3aBUCUMOCTD Yncia 00yCIOB-
JEHHOCTH OT pa3zmepHocTH Kak cond(C,) = O(n).

IIpeacTaBiacHHBIE PE3yALTAThl YUCICHHBIX JKCIEPHUMEHTOB IMO3BOJSIOT OIEHHUTH SMIHUPUUCCKU
CKOPOCTh CXOJIMMOCTH MOCTPOSHHBIX YHCICHHBIX aITOPUTMOB KaK JUHEHHY0. ECcTecTBEHHO, 4TO 3TO
BeChbMa YaCTHBIN MPUMED, HE MPETCHIYIOMNN HA CKOb-HUOY/ b 3HAUMMBbIe 00001IeHus. BMecTe ¢ Tem
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ANpPUOPHBIC OLIEHKU MOTPEITHOCTH YUCICHHBIX METOJOB PELICHUs MOJ00HBIX 3a]a4, NOITy4YeHHbIe, Ha-
npumep, B paborax [2, 14], mpeacTaBisioTcs BeCbMa OCTOPOKHBIMU M YKa3bIBalOT HA HEOOXOAMMOCTD
JATbHEHIINX MCCIIEOBAHMI B HATIPABJICHUN X ONITUMHU3ALUH.

Takum oOpazom, pa3BuTas B JaHHOW paboTe MpUOIMKEHHAs METOAMKA 00J1afaeT BEICOKOH 3 dek-
THUBHOCTBIO B KJIACCE CHHTYISIPHBIX HHTETpO-TU((epeHIINaNbHBIX YPAaBHCHUH MTPAHATICBCKOTO THUIIA.
Ha nmpumepe TecToBO# 3a1aun MPOAEMOHCTPUPOBAHO, YTO JUCKPETHAs MOJICNb, OCHOBaHHAs HA Mpe/-
CTaBJICHUU PELICHUS B BUJIE PA3JIOKEHHI IO MHOTO4JieHaM YeOblieBa, MPUBOJUT K XOPOILIO 00yCIIOB-
JIEHHOH cHCcTeMe JINHEWHBIX anreOpandecKnX ypaBHEHHH I KO3 UITMEHTOB pas3iokKeHNs, a CXOIH-
MOCTb HOTPEHIHOCTH MPUOIMKEHHOTO PEIICHHSI MOKET JIOCTUTATh TUHEHHOW CKOPOCTH OTHOCHUTEIIBHO
CTENEeHU HHTEPIOIALIMOHHOTO MHOTOUJICHA.

B 3akioueHne 0TMETHM, YTO MPECTaBICHHBIE PE3YIBTATHl MOTYT OBITH HCIIOIB30BAHBI KAaK B TE€O-
PETHYECKUX HAyUYHBIX HCCIICIOBAHMSIX, TaK U B MHIKCHEPHBIX pacueTax, a TaKkke B 00pa3oBaTeIbHBIX
nporpaMMax 10 BBIYMCIHTEIBHONH Maremaruke. MToru paboThl CO3MAIOT OCHOBY JUISl JaJIbHEUIIEro
Pa3BUTHA CHEKTPAIBHBIX METOJOB, HX aJaNTAllMX K HOBBIM IIOCTAHOBKAM M MHTETPAIlMH B COBPEMEH-
HBIC BBIYUCITUTENbHBIE KOMIUICKCHI.

Baarogapuoctn. PaGora BeimonHeHa B pamkax [ocy- Acknowledgments. This work was supported by the State
JApCTBEHHOW HporpaMMbl HaydHbIX HccienoBaHuii «Kon-  Program of Scientific Research “Convergence-2025”, subpro-
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JIM ¥ METOIbI», 3aganue 1.4.01.2.
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Hncmumym mamemamuxu Hayuonanwvroti akademuu nayx Benapycu, Munck, Pecnyoauxa benapyce

IMPEOBPA3OBAHMSI SKBUBAJTEHTHOCTU CEMEMCTB
KBA3BWJIMHENHBIX DJUVIMOITUYECKAX YPABHEHUH BTOPOI'O IOPAIKA
OYHKIINN IBYX IEPEMEHHBIX

Annortanus. VcciaenoBanbl HHOUHUTE3UMAJIBHBIC TPEOOpPa30BaHUsI YKBUBAJICHTHOCTH 16 CeMEHCTB KBa3MIMHEHHBIX
SMIUNTHYECKUX YPABHEHUH BTOPOTo Mopsaka QyHKINH ABYX MepeMeHHbIX. [l ceMelcTB ypaBHeHU u, + u,, = f{t.x,u),
u, + u,, = f(x,u) IpoBeseHa CUMMETPHIHAS ey KIHS.

KuaroueBsble cioBa: snuntudeckoe ypaBuenue Kneitna — I'opnona, ypaBuenue bpaty, kBasuinHEHHbIE ypaBHEHUS,
npeoOpa3oBaHys SKBUBAJIEHTHOCTH, peyKIus TuddepeHInanbHbIX ypaBHEHNI

Jusi uutupoBanus. XKanykesuy, /. C. [IpeoOpazoBaHus IKBHUBAJIEHTHOCTH CEMEHCTB KBAa3MJIMHEHHBIX AIUTUNITHYC-
CKHX YpaBHEHU BTOPOTo mopsiaka GyHkiuu a8yx nepemennbix / 1. C. XKanykesuu / Beciti HanpissHanpHa akaasMii HaByK
Benapyci. Cepsist izika-MaTIMaTBHIYHBIX HaBYK. — 2026. — T. 62, Ne 1. — C. 27-37. https://doi.org/10.29235/1561-2430-2026-
62-1-27-37

Dzianis S. Zhalukevich

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Republic of Belarus

EQUIVALENCE TRANSFORMATIONS OF FAMILIES OF QUASI-LINEAR ELLIPTIC EQUATIONS
OF THE SECOND ORDER OF A FUNCTION OF TWO VARIABLES

Abstract. In this work, we search for infinitesimal equivalence transformations of 16 families of quasi-linear elliptic
equations of the second order in two variables. A symmetry reduction has been performed for the families of equations

Uyt e = flEX0), u, + uy, = flu).

Keywords: elliptic Klein — Gordon equation, Bratu equation, quasi-linear equations, equivalence transformations, re-
duction of differential equations

For citation. Zhalukevich D. S. Equivalence transformations of families of quasi-linear elliptic equations of the second
order of a function of two variables. Vestsi Natsyyanal 'nai akademii navuk Belarusi. Seryya fizika-matematychnykh navuk =
Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2026, vol. 62, no. 1, pp. 27-37
(in Russian). https://doi.org/10.29235/1561-2430-2026-62-1-27-37

BBenenue. B nannoii pabote uiryTcs npeoOpa3oBaHUsi SKBUBAJICHTHOCTH 16 ceMelCTB KBa3MIIU-
HEMHBIX IIMITHYECKUX yPABHEHUH BTOPOrO MOPsAAKa (yHKIMH ABYX IEPEMEHHBIX METOIOM, PACCMO-
TPEHHBIM B myomukanusx [1, 2].

3anumeM oOIIMK BUJA KBAa3UJIMHEHHOIO IMITUYECKOIO YPAaBHEHMS BTOPOrO MOpsiAKa (yHKIIUH
JIByX TTEPEMEHHBIX

Uy +uxx :f(tax:u,ut:ux)' (1)

Cpenu snnuntrueckux ypaBHeHuil Kieiina — ['opmona (1) MOXKHO BBIIENHTH CIEIYIOUINE YacT-
Hble BHJABI ypaBHEeHMI: ypaBHeHHe llyaccona, ypaBHeHue [enbmronblia (CTallMOHApHOE YypaBHEHHE
Ipenunrepa), HenuHeHOe ypaBHeHHe [enbMronblia, ypaBHeHHe bpaty, snnuntryeckoe ypaBHEHHE
cunyc-l'opnona, >nunTHYecKoe ypaBHeHHE IUHYC-1 0p/ioHa, CTallMOHApHbBIE THIIEPOOIUYECKHE U Ta-
pabonuyeckne ypaBHEHHUsI HA TUIOCKOCTH (7,X). DTH ypaBHEHUS OMHMCHIBAIOT CTAL[HOHAPHBIE MPOLECCHI
Y MIPUMEHSIIOTCS. B HAyKe M TEXHHKE, Ha MPUMEP B TAaKUX 00JacTsX, Kak AuddepeHunaabHas reome-
TpHsl, TEOPHUS BOJIH, KBAHTOBAs TEOPHS MOJs, KOCMOJIOTHSI, THAPO- U Ta30JNMHAMHUKA, CBEPXIIPOBOIU-
MOCTb, TUCJIOKALIMSI KPUCTAJIJIOB, BOJIHBI B (DeppOMAarHUTHBIX MaTepuaax, HeJInHEHast ONTHKa, (HU3H-
Ka I1a3Mbl, (prU3KMKa HU3KUX TEMIIEPATyp U MHOTUX APYTHX.

© XKanykesuu /1. C., 2026
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I'pynmnoBas xnaccudukanus ypasuenuit (1) Osiia mposenena B [3, 4], B JaHHOM e HCCICIOBaHUH
MeTozIoM 13 paboT [1, 2] u3ydeHsl npeoOpa3oBaHUs SKBUBAJICHTHOCTHU ceMelcTBa 16 ypaBHEHUN:

Uy + Uy = [ X uU0,Uy ), Uy e = [OGUUUL), Uy + gy = f(8 XU ,uy),
Up Ty = f(XUUy),  Up Fte = [t Uy), Uy gy = [ (XU Uy),
Up + iy = [ u,uy), Uy Uy = F(uup), Uy g = fx,uy),
Uy e = fE,xu), Uy e = furuy),  Ug +uy = f(u,uy),
Up +ige = (), Uy g =F(0ur), Uyt =f(5u),  uy+uy=f(u),
a TaKyKe MpoBe/ieHa PEAYKIUS ISl CEMEHCTB ypaBHEHU I
Uy + e = f(LX,0), Uy +ie = [(X0).

B [5—7] Obln BbIMONHEH CUMMETPUIHBIA aHAIU3 MpeoOpa30BaHUN SKBUBAJICHTHOCTH ISl HEJlU-
HEHHBIX BOJIHOBBIX YPABHEHWMH Uy — Uy = f(u,uy,uy). I'pynmnoBas kiaccupukamus CEMEHCTB KBa3u-
JTUHEHHBIX THNEPOONNYECKUX YPABHEHUN uy — U,y = f(¢,X,u,u;,u,) U UX MOAKIACCOB OblIa peleHa
B [8—15].

Bbruncienue MHPpUHUTEINMAIBHBIX TOYEeYHBIX cMMMeTpHil. [IpeoOpa3oBanus IKBUBAIEHTHO-
CTH s ceMeiicTBa ypaBHeHus (1) nMeroT BUJ

i=T(txue), i=X(t,xue), u=UEtxuc), [=Fxuu,iy,f,), ?)
rae s R.

[NocTpoenue rpynimsl mpeoOpa3oBaHU SKBUBAJICHTHOCTH CBOJUTCS K OIPECIICHHUIO e MHpUHUTE-
3UMaJIbHBIX IPE0Opa3OBaHUA

f=t+et(t,x,u)+o(g), 3)

X=x+¢&&(t,x,u)+o(e), 4

u=u+en(t,x,u)+o(e), ®)

f(f,)?,ﬁ,zl;,ﬁ;c) = f(t,x,u,upuy )+ D, x,u,us uy, f)+0(E). 6)
HNHupuHUTE3MMANTBHBIC TPE0OPa30BaAHUS TSI TPOU3BOIHBIX Us, Uy, Uy UMEIOT BUJT

iy =u,; +elg+o(e), 7

iz =uy,+el| +o(e), )

Ui =ugy +&lgp +0(e), 9

Uz =Uy + €l +0(E). (10)

SIBHBIC (HOPMYITBI IPOMOIKECHUS JIJIT UHPHUHUTE3UMALHBIX MPeoOpa3oBaHuil MPOU3BOIHBIX (7)—
(10) mmeroT B

I'o=D;(M)— Dy (Vu; — Dy (Eu, (1D
Iy =Dx(M) = Dx(Du; = D (Eux, (12)
oo =Dy (M) = Dy (Vu; = 2Dy (Ve — Dy (E)utx — 2D, (), (13)
I'11=Do(M) = Do (Dt = 2Dy (Dt = Do (E)utx = 2D (E)tt xv, (14)
rne
D, =0,+u,0,, (15)
D,=0,+u,0,, (16)
Dy =087 + 2104 +1uydy +uidy, (17)

Dy =02 + 21,0, +un0, +uld?. (18)
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Jemma 1. Uugpunumesumanvhvie npeobpazosanus 3K6USALEHMHOCMU CeMeUcme YpaGHeHUll
Uy +Uye = (6, X,u,up,uy) npunadnescam caedyioweil (beckoneunomeprot) areeope Jlu eexkmopHvlx
noneti:

0 0 0
X =1(t,x)— + E(t,x)— +n(t,x,u)—,
T, X) -+ 8l X)) —

20e 1, =&y, Ty =—E;, a pynxyusa n(t,x,u) a615emcs nPouU380IbHOI.
HokaszatenbcTBO. B Boipaxenusx (13) u (14) xoabpuuUUEHT paBeH HyIIO NpH U, T. €.
D;(&)+Dy(t)=E&; +E u; + 1 +tu =0. 3mauur, T, +&, =0, 1, =&, =0. Cnenosarensno, T(Z,x),

&, x), n(,x,u).
Ucxons n3 nemmsr 1, Beipakenust (11)—(14) ais ypaBuenus (1) umeroT Bu

Lo=D/M)—tu, —&uy, 19
1—‘l :Dx(n)_‘cxut _axuxa (20)
Coo =Du(M) —Tutts =271y — Egliy, 21
'y szx(n)_Txxut _gxxux _2§xuxx- (22)
ITepBoe U BTOpOE MPOAOIIKEHUSI BEKTOPHOTO OISt X 7151 ypaBHeHu# (1) UMEIOT BHT
x® =X+Foi+rlia (23)
ou; Ou
X(z) =X(1)+F00 +1I'q 0 . (24)
Uy auxx

[NoxeiictBoBaB omeparopom (24) Ha ypaBHEHUE J =uy + Uy — f (6, X,u,u,uy), T. € X @ (J)=0,
MOJTYYHM OMPEACTAIONIee YPAaBHEHUE IS TOUCUHBIX CHMMETPH I

Loo+ T =t/ +&fx +nfu + Lo fu, +T1fu, (25)
Ioacrasus (19)—(22) B onpenensioliee ypaBHeHHE (25), TOTydUM
Dy(M)+ Dy (M) — Atuy —AGuy — 2Ty — 28Uy =
=t +&fx tfu + (Dr(n) =Ty —Elhy )fu; + (Dx(n) — Tty —Exliy )fux ) (26)
rie A=97 +03.
IHoncrasus (15)—(18), (1) B (26), momyunm

An+2ntuut +2nxuux +nuu (utz +u)%)+(nu —ZTt)f =

=1f; +&fx +nfu +(nt + My — Ty _E.'tux)fut +(nx =Tty +(My _éx)ux)fuxa (27)
riae QyHKIHH T U § yIOBIETBOPSIOT yciaoBusiM Ko — Pumana
thngrxz_};t- (28)

Jlemma nokaszaHa.

Hcmonb3ys memmy 1 u Beipaskenus (27), (28), MOKXHO BBEIYUCIISATH TOUCIHBIC CHMMETPHH IS IO~
kiaccoB ypaBHenuit (1). OqHako B qaHHOM paboTe MBI He OyIeM 3TOTO JIeaTh, a Jajiee mepelieM K BhI-
YUCJIEHUIO MTpeo0pa30BaHU SKBUBAJIEHTHOCTH.

Boruncienue HHQUHUTE3NMATBHBIX NMPeoOpPa30BaHUii IKBHBAJEHTHOCTH CEMEHCTB ypaBHe-
Huii. [lepeiinem k omucaHnio MHOUHUTE3UMANBHBIX NMPEOOPa30BaHUN IKBUBAJICHTHOCTH CEMEHCTB
ypaBuenui (1) u ero moxpkmaccos, paccMoTpeHHBIX B [1, 2]. Ha ocHoBaHMM JleMMBl | ¥ BBIpasKeHHH
(19)—(23) 3anuiem BEKTOpHOE MOJIE ISl MpeoOpa30BaHms IKBUBAJICHTHOCTH CEMEUCTB ypaBHeHHH (1)
B BUJIC

Y:X(1)+(D£, (29)

o
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A€ BCKTOPHOC IOJIC XOHpG,Z[CJ'IGHO B JICMMC 1, a

@ :An+2ntuut +2nxuux T Nuw (ut2 +u%)+(nu _2Tt)f, (30)

re A= 8,2 + 6)26.
Torna MoxHO TIepeOpMYITHPOBATE JIEeMMY | CIEAYIOIUM 00pa3oM.
Jemma 2. Ungpunumesumanvhovie npeobpazoeanus 3KEUBANEHMHOCMU CEMeUCm8 YpagHeHUl
Uy +Uye = f(t, XU, ,Uuy) NOPOACOAIOMCA GEKMOPHBIMU NOTIAMU
0 0 0
Y = 00,2+ B )+ (0 t0) AN+ 21+ 2 gt + M (0] 0 )+
ot Ox ou
0 0 0
+(nu - 2Tt)f)§ + (le + (nu - Tt)”t - étux)a_+ (nx — Tyl + (nu - E.;x)“x )_

b
U, Oy

20e 1, =&y, Ty ==&, a pynxyua n(t,x,u) A6158€MCA NPOU3BOTLHOI.
[TpomomxeHre BEKTOPHOTO MOJIsl Y Ha IPOCTPAHCTBO 1-CTpy# GyHKunu f(¢,X,u,u,,uy) UMEET BU]

LI L NI SR L S 31)

o U x U u M Sy
rae
Oy = ANy + 2Nty + 2N peulh x + Mo (ut2 +u§)+(nm —2t) [+ (@Nu —5T0) fi —
=& fx —Mefu _(T]tz + (Mo —Tu Uy —énux)fut —(T]tx =Tl + (Mau _gtx)”x)fuxa (32)
©5 = AN+ 2ty + 20 et + M (7203 )+ (M = 200 = T fi+ (2N =47, —E) fro -
Nfu =(Moc + M = Todtte = Enttx) fuy =(Mow = Toatte + (M = & ttx) fuuy s (33)

(D3 :Anu +2ntuu”t +2nxuu”x + Nuuu (ut2 +u)%)+nuuf+

(M =4t fu = Ma F Muatte) frp = M + Nawthx) Sy » (34)
(I)4 :Zntu +2nuu”t _Tlfu[ +Txfuxa (35)
D5 =2ny + 2Nty + & fu, +(Ex —274) fu, - 36)

PaccmotpuMm muist cemeiicTB ypaBHeHu# (1) Te ke Kjacchl ypaBHEHUH, uTo U B [1, 2], a pe3ynbrar
BBIUMCIICHUH BEKTOPHBIX TOJICH 3aHeceM B Ta0. 1.

Tabauya 1. BekTOpHBIE MOJIS MPe0OPa30BaAHNIi IKBUBAJIEHTHOCTH

Table 1. Vector fields of equivalence transformations

Noo |y +uxe = f(t,x,0,0,uy) Y=§p.,»Y,-
1 =
f f(xauautaux) leg, YQZE, Y3:tg+x£—2f£—u,i—uxi,
ot ox ot ox of ou; Oy

B 0 , 0 o 0
Yo —n(xau)a""(nxx + 2Nt + Mo (ut +ux)+nuf)§+nuutaiut+(nx +'r|uux)aux

2 =
f f(t’xautaux)a Y, =ui+fi+uti+ux
f:f(tsxsu) Ou 6f 514, 814,(

0 0 0 0
Y, = t(t,x)5+ E_,(t,x)a+ B(t,x)a+ (AB- 21:,f)§+

0 0
B =t —Cu)—+ B —Tatts —Extty)—, T =&, Tx=-&
au, au)c
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Ipooondcenue mabn. 1

N | uy +uy = ft,x,u,u,,uy) Y:;“IYI‘
3 =
f = fxa) R R P
ot ox Ot ox of Ou; Ol ¢
o y , 0 0 ,
Yoo = (0U(x)u +B(£,x)) =+ (AP + &t + 201 + 0f )—+ (B + 0t )— + (o' + By + 0ty
ou of Ouy x
4 _
S |y 0y @ 0,0 0 8 0 0 0. 0 0
ot 0. 0 ox of Ou; Ouy ot Ox Ou; Ouy
Ym—n(u)—+(n‘2)(uf+u2)+n(”f) T .
U Ouy
5 =
f f(x’ut’uX) Yl_ﬁy Yz_iy Y3_ia Y4:ti+ 0 > 5_tg+xi_ fi_ ti_ux 0 5
Ot ox ou Ou Ouy Ot 0. of Ou,y Ouy
Y :ui+fi+ut +uy , YOO—B(x)i-r[}”iﬂj’i
Ou of Ou; Ouy Ou of Ouy
6 =
f f(x’u,uX) lega YZ_EJ Y3:t£+xi_ fi_uti_ux a s
ot ox o 0 of Ouy Ouy
Y. :((x(x)u+[3(x))i+(oc”u+[3”+2a’u +ocf)i+ocu i+(0L’u+B’+ocu )
” u ! o ' ou 7 Quy
7 =
f f(x’u’ut)’ legy Y, :2, Y3 =t2+xi—2fi_uti_llx 0 >
f=f(x,u) ot ox ot ox of Ouy Ouy
0 o Ay A
Ou of Ou,y Oy ou of Ou
8 =
f f(t’x’uX) leéa Y2:£a Y3:t£+x£_2fi—uti_uxi’
ot Ox ot ox of Ou, Oy
Vomulor L L, 2y —pun S ap g, Lvp, L
ou of Oy Ouy ou of Ou,y Ouly
9 =
S =) YI:E, Yzzi, Y3=t£+xi—2fi—u,i—uxi, Y4=xg—ti+uxi—u, 0 R
ot ox ot Oox of Ouy Oy ot Ox Ou,y Oy
Ys =—, Yézti+i, Y7:xi+—, Yg:ui+fi+u,i+uxi
Ou Ou Ouy Ou  Ouy Ou of Ou, Oy
10 —
S =) e R L V- TS PR
ot o 0 Ox of ouy Ouy 15/
Y5—u—+fi+ut—+ux 0
u of U, O
11 _
ST i (T Iy K N (-
ot 1o 0 0 of Ouy Ou, 0
Y5=ui+fi+u,i+uxi, Y6:t£+i, Y7:t2—+2£+21i,
ou of O, Ouy ou Ouy u of Ou,
0 0 0
Yo = —+p"—+p—
B(x)au Baf Baux
12 _
S =1 ou) lei, Yzzi, Y3=t2+xi—2fi—uti—uxi, Y4=ui+fi+u[i+uxi,
ot ox ot ox of Ou; Ol Ou of Ou; Ouy
Ys=t—+—, Ys —tx—+x—+ti, Yo =[5(x)£+[3”i+ﬁ’i
ou Ouy Ou u;  Ouy Ou of Ouy




32 Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2026, vol. 62, no. 1, pp. 27-37

Oxonuanue maon. 1

Ne | uy +uy = f(t,xu,u,,u,) Yz;“fyf
13 -
f=7w e il I A Y LN S A
Ot ox Ot ox of Ou; Ou Ou
Y5:x——t—+uxi—u,i, Y6=ui+fi+u,i+u,(i
ot Ox Ou; Ouy ou of Ou; Ol ¢

Bbruncienue crnenuaabHbIX HHOMHHTE3MMAJBHBIX NPeo0Opa30BaHUil JKBHBAJIECHTHOCTH Ce-
MelicTB ypaBHeHMii. [Ipennonoxxum teneps, uto O(f,x,u,u,uy, f) B BoIpakeHuH (6) HE 3aBUCHUT OT f,
T. €. IepeliIeM K BBIYHCIICHHIO CIICIIHAIBHBIX TPe0Opa30BaHMii SKBUBAJICHTHOCTH. Torja Ha OCHOBAaHUH

JIEMMBI 2 U YCIIOBUSL M), = 2T, NOJIYYUM CIEIYIOMYIO JIEMMY.

Jemma 3. HHgbuHume3uMaﬂbele cneyuajlbHbvle npeo6pa306amm IKBUBATICHMHOCMU CeMelCmE

VpasHeHull Uy +uye = f (¢, X,u,Ut;,Uy) NOPOAHCOAIOMCA BEKMOPHBIMU NOAAMU

Y= T(t,x)%+ é(t,x)%+ (2t,u+ B(t,x))%+ QAT u+ AB+ 4t u, + 4‘|:txux)§+

HQtu+ B+t —a,ux)aiuzrtxu B =ttt Bty
Uy

b
Ou

20e T, =&y, Ty =—E;, a pyukyus P(t,x) saeisiemcs npoussoibHoOU.

PaccmoTpuM uvacTHBIE ciayyan ceMeicTB ypaBHeHHu# (1), 4To ¥ B MyHKTE 3, pe3ynbTaT 3aHECEM

B TaoI. 2.
Tabnuya 2. BeKTOpHBIE MOJISI CHENHAJBHBIX MPe00Pa30BaHNii JKBHBAJIEHTHOCTH
Table 2. Vector fields of special equivalence transformations
Ne Uy + Uy = [ (X050, Uy ) Y:Zi:“iyi
1 =
S = uuu), A A AL WL I L
f=f(x,u,uy), ot ox ot Ox Ou Ouy Ouy
S =St Y. =B(x)%+ﬁ’§+ﬁ’ o
S =rf(xu) x
2 -
f=Ftxusux), Y :2, Y, =£, Y3 :té+xi+2ui+uti+uxi,
f =1t xu) ot ox ot ox Ou ouy Ouy
Vomxl v, @0 Oy —pan L aplap,2ip, 2
ot Ox Ou; Ouy Ou of Ou; Ouy
3 =
S = fxu ), 4] :g, Y, —i, 3=t—+x—+2u—+u;—+u, 0 ,
f=ftx,uy) ot Ox 0 X ou i, Ouy
Vo= B0t AP+ B
ou of Ou; Ouy
4 =
S =S, 4] :ﬁ’ Y, , 1 :t—+x—+2ui+u, +uy 0 ,
f=f) ot [o; 0 X Ou P Ouy
Yy =x——t—+uxi—uti, Ys =i
ot Ox Ou, Ouy ou
5 =
J=1ouuy) yl:g, Yzzi, Y3:ti+xi+2ui+u,i+ux d ,
ot ox Ot ox ou Ouy Oy
Yy :i, Ys :ti+i, Yo, :B(x)i+[3"£+[3'i
ou Ou Ouy ou of Ol
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Oxonuanue maon. 2

Ne Uy + Uy = [t XU, ,Uy) Yz;“fyf
6 _
S = fusu) leﬁ, Yzzi, Y3=t£+xi+2ui+u,i+uxi,
Ot ox ot Oox ou Ou,y Ou
Fomn? (D @y 0y 00 0 @
ot Ox Ou; Ol ¢ Oou ou Ouy Ou Ouy
7 =
S =) Y1=é, Y2=£, Y3=tg+xi+2ui+uti+uxi, Y4=i
Ot ox ot ox ou Ou; Ol ¢ 0
8 =
S =S u) Yl—g, Y2=£, Y3=t£+x£+2ui+uti+uxi, Y4=£,
0 ox ot ox Ou Ou; Oy 0
Y5=ti+i, Y6:t2i+23+2xi, szﬁ(x)im"im' 9
ou Ouy Ou of Ouy Ou of Ouy
9 =
f f(x’ut) leg, Ygii, Y3:tg+x£+2ui+u,i+ux 5
ot ox ot ox Ou Ou, Ou
Y4:zi+i, Y5:txi+xi+ti, Yw:[}(x)i+[3”i+[3’ 0
Ou Ouy ou Ou, Ouy Ou of Oy

CumMmeTpuiiHasi pelyKnusi Npeodpa3oBaHuii JKBUBaJeHTHOCTH. 13 Tabi. 1 BUIHO, 4TO ypaB-
HEHHE Uy +Uy = f(x,u) oOmamaeT OECKOHEUHOMEPHOW anreOpol SKBHBAJIECHTHOCTH. JTa Oecko-
HEYHOMEpHAs anredpa KBUBAJICHTHOCTH SIBISACTCS TMOAANTeOpOil SKBUBAICHTHOCTH IS YPAaBHCHUS
Uy + Uy = f(t,x,u). Ucxons u3 Tabn. 1, nns ypaBHEHUS Uy + Uy, = f (X,u) BBIOGpPEM CICAYIONIYIO Tsi-
TUMEPHYIO TTOJIaTeopy:

0 0 0

Y/=—, Yo=—, Y3=—,

Yo T a U
Y4:u£+fi+uti+uxi, Y5=tg+x£—2f£—uti—ux 0 .
ou of ou, Ou ot Oox of Ou; Ou

Ha ocHoBanum sToro OpoBEACEM PEAYKIMIO JId CICAYIOUICTO YPABHCHU AL
Uy +uxx :f(taxau)' (37)

OO6mas cumMeTpus ypaBHeHUs (37) 3anmumieTcs B BUE

0 0 0 0
Y =(uy +ust)—+ (W + sx)—+ (U3 + tau)— + (ng —2 —+
(11 + s )6t (M2 +ps )6x (M3 + g )au (i Ms)faf

0 0
(g —ps)u —+ (g —us)uy —,
ou, O

rae |~ const, i = 1,_5 Takum 00pa3oM, HHBAPUAHTHBIC OTHOCUTEIIBHO Y PEIICHUS 3aal0TCs CIEAYIO-
M ypaBHCHI/ICM XapaKTepI/ICTI/IK:
d dc  du df B du; B du,
Bi+tpst po+psxy py+pgu o (R —2us)f (R —psu, (R —ps)uy

(39)

IIpuBenem nmpuMepsl CUMMETPUYHBIX PEIYKIUM, ONpeAessis Py 3TOM IS 3aJaHHOU OJHOMEPHOU
nojanreOpsl B aredpe CHMMETpPUN YpaBHEHUS, JOMYCKAIOIIKE 3TY OJHOMEPHYIO MMoIanredpy B Kade-
CTBE CHMMETPHIA, a TAK)KE COOTBETCTBYIOIIEE PEAYIIMPOBAHHOE YpaBHEHUE, KOTOPOE B OJHOM CIlydae
SBIISIETCS OOBIKHOBEHHBIM i (hepeHITnaIbHBIM yPaBHEHHEM BTOPOTO MTOPSIKA.

1. Paccmorpum rerepatop Y =Y +vY,, v=const, v#0. Pemas ypaBHeHns xapakrepuctuk (38)
NI Y, mony4uM cleayrolue nHBapuanTel: Iy =x, I, = e Vu, I3= e_‘”f. Honoxum I3 =g(l1,1,),
Torna Juist pyHKIMY £ ionyunm yeaosue f =e g(x,e”""u), a ypasnenue (37) IpuMeT BH]
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Uy +uge =€ g(x,e ). (39)
Manee monoxum, uto I, = y(I1), ¥ MOTyIUM 3aMeHY BUIA
u=e"y(x). 40)
[loncrasus (40) B ypaBHeHue (39), moxyunm
y'==0’y+g(x, ). @)

2. PaccmoTpum reneparop ¥ =vYs;+7Ys, v=const. Pemas ypaBHeHus xapaktepucTtuk (38) niusg ¥,

X
MOJIYYMM CJIAYIOne HHBapuanTel: [ =—, [, =u—vlnt, I3 = tzf. Honoxuwm I3 =g(I1,1,), Torna
t

11 QYHKLIMU f IOIYYHM YCIIOBUE [ = 172 g(f,u —vln tj, a ypaBHenwue (37) mpuMeT BUL
t

u,,—i—uxx:t_zg(;,u—ulntj. 42)
Janee monoxum, uro I, = y(/]), ¥ NOTy4YnM 3aMeHY BUJIa
u=vlnt+y(z), z=§. 43)
[loncrasus (43) B ypaBHeHue (42), Hoxydum
N 2z o 8Ezy)+v @4)

1+z° 1+22

3. Paccmotpum renepatop Y =vYs +Ys, v=const. Pemas ypaBHeHus xapakrepuctuk (38) mus Y,

X — —
MTOJIYYHUM CIICAYIOIINEe WHBAPUAHTHL 1] =7, I, =t"u, I; =12 Vf. Tonoxum I3 =g(I;,1,), Torma

i GYHKIMY f IONYy9UM yClloBUe f = V72 g(%,f”uj, a ypaBHeHue (37) nmpuMeT BUI

o (x _
Uy + Uy =1° 2g(—,t qu. 45)
t
Hanee nmonoxum, 9to 1, = y(I1), U MOIYYUM 3aMEHY BHA

u=1"y(z), zzf. (46)

[loncraBuB (46) B ypaBHeHue (45), momydnm

2(v-1 ,y)—v(v—-1
yo 2 2)Zy(l)Jrg(Z ») (2 )y @
1+z 1+z

4. Paccmotpum renepatop ¥ =Y +vY, +uls, v=const, v#0, p=const. Pemas ypaBHeHus xa-
pakTepucTuk (38) aiis Y, MoayduM clieyIoue WHBapHaHThl: [ =x—vt, [, =u—ut, I3 = f. llonoxum
15 =g(1,1), Torna ans QyHKUMY f IOTyduM ycaoBue f = g(x — vt,u — |t), a ypaBHenue (37) mpumeT BUjJ

Uy + Uy = g(Xx—Vt,u— ). “48)
Hanee monoxum, uto [, = y(/1), ¥ NOTydnM 3aMeHY BUIA

u=put+y(z), z=x-vot. 49)
[loncrasus (49) B ypaBueHue (48), momyunm

yO =85 (j’y}. (50)
L
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5. Paccmorpum renepatop Y =Y +vYs +puYs, v=const, v£0, p=const. Pemas ypaBHeHHU:
xapakTepucTvk (38) a1 Y, momyumM ciemyromue WHBapuaHTh: I| =x—vt, I =e Mu, Iy=e M f.
Homoxum I3 = g(I1,1,), Torna aas Gynkmuu f monyuum yernosue f = e g(x—vt,e M u), a ypasne-
Hue (37) mpuMeT B

Uy + 1y = g(x—vt,e Mu). 51

Janee momoxum, uto I, = y(/), U MOIy4InM 3aMEHY BHIa

u=e"y(z), z=x-vot. (52)
IloncraBus (52) B ypaBaeHue (51), momy4um ypaBHEHHE
2
»O = 2po y(1)+g(z,y) Hy 53)

1+0v° 1+0v2
BelmiensnoxxeHHbIi pe3ynbrat Beraucienui (39)—(53) 3anecem B TadiI. 3.
Tabnuya 3. Penykuust ypasHenuu u,, + u . = f(t,x,u)

Table 3. Reduction of equations u,, + u, = f(t,x,u)

5
No Y:épiY,-, Uy + e = f(t,x,u) u=oy(z)+p y(z) =F(Z,y,y(1))
1 Y=Y, +vYs, v=const, v#0, u :euty(x) y":—02y+g(x,y)
Uy + g =€ g(x,e”u)
2 Y =vY;+Ys5, v=const, u:olnt+y(z), y(z): 2z (1)+g(z,y)+u
o (x X 1+22 1+2°2
Uy +Uy =t "g| —,u—vint Z—?
t
3 Y =vYs+Ys, v=const, u=1"y(z), y Z 2(U—I)Zy(1) L8z y)—v-Dy
[ j x 1422 1422
v-2 X v
Uy +Ur =t gl =t u z==—
t t
4 Y=Y, +vY,+uYs, v=const, v#0, p=-const, u =ut+y(z)’ y(z) _ g(z,y)
Uy + Uy = g(x—Vtu—nt) z=x-vt 1+v2
5 Y=Y +vY, +nYs, v=const, v#0, u=const, u=e"y(z), y(z): 2uv (1)+g(z,y)—p2y
Uy + iy =eMg(x—vt,e™Mu) z=x-vt 1+v? 1+v?

Wcnonw3ys nanubie Ta01. 3, 3anuieM Tadll. 4 peayKIuil sl ypaBHEHHS Uy + Uy = f(X,U), yUu-
TBIBas TOT (DaKT, 4TO ypaBHEeHUE (37) CHMMETPHYHO OTHOCUTEIIFHO 3aMEHBI f Ha X.

Tabnuya 4. Penykumsi ypaBHeHui u, + u . = f(t,u)

Table 4. Reduction of equations u,, + u . = f(t,u)

5
Ne Y=Y, gy +ux = f(tu) u=oy(z)+p YD =F(z,y,yM)

i=1

1 Y=Y +vY4, v=const, V=0, u:emy(x) y"=—02y+g(y)

Uy g =e gle ™ u)

2 Y =vY;+7Y;5, v=const,

@__ 22 (1)+g(y)+o

u=vint+ y(z) =2 y y
’ t 1+z2 1422

Uy + Uy = t"zg(u —vln¢)

3 Y =vYy+Ys5, v=const,

2(v-1)z —v(uv-1
y<2>=( 2) y(1)+g(y) (v-Dy

X
u=t"y(2), z==
t 1+z 1+ 22

Uy + e =1°2g (17 u)
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Oxonuanue maon. 4

5
Ne Y= 0¥, uy +tig = f(tu) u=ay(z)+PB y@ =F@yy®)

i=1
4 Y=Y +vY, +u¥s;, v=const, v#0, p=const, u=nut+y(z), @ _ g

Uy + Uy =g(u—r) z=x—-vt 1+v2
5 Y=Y +vY,+puYs, v=const, v=0, u=-const, u:e“fy(z), @ _ 2W0 g(y)—uzy
yo= +
Uy +up =eMgle™u) z=x-vt 1+v2 1+v2

3akoouenue. Haiinensl anrebpsl mpeoOpa3oBaHUi 3KBUBAJICHTHOCTH M aJireOpbl CHEIHaIbHBIX
peoOpazoBaHUi SKBUBAJICHTHOCTH JJISI CIEAYIOMUX 16 ceMeiicTB ypaBHEHUIL:

Uy Uy = [ X0,U Uy ), U+l = [OGU U UY), Uy Uy = (6 X U,Uy),
Up gy = f(X0,Uy),  Up Fte = [t Uy), Uy gy = F (XU Uy),
Uy Hee = f(uuy), Uy e = (G uu,),  uy +ux = f(Ex,uy),
Uy e = fE,xu), Uy e =fuuy),  Ug s =f(u,uy),
Up tge = f(Guy), Uy gy = f(XUr), Uy =F(GU), Uy +ux = f(u).

B urore ObLI0 OmpeaeIeHo, YTO ATl IpeoOpa30BaHUi SKBUBAJICHTHOCTH KOHEYHOMEPHBIMU aJIre0paMu
00JamafoT YPaBHEHUS Uy + Uy = f(Us Uy ), Uy +Uy = f(Ulty), Uy +Uy = f(u), @ OIS CHeIHaib-
HBIX TIPeoOpa30BaHMIl DSKBHBAJIEHTHOCTH KOHEYHOMEPHBIMH anredpamMu o00JIagaroT ypaBHEHUS
Uy Hie = fUup,uy), Uy e = fUsuy), Uy +uy = fUuy), Uy +uy = f(u), TpuYeM MaKcH-
MaJjpHast anrebpa dKBUBAJCHTHOCTH BOCBMHMEPHAS, HO €CTh TaK)KE U aaredpbl CEeMUMEPHBIE, MIECTH-
MepHBIE, MATHMEPHBIE U YeThIpeXMepHbIe. Takyke ObliIa MPoBeAeHa PEIYKIHS IS CEMEHCTB ypaBHe-
HUW Uy + Uy = [(E,x,U), Uy +Uy = f(x,u), pe3yJbTaThl KOTOPO# MpUBEACHBI B Ta0M. 3 U 4.

CrnenyeT OTMETHTh, 4TO alreOpbl MPEeoOpa30BaHM 3KBUBAJICHTHOCTH COBIAJAIOT JIJIS CEMEHCTB
YPaBHEHUH Uy + Uy = f(E,X,U), Uy +Uye = [ X,U,Uy), Uy +uye = F(0,0), Uy +uy = fF(X,u,u;).
st crienuasibHBIX MpeoOpa30BaHUN 3KBUBAJICHTHOCTH ajreOpbl COBIAJAIOT JJIsi CEMEHCTB ypaBHE-
HUM Uy Hge = fEXU), Uy +tge = (X U,Uy), Uy T gy = [(6XUy), Uy g = fx,u,uy),
Uy +Uxx :f(u), Ug +Uxx :f(u,ut,ux), Ugy +Uxx =f(x,u), Ugy +Uxx :f(x,u,ut), Ugy +Uxx :f(xsusux)a

Uy e = (X u,U,Uy).
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YIHPOIEHHAA NAEHTUOUKALUA MOAEJU JIINAEMAYECKOI'O ITPOLUECCA

AHHoTanus. bazoBolf MOAEBIO MU IEMIYECKOT0 Mpoliecca B HacTosmee BpeMs octaeTcs Mmoaens SIR. Ona u ee MHO-
rouncnennsie 0000menus (SEIR, SEIRD u np.), a Takke HEKOTOphIE aHAJIOTHYHBIE MOAETH OTHOCITCS K KJIacCy KOMIApT-
MEHTAJIBHBIX MOJIeJICH, ONMUCHIBAIOLUINX IUHAMHUKY SMUAEMUYECKOrO IMpolecca KaKk B3aUMOACHCTBHE «KOMIApTMEHTOBY,
T. €. PA3JINYHBIX T'PYII, HA KOTOPBLIE, B COOTBETCTBUU C UX POJIBIO B I€peaave HH(beK]_[PIPI (BOCl'IpI/II/IM'-lI/IB])Ie, HHq)HquO—
BaHHbIC, BBI3JJOPOBEBIINE U Ap.) Pa30UBacTCs BCS COBOKYIIHOCTb JIFOJCH, CpeAr KOTOPHIX PACHPOCTPAHSICTCS AMHAECMUSL.
WnenTudukanus mapaMeTpoB ITHUX MOJEJeH 3a4acTylo MPeICTaBIsieT OO0 JOBOJIBHO CIIOXKHYIO 3a7ady. JTa 3ajada He-
CKOJIBKO 00JIer4aeTcst IPH MPOBEICHUH PeTPOaHaIN3a UIEMUH, KOTa MOJTHOCTBIO JOCTYIIHBI JaHHBIE O 3a00J1€BaeMOCTH
Ha BCEX dTamax Iporecca. B pabore mpennaraeTcs ynpolieHHas METOANKA UaeHTH(UKanuy craruonapaoid moxenn SIR
C MCIOJIB30BaHHEM MHHUMAJIEHOTO Habopa HaOII01aeMbIX JaHHBIX, JOITYCKAIONINX OTHOCUTEIHHO HAJIEKHOE ONpe/IeNICHHUE.
Ha ocHoBe pa3zpaboTaHHOI METOIUKH IIOKa3aHa HEMIPUMEHHUMOCTH CTAllHOHApHOU Monenu SIR 11s onrcaHus epBoii BOTHBI
nangemun COVID-19 B ['epmanun u Utanun.

KuroueBble c10Ba: MaTeMaTHyecKas SIUAEMHUOIOTHS, KOMIIApTMEHT, Mozienb SIR, COVID-19, unentuduxamnus napa-
METpOB

Juasi uutupoBanus. Asnac, A. H. Yropomennas uaeHTuGUKaIUS MOACTH dHAeMudeckoro npouecca / A. H. ABnac,
A. K. [lemenuyk, E. K. Maxapos // Becui HaupisinansHaii akagsmii HaByk benapyci. Cepsist isika-MaTosMaTbI9YHBIX HABYK. —
2026.—T. 62, Ne 1. — C. 38—47. https://doi.org/10.29235/1561-2430-2026-62-1-38-47

Artsiom N. Avlas, Aleksandr K. Demenchuk, Evgenii K. Makarov

Institute of Mathematics of the National Academy of Sciences of Belarus, Minsk, Republic of Belarus
SIMPLIFIED IDENTIFICATION OF THE EPIDEMIC PROCESS MODEL

Abstract. The SIR model currently remains the basic model of the epidemic process. This model and its numerous gene-
ralizations (SEIR, SEIRD, etc.), as well as some similar models, belong to the class of compartmental models, that describe
the dynamics of the epidemic process as the interaction of “compartments”, i. e., various groups into which, according to their
role in transmission infections (susceptible, infected, recovered, etc.) break up the entire population of people among whom
the epidemic is spreading. Identifying the parameters of these models is often a challenging task. This task is somewhat sim-
plified when conducting retrospective analyses of epidemics, where full incidence data are available at all stages of the pro-
cess. We propose a simplified method for identifying a stationary SIR model using a minimal set of observed data that allows
for relatively reliable determination. Based on the proposed methodology, the inapplicability of the stationary SIR model to
describe the first wave of the COVID-19 pandemic in Germany and Italy is shown.

Keywords: mathematical epidemiology, compartment, SIR model, COVID-19, parameter identification

For citation. Avlas A. N., Demenchuk A. K., Makarov E. K. Simplified identification of the epidemic process mo-
del. Vestsi Natsyyanal 'nai akademii navuk Belarusi. Seryya fizika-matematychnykh navuk = Proceedings of the National
Academy of Sciences of Belarus. Physics and Mathematics series, 2026, vol. 62, no. 1, pp. 38—47 (in Russian). https:/doi.
org/10.29235/1561-2430-2026-62-1-38-47

Benenue. Mozemnu auIeMHYECKUX MTPOIECCOB, pa3padaThiBaeMbIe B MATEMATHYECKOM DITHIEMHO-
JIOTHH, MHOTOUHCIIEHHBI 1 MHOTOOOPAa3HbI, YTO 00YCIIOBJIEHO Pa3HOOOPA3HEM YCIOBHUM, B KOTOPBIX 3TH
npouecch mpotekatoT [1]. Habop ncnonb3yemsbIx B 3TOH 0071acTH HAyKH MOJIENIEH MOCTOSIHHO MTOTIOJTH -
€TCsI IO MEPE BBISIBICHUS HOBBIX MH(PEKITMOHHBIX 3a001€BaHNN MITM BOZHUKHOBEHHU S MX HOBBIX BapuaH-
ToB. TeM He MeHee 6a30BOI MOZIENIBIO AMHIEMHYECKOT0 MPOLIECCca B HACTOSIIEE BPEMSI OCTACTCS MOAEIb
SIR (susceptible— infected— recovered, T. €. BocIpuMMUNBbIe — MHPUIIMPOBAHHBIC — BBI310POBEBIINE),
chopmymupoBanHas B 1927 1. A. I MakKenapuxom u V. O. Kepmakowm [2, 3]. DTa Mozienb 1 ee MHO-
rouncieHubie 0000menus (SEIR, SEIRD u ap.), a Takyke HEKOTOpPhIE aHAJIOTHYHBIC MOJIEITH OTHOCSIT-
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sl K KJIacCy KOMITAPTMEHTAJIBHBIX MozeNeH [3], omuChIBaIONIUX AUHAMUKY 3MUIEMUYECKOTo Mpolecca
KaK B3aUMOJICHCTBHE «KOMIIAPTMEHTOBY, T. €. PA3JIMUYHBIX T'PYIII, HA KOTOPbIE, B COOTBETCTBUU C UX PO-
JIBIO B Iepeade MH(PEKIMU: BOCIPUUMYKBBIC, HHOUIIMPOBAHHBIC (C BO3MOXKHBIM TOAPA3ICICHUEM Ha
HAXOJISIIIUXCS] B MHKYOAIIMOHHOM TepUOIe 3a00JIeBaHUs U yKe 3a00JICBIITNX), BBI3IOPOBEBIIHE, YMEP-
e W Ip. — pa30MBaeTcs BCS COBOKYITHOCTD JIFOAEH, CPeld KOTOPBIX PACIPOCTPAHSIETCS IIHICMUSL.
[IpakTuka ucnosir3oBanus Mojenu SIR u ee MonupuKkaiuii mokasplBaeT, 4TO MPHU IPABHIBHOM BEIOOPE
napaMeTpoB U TUIA MOAEIU BO3MOXKHO MOJYYEHUE TOCTATOUHO aJeKBAaTHBIX IPOTHO30B PA3BUTUS AU~
JIEMHUH HEKOTOPBIX HHPEKITHMOHHBIX 3a00JIeBaHUM. B TO e BpeMs, Kak OTMeUaeTCs B PsiAc My OTuKauii
(cm. Hamp., [4, 5] u np.) Bonpoc uACHTH(DUKAIIMN TApaMETPOB THX MOJCIICH 3a4aCcTyH0 MPEICTABISCT
c000i1 TOBOJIBHO CIIOKHYIO 3aa4y. DTa 3a7a4a HECKOJIBKO 00JIer4aeTcst MpU IPOBEACHUH PeTPOaHaTH-
3a 9MUAEMUH, KOT/[a TIOJTHOCTHIO IOCTYITHBI JaHHBIE 0 3a00JIeBa@MOCTH Ha BCEX ATamax mpoiecca.

OpHoli U3 CYIIECTBEHHBIX MPUYUH CIOKHOCTEH, BOSHUKAIOMIKNX MPU OMPEACICHUN 3HAUCHUM Ma-
paMeTpoB ctaunoHapHoi mozenu SIR, cOCTOUT B OTCYTCTBUM SIBHOI'O MPEACTABICHUS PEUICHUN BXO-
Iamux B Hee nuddepeHmaIbHbIX YpaBHEHUH. DTO HE TMO3BOJIAET ONPENETUTh MCKOMBIE 3HAUYCHUS
HETOCPEJICTBEHHO MYTEM aNMPOKCHMAIIMU HATYPHBIX JaHHBIX ¢ MOMOIIBI0 (PMKCHPOBAHHOTO Mapame-
TpUYecKoro cemericta (hyHkmuii. Mcronp3oBanue xe 1715 HACHTH(DUKAIIUN MOJIETH caMuX A QepeH-
[IMAJbHBIX yPaBHEHUN TpeOyeT anmpoKCHUMAINH MpUpaIleHnii HabaiogaeMbIX BeIUYUH, YTO, B CBS3H
C BBICOKOM CTETEHBIO 3aIIyMJIEHHOCTH peabHBIX JaHHBIX O 3a00J€BAEMOCTH PAKTHUECKH HEBO3MOXK-
HO 03 MPUMEHEHHs TOCTATOYHO arpeCCHBHOTO MX CTIa)XKUBaHUsI, HEU30€KHO MPHUBOISIIETO K OOIh-
IITAM HEKOHTPOJIHUPYEMBIM HCKAKCHUSIM.

B nHacrosieit pabote MbI mpeaiaraeM yopolleHHYI0 METOIUKY HICHTH(OUKALWN CTAllMOHAPHON
mozenu SIR ¢ rcrmonb30BaHrEeM MHHHMAIBHOTO HAOOpa HAOIOIAaeMbIX TaHHBIX, JOMYCKAIONINX OTHO-
CUTENIHHO HaJIe)KHOE OIpENeICHHE.

CaoiictBa ctaunonapuoii mogeau SIR. Monens SIR ocHoBana Ha ciemayroiieit CUCTEME Tpex
nudQepeHIInalbHbIX YPaBHEHUH:

ds
= = _adl, 1
” )]

dl
—=asl —vl, 2
7 Y )

dR

=l 3
! 3)

3nech S — 4KcII0 BOCIPHUMYHUBBIX K 3200J€BaHHI0; / — YUCIO WHPHUIIMPOBAHHBIX; R — YUCIIO BHI3/IOPO-
BeBIINX. [oJOKUTENBHBIE KOAPPHUIIMEHTH O U Y ONPEACISIOT HHTCHCUBHOCTh MHOUIIUPOBAHUS U CKO-
POCTB BBI3JJOPOBJICHHUSI COOTBETCTBEHHO. MBI Oy1eM CUNTATh UX OCTOSIHHBIMH, T. €. OyAeM paccMaTpu-
BaTh cTaruoHapuyto cucremy (1)—(3).

3ameuanue 1. KoapduuueHnt o o0bI4HO 3anuchiBaeTcs B Buie o = /N, rae napamerp N, npu-
HUMAaeTCs PaBHBIM OOIIEH YHCICHHOCTH HACEIEHHUs PErMOHA, OXBAYEHHOI'O SMUAEMUEH M, COOTBET-
CTBEHHO, 3 = aN,,. [Ipu Takoii 3anucu k03(hGUINUESHTHI 0 U Y, KaK IPaBUIIO, OyIyT SIBISATHCS BEIUIHHAMHI
OJTHOT'O MOPSIJKA, YTO UMEET HEKOTOPBIE IPEUMYLIECTBA IPU MPAKTHYECKOM HUCIIOJIb30BAHUU MOJIEIIH.

HecmoTpst Ha cuiIbHYIO 3alIyMJICHHOCTb, JaHHBIE O 3a00JI€BAEMOCTH MO3BOJISIIOT C ONPENEIEHHON
CTENEHBI0 HAJI)KHOCTH OIPE/ICIUTh TaKhe BEIMUYMHBI, KaK o0Iiee 4yucio nepedoneBmmx M = R(+o)
H YUCJIO BOBJICYCHHBIX B MHUJCMUYCCKUI IPOLECC HA €ro muke X, = R(tp) + I(tp), IZie !, — MOMCHT Ha-
CTYIUICHHS MHKa 3a00J1€BaeMOCTH, a TAK)KE OLIGHUTh CKOPOCTh Pa3pacTaHus SIUAEMUN B €€ HauaJIbHOU
CTaJIMM A_ M CKOPOCTh €€ 3aTyXaHUs Ha CTaluu 3aBepuieHus A, OleHKa 3THX BEIUYHH MOXKET OBbITh
OCYHIECTBJICHA JINOO C TIOMOIIBIO U3BECTHBIX METOIUK [6, 7], 1100 HEMOCPEACTBEHHO MO AAHHBIM O 3a-
0oseBaeMOCTH.

Ecnu nepeuncieHHble BETUYHHBI U3BECTHBI, TO B IPEATOJIIOKCHUN IMPEICTABUMOCTH IIpoIecca
Pa3BUTHS SIUAEMUU TPUHATHIM BapuaHToM Mozenu SIR koap¢unuents cuctemsl ypasaenuit (1)—(3)
U [IapaMeTPhl €€ PELeHHU s, ONMCHIBAIOIET0 HAOMIOAAEMbIHM SMUAEMUYECKHH IPOLIECcC, MOI'yT OBITh SB-
HO BBIYUCIICHBI. [IJ1s1 TOJTy4eHUs! COOTBETCTBYIOIIMX PACUETHBIX (POPMYJI HaM ITOHAZO0UTCSI HECKOJIBKO
BCIIOMOT'aTEIbHBIX YTBEPIKJICHUM.
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Yreepxaenue L. Jhoboe pewenue cucmemsi (1), (2) ¢ nonosxxcumenvbHblMu HAYATLHLIMU OAHHDL-
mu S(ty) > 0, I(t)) > 0 npoodonsicumo na écto uucnosgyro oco. Ilpu smom ons écex t € R svinonnenwvt nepa-
sencmea S(t) > 0, I(f) > 0 u cywecmayrom koneurwvie npedenvl +oo > §(—o0) > S(+00) > 0, [(—o0) = [(+o0) = 0.

HoxaszaTenbcTBo. PaccmarpuBas ypaBaenus (1) u (2) kak JIMHEHHBIE OTHOPOIHEBIE yPaBHEHHUS,
MOJTYYHM COOTHOIICHHS

S(t) = S(to)exp j (-o)I(r)dt,

]

I(t)=1(to)exp [ (aS(t)—y)dt,

10

@

rapaHTUPYIOIIKE TOJOKUTENbHOCTD BenuuuH S(f) u I(f) Ha Bceil obmactu ux onpeneneHus. OTcoona
B cuity (1) cnenyer, uro pyHKums S(f) ABIASETCS CTPOro MOHOTOHHO YOBIBAIOILICH.
YpaBHeHUE TpaeKTOpuid Ha TUIOCKOCTH (S, /) 1utst cucteMbl ypaBHeHui (1), (2) umeeT B

dI
LB Y ©)
ds as

Wnuterpupys ypaBHeHHe (5) C y4eTOM Ha4yaJbHBIX YCJIOBHI paccMaTpHUBAEMOro peIIeHUs, MOTy4HM

ypaBHEHHUE KPHUBOIA, COCPIKAIIICH ero TPaeKTOPHIO:

Y
I=1(ty)+S(to)-S+-—In : 6
(10)+S(t0) o« S0y ©)
JABaxknbl nuddepeHupys paBeHCTBO (6), MOTYyYUM COOTHOILLICHHE
2
1
a—z = _LZ <0.
oS 'AY

Kpowme Toro, B cuny (6) mmeeT mecto cTpemiieHue / — —oo kak npu S — 0, Tak 1 ipu S — +o0. D10 03-
HA4yaeT, YTO IPH JIIOOBIX HOJIOKUTENbHBIX 3HAYEHUAX apaMeTpoB a, v, S(4,), (t,) KpuBasi, onpenense-
Masi ypaBHeHHEM (6), mepecekaeT KOOpAMHaTHY0 och / = 0 B JIByX TOoukax ¢ koopauHartamu (S, 0)
u(S,, 0), rne 0 < S,l <§, <+, OCTaBasCh MpH S € 15,,5,[ B BepxHeii nonymiockoctu [ > 0.

[Ipu mo6om S € R touka (S, 0) Ha TnockoctH (S, /), ABISIETCS MONOKEHUEM PABHOBECHS JJIs CHU-
ctemsbl ypaBHeHHiH (1), (2). Takue TOYKM 3aMONHSIOT BCIO KOOpAMHATHYIO och [ = 0. ITockonbky 115 cH-
cteMsl (1), (2) uMeeT MECTO eIMHCTBEHHOCTD PEIICHHUH, TO PEIICHHE, IPOXOAIIEe Yepe3 BHYTPEHHIOIO
TOYKY MOJIOKHUTEIBHOI0 KBapaHTa IIIOCKOCTH (S, /), HE MOXKET 32 KOHEUHOE BPEMSI BOUTHU B KaKyIo Obl
TO HU OBLIO TOUKY paBHOBecHs. [103ToMy TpaekTopuel paccMaTpUBAaEMOr0 PEIICHUS SBIISIETCS YacTh
KpUBOH (6) MeX Iy TOUKaMU ee repeceueHus ¢ ocbto / = 0. HarmpaBnenue qBMKeHUS 10 HEH ornpees-
€TCSl MOHOTOHHBIM yObIBaHWEM (QYHKIUU S(f). DTa TpaeKTOpHUs C JIBYX CTOPOH IMPUMBIKAET K TOYKAM
pasHoBecus (S, 0) u (S,, 0), mo3TOMY BpeMsi IBUXKEHUS 10 HEil He MOXKeT ObITh KOHEUHBIM. DTO obecrie-
YUBAeT JABYCTOPOHHIO OECKOHEYHYIO MPOJOIKUMOCTh PACCMATPHUBAEMOTO PEIICHUs U CyIeCTBOBA-
HHE KOHEUHBIX MpefenoB /(—wo) = I(+w) = 0, S(—w0) = §,, S(+o) = S,.

CanenctBue 1. /nsa moboeo pewenusi cucmemst (1)—(3) ¢ nonoscumenvubiMu HauaIbHBIMU OAH-
notu S(t)) > 0, 1(t)) > 0, R(t)) > 0 cywecmayrom xoneunvie npedenvi R(—wo) < R(+c0).

HoxkazaTtenscTBo. B cuny (3) 11 KOMIIOHEHTHI R ©MeeM MPEACTaBICHUE

R(#) = R(to) +Yj 1(s)ds,
t0

obecrieunBaroiee MOHOTOHHOE Bo3pacTaHue GyHKIuK R(f) mpu Bcex ¢ € R U, claeqoBaTenbHO, CyIe-
CTBOBaHUE MpeAenioB R(—w) < R(+o0), KOHEYHBIX UIH O€CKOHEYHBIX.

Cuctema ypaaenuii (1)—(3) mmeeT oueBHIHBIN nepBoId mHTETpan S(f) + I(t) + R(f) = const. s
paccMaTprUBaeMOro peuleHus oH aaet cootHowmenue S(f) + (1) + R(H) = S(,) + 1(t,) + R(¢,). Orcrona, uc-
[0JIb3Ysl yTBEPIKICHHUE 1, OJydaeM paBeHCTBA
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R(=00) = S(ty) + I(ty) + R(ty) — S(=0), R(+0) = S(t) + 1(ty) + R(ty) — S(+o0),
03HAYaIoNIe KOHEUHOCTH MPeAeNioB R(—w) u R(+oo).

3ameuanue 2. MbI npeamnosiaraeM, 4To 10 Hadaja SMHUIEMUN CIydan 3a00JIeBaHHs OTCYTCTBY-
10T. [loaTOMy mpuHUMaeM, 4TO IS JIFOOOTO PelIeHu s, OITUCHIBAIOIIETO MTPOILIECC Pa3BUTHS dUICMHUM,
JTOJKHO BBITIOTHATHCA ycioBue R(—) = 0. B 3ToM ciydae nepBblif HHTErpasl CUCTEMBI ypaBHEHHH (1)—
(3) umeet BUg

S@) + 1(t) + R(f) = S(—). @)

BennuwnHa S(—o0) UMEET CMBICI HAYaIBHOTO (/10 HaYaia pacipoCTpaHeHHUs] MHPEKIINH) KOJTNYeCTBa
BOCIIPUMMYHBBIX U SBISIETCS OAHUM W3 OCHOBHBIX TapaMETPOB MOJIETH SIHAEMHUYECKOTO TpoIecca.
B manpHel1eM MBI HCIIOTB3YeM IS Hee o0o3HaueHune N = S(—o0).

Takum 06pa3om, Tr00bIe pemeHnus cucteMmbl ypaBHeHUH (1)—(3) ¢ TOMOKHUTEIHPHBIMU HaYaIbHBIMA
JMIAHHBIMH OIMHUCHIBAIOT HEOOPATUMO 3aTyXAIONIYI0 H30JIUPOBAHHYIO BOITHY SITHASMHYIECKOTO ITPOIECcca.
J171s1 3TOM BOJIHBI KIMEET MECTO JKECTKasl 3aBUCUMOCTh MKy Ha4aJIbHBIM KOJIMYECTBOM BOCIIPUHUMYH-
BbIX N =S5(—0) u oOmumM uucioM nepedosneBmux M = R(+o0). DTa 3aBUCUMOCTh YCTaHABJINBACTCS
CJIEYIOIINM XOPOIIIO U3BECTHHIM [3] yTBEpKICHUEM.

CnencrtBue 2. /s mobozo pewenus cucmemvl (1), (2) ¢ nonosxcumenpbHolMU HA4AIbHBIMU OAH-
HbIMU CRPABEOIUBO PABCHCMEBO

S(—0) exp(—gS(—oo)j = §(+00) exp(—gS(+oo)j.
Y Y

HoxazaTtenbcTBo. [lonaras B (6) ¢, = —oo 1 yuntsiBasi, uro [ = I(f) u S = S(¢), npu t — +oo nomy-
YHUM COOTHOIICHHE

S(~00) — S(+00) + %mm -0, ®)

S(=0)
DKBUBAJICHTHOE TPEOYyEMOMY.
HMeroT MeCTO TakXKe CIICAYIOIINE YTBEPIKICHHUS.
CnenctBue 3. /s moboco pewenus cucmemot (1), (2) ¢ nonodxcumenvHviMu HA4AIGHBIMU OAH-

N
HbIMU CNpasedauso pageHcmeo M = lln—.
a N-M
HJokaszaTtenbcTBo. B cuny (7) umMeem paBeHCTBO
M = R(+00) =N —I(+0) = §(+00) = §(—0) — §(+00).
Otcrona u u3 (8) mosrygaeM COOTHOIICHUS
M= ) =Y N .
o SHwo) o N-M

CnencrtBue 4. [na mobozo pewenus cucmemwt (1), (2) ¢ nonodxcumenbHulMU HA4AIbHBIMU OAH-
HbLMU CHPABEONUBbI PABEHCEA

A_=aN-vy, Ar=a(N-M)-y.
HokaszaTenbcTBo. TpeOyeMble paBEeHCTBA BHITEKAIOT HEIIOCPEACTBCHHO U3 IIpeACTaBICHUS (4):

t
A_= lim llnl(t) = lim lI(OLS(I)—y)dt =oS(—0)—y=aN -y,
t——oof ta—ootto

t
Ay = lim l1nI(t)= lim 1J(OLS(Z)—Y)dl‘=OLS(+OO)—'Y=OL(N—M)—Y.
t—>+0 t l%+oott0

CneactBue 5. /[usa ar0boeo pewenus cucmemst (1), (2) ¢ noroscumenvuvimu HAYAILHLIMU OAH-
HbLMU CNPABEOIUBO PABEHCNEO
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JloxasatenbcTro. llpu ¢ = ¢, Benuunna /(f) 1OCTUraeT MakCUMyMa, MO3TOMY BBITIOJHEHO Pa-
BEHCTBO Z =0, koTopoe B CHITy ypaBHEHHS (2) SKBUBAJICHTHO ycinoBuio aS(f,)I(¢,)—vI(t,)=0. Tak
kak I(f,)# 0, nMeeM COOTHOIIECHHS

le(tp):N_R(tp)_l(tp)zN_Xp'
o

CdopmynupoBaHHbIE YTBEPKACHUS MO3BOJIAIOT KaK OMPEACTUTH BO3MOXKHOCTD IIPE/ICTaBlIeHNs Ha0-
JronaeMoro npouecca moaenbio SIR, Tak u oueHUTH ee mapaMeTpsl. st 5TOro He0OX0IUMO U3 KaXa0-
r'0 U3 IPUBEACHHBIX YCIOBUH BBIPA3UTh BEIUYUHY /Y M IPUPABHATH MEKIY COOOI MOTyUYEHHBIEC BbI-
pakeHus. B pesyibraTe oay4nM COOTHOIICHMSI, CBS3bIBAIONINE HAOIIOAaEMbIE ITapaMeTphl IpoLecca:

ML S — S — ©)
M N-M N-X, NG -L)-Mhk_

Cpenu paBeHCTB (9) TOIBKO TIEPBOE SBISETCS YPaBHEHHEM, TIO3BOJISIONIUM ONPEICIIUTh 3HAYCHHE
BEIMYUHEI V. YCIOBHE €ro pa3penimMOCTH AaeT HeoOXOIUMOe YCIOBHE TPUMEHUMOCTH Moneiun SIR,
T. €. BOBMOYKHOCTH TIPEJCTaBJICHUs ((PaKTHUECKH, arMMPOKCHMAIIH) HAOII0AaeMOTO ATHAEMHYECKOTO
IpoIiecca ¢ MOMOIIBI0 KaKoro-1100 perieHns cucteMsl ypaBHeHui (1)—(3).

YrBepxaeunue 2. Ypasuenue

N M
N-M N-X,

1 (10)
Kax ypasHenue omuocumenvHo N umeem noI0dCUMENbHOE peuleHue, YOOBIemeopsaoujee Ycio8uro
N> M, mozoa u monvko mozoa, kocoa M > Xp > MJ2.

HoxkasarenscTso. [lus ynobcTsa BBeeM HOBbIC IiepeMeHHble X = N/M u a = X,/M. B s1ux ne-
PEMEHHBIX TI0CTIe TTPOCTHIX TTpeobOpa3oBanuii ypasuenue (10) mpumeT BUI

1

ln(1+1)
x—1

Oynknus F onpeneneHa U HeMIpephIBHA TIPH BCeX X > | U sABIIsieTcs YOBIBAOIIEH, IIPU ATOM CYIIIECTBY-
10T KoHeuHble npeaensl F(1 + 0) = 1, F(+o) = 1/2. [lostomy F(]1, +oo) = ]1/2, 1[, a 3T0O 1 03HAYAET, YTO
ypaBHEeHHE F(x) = a pa3pennMo U UMEeeT PelieHNe, yI0BIETBOPSIONIee YCIOBHIO X > 1, TOT/1a M TOJIBKO
Torma, koraa a € |1/2, 1[. Bo3Bpamasich kK HICXOTHBIM TTIEPEMEHHBIM, UMEEM TpeOyemoe.
Cunencreue 6. Bunonnenue nepasencmea X, > M/2 agnsemcs neobxooumvim yciosuem npeo-
CMasuMocmu HabII00aAemMo20 INUOEMULECKO20 npoyecca ¢ Nomouvio cmayuonaphou mooeau SIR.
YrBepxkaenue 3. Boinoanenue coomuoutenus

?\«_ _7\.+ X
A

F(x)=x- =a.

M= » (1)

SA6AeMCsL HEOOXOOUMBIM YCL08UEM NPEOCMABUMOCTU HADII00AEeMO20 INUOEMULECKO20 NPOYecca ¢ No-
Mowwro cmayuonaprou mooeau SIR.

HoxaszaTenbcTBo. Bropoe u3 paBeHcTB (9) 5KBUBaJIEHTHO JIOKa3bIBAEMOMY COOTHOIICHHIO.

3ameuanue 3. [lpu Beimonnenuu ycnoBus (11) TpeTbe U3 BO3MOXKHBIX IMapHBIX paBEeHCTB (9)
SKBHUBAJICHTHO ypaBHeHUIO (10) 1 He HaKIaABIBAET HUKAKUX JOTIOTHUTEIBHBIX YCIOBHI Ha TapaMeTPhI
TIporiecca.

3ameuanue 4. Ilpu BemmonHenun ycnosus (11) HepaBencTso X, > M/2 SKBHBAJICHTHO yCIIOBHIO
A > A,

Hcnonb3yst mpUBEICHHBIC BBINIE YCIOBHS, MOXHO CHOPMYIUPOBATH METOAMKY HJICHTU(DUKAIIMU
cranroHapHoi Moaenu SIR 1o HaTypHBIM JaHHBIM CICAYIONIUM 00pa3oM.

[laz 1. Onpenennts Benuuunbl M, X, L., A HEMOCPEACTBEHHO AMOO Iy TEM ANNPOKCUMALINH JaH-
HBIX TI0 METOAMKE, MPUBEACHHOH B [6].



Becui Hanpisinanpnait akagomii HaByk benapyci. Cepsis dizika-maramarsraabix HaByk. 2026. T. 62, Ne 1. C. 38—47 43

Llaez 2. ITpoBepuTh NpuMEHUMOCTH Moienn SIR Ha OCHOBaHMM CIIEACTBUS 5 MyTeM IIPOBEPKHU YCIIO-
Bust X, > M/2 wnn yenosus (11).

Illae 3. Pemrast ypaBuenwue (10) oTHOCHTENBHO N, ONpeNenuTh HA4YaIbHYI0 YHCICHHOCTh BOCIIPUUM-
YUBBIX.

Llae 4. C moMOMIBIO CIIENCTBUS 4 OMPENeNUTh ITapaMeTphl o U Y 110 popMyIam

ocz—x__h, yz—x__x+N—k_. (12)
M M

[IprMeHeHne faHHON METOAMKHU K MOAETBHBIM IPUMEPaM JaHHBIX, COOTBETCTBYIOIIUX PEIICHUSIM
cuctemsl (1)—(3), TO3BOISET BOCCTAHABINBATH KOAPPHUITUEHTHI CHCTEMBI C JTI000H TpeOyeMoil TOUHO-
CThIO. BiimsiHne cmy4ailHpIX MCKa)XEHWH Ha MPOIECC MPUMEHEHHS IpeaaraéMoil MeTonNuKu Tpedyer
OTJENBHOTO HCCIICAOBaHUSI.

Hpumep. dus cucrems ypasrenuii (1)—(3) npu oo = 107, y = 107 ¢ Haua bHBIMH YCIOBHAMH
S(0) = 2000000, 1(0) = 10, R(0) = 0 nux 3abonesaemocTn HacTynaer npu £, = 120,7. On xapakTepusy-
eTCsl CIICYIOIMMU 3HAYCHUAMU NepeMeHHbIX: S(t,) = 999725,76; 1(t,) = 306862,78; R(z,) = 693421,46;
X, =1(,) + R(z,)= 1000284,24. SnnyemMudeckas BOIHA B OCHOBHOM 3aryxaet mpH ¢ > 300, Tak Kak mpu
t =250 umeem 1(250) = 394,87, a yxe npu ¢ = 300 umeem /(300) = 20,3. [ToaTomy nmpuHUMaeM CIeIyI0-
M€ OLEHKHU BEJINYMH, HEOOXOIUMBIX JJIs1 BOCCTAHOBJICHUS IapaMETPOB CUCTEMBI:

M = X(300) = 1(300) + R(300) = 1593627,21;
Ay =In(1(300)/1(250))/50 =-0,059354478;

A= ln(I(IO)/](O)) /10=0,999985.
J11s1 5 TUX OLIEHOYHBIX BeIU4MH yciioBue (11) BeIMoiHEHO, Tak Kak

QXP =1594080,183,

YTO JOCTATOYHO OJIM3KO K olleHKe BennumHbl M. Pemenue ypasuenus (10) gaeT 1ocTaTouHO TOYHYHO
orenky Beanunubl N = 1998780,01, a mo dopmyram (12) momydaem 3Hauerus o = 0,999939 - 1077,
v = 0,099989, mouTu coBmagaronIue ¢ ICTHHHBIMU.

3amevanue 5. Ecnu BeTWYWHBI A,, U A_ U3BECTHBI, HO OIICHKA BEIWYWHBI M MO KaKHUM-THOO
MpUYMHAM HEBO3MOXKHA (HAIIpUMep, M3-3a OBICTPOTO Hayaja CIECAYIOIIEH BONHBI SITUIEMIH), €€ TIPe-
rojlaraeéMoe 3HaueHHe MOXKET OBITh BBIYHCIEHO 1o ¢opmyne (11), mocie gero moxxHo OyneT BoccTa-
HOBHUTH OCTAJIBHBIC MApaMeTPhl B 00IIeM mopsijike. B 3ToM ciydae mpoBepka MPUMEHUMOCTH CTaI[uO-
HapHoi mozaenu SIR gomxHA MPON3BOAUTHCA MyTEM CPaBHEHHUS pelieHus cucTeMbl ypaBHeHui (1)—(3)
C COBOKYITHOCTBIO HATYPHBIX TAHHBIX.

Pe3yabraThl NpuMeHeHHsI METOAQ K PeajibHBIM TaHHBIM. {71 MpOBEpKH MPUMEHUMOCTH TPH-
BEJICHHBIX BBIIIE YCJIOBUU JUISI PEANbHBIX SIMUIEMHUYECKUX MPOIECCOB HAMU OBUIH HWCTIOIH30BaHBI
00IIeIOCTYIIHBIE OMyOJWKOBaHHbBIE NaHHbIE 0 3a0oneBaemMoctn COVID-19 B Uramuu u ['epmannm,
pa3MelnieHHbIe Ha caiite YHuBepcuteta [[xonca XonkuHuca (https:/coronavirus.jhu.edu). C nenbto uc-
KJIFOUEHUS BIIMSHUS TAaKUX 3HAYUMBIX ()aKTOPOB, KAK MacCOBasl BAaKIIMHAIIMS U MEPEKPECTHBI UMMY-
HUTET K OoJiee paHHUM BapuaHTaM Bupyca SARS-CoV-2, Mbl orpaHudMBaeMcs JIMIIb JAHHBIMU O XOJIe
MIEPBOI BOJHBI MAHAEMHUH, IPOTEKABIIEH B 3TUX cTpaHax B nepBoil nojosuHe 2020 r. Bei6op nmMeHHO
3TUX CTPaH B Ka4eCTBE HCTOUYHHKA ITPOBEPOYHBIX JAHHBIX O0YCIIOBJICH TaK)KE XapaKTEPOM MPOTEKAHUS
B HUX SMHUJAEMHUYECKOTO Tpoliecca B (hopMe, OIM3KOH K TEOPETHUECKOH, — B BHJIE XOPOIIO o(opmMIileH-
HOW W30JIMPOBAHHOW BOIIHEI C KPYTHIM ITOJTLEMOM H 00JIee TTOJIOTHM CHaoM.

Bo Bcex ciyyasix olleHKH BeJIMUMH M, A_ 1 A, OCYIIECTBICHBI C TOMOIIbI0 METOIUKH, TIPEII0KEH-
HOU B [6], 0€3 MPUMEHEHUSI JIOTIOJIHUTEIIBHOTO CTIIaKUBAHUS JIJIsL IAHHBIX 110 [epMaHuu U C JOTIOTHU-
TEIBHBIM CIUIAKMBAHUEM JAHHBIX 10 UTanum.

ITepsrie mammenTsr ¢ COVID-19 6sutn 3apeructpupoBansl B ['epmanuu 2 despans 2020 1. Yepes
137 nHeit mocne yka3aHHOW AAaThl JaHHBIE O €XKETHEBHOM ITPUPOCTE YHCIa HHOUITUPOBAHHBIX [TOKA3AIH
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MpeKpalieHre craia MepBOd BOJIHBI M HA4aJio HOBOTO MogbeMa 3aboneBaeMocTr. Ha 3Tom oTpeske Bpe-
MEHH sl BeIMYMHBI X(f) ory4eHa cieyomas annpokcuMupyomas Gpysakuus (puc. 1):
X(0)= 190119 ‘
1+12exp(—0,045¢) + 270603 exp(—0,2¢)

W3 Hee moydaeM CIemyONpe OMEHOYHBIC 3HAUCHHS I TpeOyemMbix Beaudann: M = 190119; A_ = 0,2;
A= —0,045. Ucxons W3 MaHHBIX O BETWYHWHE ©KETHEBHBIX IMPUPOCTOB YUCITIA HWHPHUITUPOBAHHBIX, IS
MOMEHTa JOCTHKEHHS [UKa 3a00IEBAEMOCTH MMEEM HHTEPBA /, = 57+63. OTCiona st Benu4nnbl X,
nony4aeM oueHky X, < 79698, uro namHoro menbiue, 4em M/2 = 95059,5. DTo no3pouseT caenarh Bbl-
BOJ O HEIPUMEHUMOCTH cTanuoHapHoi wmomenu SIR mns ommcanus mepBoit Bomusl COVID-19
B ['epmaHuu.

Bbruncinsist cornacHo 3aMedanuto 4 mpenmnojaraeMoe KOJIHYECTBO MepedoIeBIINX 3a BECh MEPUO
MIEPBOH BOJHBI SNMUAEMUH ¢ ToMoLIbI0 hopmysl (11), momyuaem ouenky M = 97196,92. CooTBeTCTBYIO-
mee STOMY 3HAYCHHWIO HadalbHOE KOJUYECTBO BOCIPUHUMYHMBBIX IMOiydaeMm, pemias ypaBHenue (10):
N = 97629,16. OTu 3Ha4YeHUsI OYEHb ONM3KH, YTO O3HA4YaeT OBICTPOE 3aBEPIICHUE SIUIEMHUYECKOTO
rnpoiecca, onuchiBaeMoro Mozeipto SIR, mocne AOCTHKEHHUS! MAKCUMAJIBHOM CKOPOCTH PaclpocTpa-
Henus. BoccranaBmuBasi kodddunnentsl cucteMsl (1)—(3) mo dopmynam (12), momydaem 3HaAUYCHHS
0=0,258 - 107, y = 0,046. COOTHOMEHNE INHAMHUKH PEabHOrO SIUIEMUYECKOTO POLECCa U €ro MO-
JIEJTU TIOKa3aHo Ha puc. 2 u 3.

[epsoie manuentsr ¢ COVID-19 Obumn 3apeructpupoBansl B Mramuu 7 despans 2020 r. Yepes
120 nHei maHHBIE O €XEIHEBHOM MPHPOCTE YHCIa MHPUIMPOBAHHBIX MOKA3alli MPEKpalleHue crajia
MEPBOI BOJIHBI U HAa4YaJI0 HOBOT'O MoJbeMa 3abosieBaeMOCTH. Ha 3TOM OTpe3ke BpeMEeHHU AJS BEIHYU-
HbI X(f) mony4eHa cieayonias anmpokcumMupyomas GyHkiuus (puc. 4):

X(0)= 238540
1+50exp(=0,0635¢) + 88216 exp(0,223¢)

Hcxons n3 9To# anmpokcuMaIum, MOXXHO TIOJTYYHTh CIEAYOIINE OLNEHOYHbIE 3HAYCHUS [ Tpe-
Oyembix BenuunH: M = 238540; A= 0,223; A= —0,0635. Vcxonst 13 JaHHBIX O BEIHMYHHE €KEeTHEBHBIX
MIPUPOCTOB UHCIIa MHOUIIMPOBAHHBIX, 11 MOMEHTA TOCTHIKEHHUS ITHKa 3a00JIeBAEMOCTH HMEEM HHTEP-
Bain £, = 50+55. Orcroza uist BemauHel X, mojty4aeM oLeHKy X, < 80589, 4To HAMHOrO MEHBbLIE, YeM
M/2 = 119270. D10 MO3BONSET CAeIaTh BBIBOJ O HEMPUMEHHUMOCTH CTallMOHApHOH Momenu SIR s
omucanus nepsoit Boasl COVID-19 B Utanumu.

Puc. 1. ExxenneBHbII npupocT BeIIBICHHEIX 3apaxkeHnit COVID-19 B 'epmannu B peBpane — urone 2020 1.
1 rpaduk mpupaIIeHuii annpoKCHMHPYIOmel QyHKITNH

Fig. 1. Daily increase in detected COVID-19 infections in Germany in February — July 2020
and the graph of the increments of the approximating function
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Puc. 2. EsxetHeBHEIN TpUpocT BBIsABICHHBIX 3apakeHnit COVID-19 B ['epmannu B ¢eBpaie — urone 2020 r.
W COOTBETCTBYIOIIEeE pemeHue cucteMsr (1)—(3)

Fig. 2. Daily increase in detected COVID-19 infections in Germany in February — July 2020
and the corresponding solution of the system (1)—(3)

140000
120000

100000

Puc. 3. O61ee xoanuecTBO BEIsIBIEHHBIX 3apaxenuit COVID-19 B 'epmanuu B despaie — ntone 2020 r.
W COOTBETCTBYIOIIEE pemeHue cucteMsr (1)—(3)

Fig. 3. Total number of detected COVID-19 infections in Germany in February — July 2020
and the corresponding solution of the system (1)—(3)

Berauncisist cornacHo 3aMe4aHuo 4 pernoiaraeMoe KoJHIecTBO epeOoIeBIINX 32 BECh IEPUOJ TTep-
BOI BOJTHBI AU IEMHH C TOMOIIbI0 popmyis (11), momyyaem onenky M = 103555. CooTBeTCTBYIOIIEE 3TO-
MY 3HAUCHUIO HaYaJhbHOE KOJMYECTBO BOCIIPUUMUHMBBIX Mojy4yaeM, petas ypasaenue (10): N = 105089.
OTu 3HaYCHHUSI TAK)KEe OUCHb OJIM3KH, YTO, KaK U B Cllydae JaHHBIX 10 [ epMaHuy, 03HauaeT ObICTpOE 3a-
BEpLICHUE AHIEMHYECKOTO IpoLecca, ONUchiBaeMoro Moenbio SIR, mociie JoCTHKEHHUST MaKCHMaJlb-
HOU CKOPOCTH pacmupocTpaneHus. BoccranaBnusas ko3 dunuentst cuctems (1)—(3) mo popmymnam (12),
nosyuaem 3Hauenus o = 0,292 - 107>, y = 0,076. COOTHOLICHHE JUHAMHKH PEaIbHOrO SIHAEMUYECKOr0
mporecca 1 ero MoAesH M0Ka3aHo Ha puc. 5.
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Puc. 4. ExxeqHeBHEBIN TpupocT BBIABICHHBIX 3apaxkennit COVID-19 B Utanuu B despaine — ntone 2020 r.
1 rpaduK IpUpaIIeHHH anmmpoOKCHMHPYIOMmeH QyHKITHH

Fig. 4. Daily increase in detected COVID-19 infections in Italy in February — July 2020
and the graph of the increments of the approximating function

Puc. 5. ExxenqHeBHBII pUpOCT BBIsABICHHBIX 3apaxennit COVID-19 B Utanuu B peBpane — utoine 2020 r.
1 COOTBETCTBYMOLIee penienne cucteMsl (1)—(3)

Fig. 5. Daily increase in detected COVID-19 infections in Italy in February — July 2020
and the corresponding solution of the system (1)—(3)

BoiBoabl. Ha ocHOBe mpenjiokeHHOH METOAMKU BO3MOXKHA 3()(eKTHBHAS MPOBEpKa NPUMEHHMO-
cTH cranmoHapHOH Mozenu SIR B Ka)KJOM KOHKPETHOM cilydae, a TAK)Ke OLEHKa €€ IapaMeTpoB B CIIy-

4Ja€ IpUMCHHUMOCTH.

Hns mogenmupoBanus mepBbix BorH COVID-19 B Urannu n ['epmannm, TeopeTHdeckn Hamboee
COOTBETCTBYIOIINX YCIOBHSIM IIPUMEHUMOCTH cTarinoHapHoi Mosienu SIR Omaromapst OTCYyTCTBHIO 3Ha-
YUMBIX BHENTHUX BO3JCHCTBUM, CTallOHApHAS Moaenb SIR HempumMeHnMa.
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THE NON-RELATIVISTIC PROBLEM FOR A SPIN 3/2 PARTICLE
IN MAGNETIC FIELD, AND TETRAD GAUGE TRANSFORMATIONS

Abstract. In the present paper, we will focus on the non-relativistic problem for a spin 3/2 particle in magnetic field,
applying cylindrical coordinates and two tetrads: Cartesian and cylindrical. Here appear six different presentations for
4-component wave functions: three Cartesian ones L™, ¥ ", ¥ " and provided by using the relevant gauge transformation
L% = S(¢)L™ three different presentations in cylindrical tetrad L™, W', ¥, First, we specify the non-relativistic equa-
tion for a spin 3/2 particle in magnetic field for Cartesian tetrad in bases with non-diagonal and diagonal matrix of the third
spin projection. Solutions of two types are found: the first one is associated with the operator of the orbital angular momen-
tum; the second solution relates to the third projection of the total angular momentum. Equations arising here are solved in
terms of the confluent hypergeometric functions, and the corresponding energy spectra are found. The gauge transformation
is introduced which relates two tetrads: Cartesian and cylindrical; it permits us to transform the system of equations in polar
coordinate from Cartesian tetrad to cylindrical one. The rules for gauge transformations of diagonalized operators of the total
angular and orbital momentums are found.

Keywords: spin 3/2, non-relativitic approximation, tetrad formalism, gauge symmetry, external magnetic field, exact
solutions
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A. M. Ky3bmnu, A. B. UBamkeBuy, B. M. Peabkon

HUnemumym pusuxu umenu b. U. Cmenanosa Hayuonanvnou akademuu nayk berapycu, Munck, Pecnybauka benapyco

HEPEJISITUBUCTCKOE OIIUCAHHUE YACTUIBI CO CIIMHOM 3/2 B MAT'HUTHOM IIOJIE,
TETPAJHBIE KAJIUBPOBOYHBIE IPEOBPA3OBAHUSA

AHHoTanus. PaccMoTpena 3aaua 0 HepeIITHBUCTCKOM YacTHIIE CO CITMHOM 3/2 B MAarHUTHOM TI0JIC C UCTIOJIb30BAHUEM
MUIMHAPUYIECKIX KOOPAUHAT U IBYX T€Tpaj — JIeKapTOBOW M IMINHIPUYECKON. 3/1€Ch BOSHUKAIOT pa3InYHbIE TIPEACTaBIIe-

u o cart cart \y cart
HUs 17151 4-KOMIIOHEHTHOW BOJIHOBO# QyHKumu: Tpu aekaproBeix L W™, W U TIOJIy4aeMbIX C MCIOIb30BaHUEM Ka-

JTMOPOBOYHOIO MPeodpa3OBaHMsI L = S(¢)L= tpu mmmaaaprueckux LY, WY P Cuauana BBomuTCS HepensTHBHCT-
CKO€ ypaBHEHHE ISl YaCTHIIBI CO CIIMHOM 3/2 B 0a3mcax ¢ HeIWaroHAJIbHOW M ITHATOHAJIBHOW TPEeThel MpOeKIHeH CrrHa.
Hatinens! perieHus IByX THUIIOB, IEPBBI COOTHOCUTCS C IMAarOoHAJIU3aLUCH oniepaTopa OpOUTaIBbHOTO MOMEHTA, @ BTOPOH —
¢ AMaroHaln3aIuel oneparopa TPeTheH MPOEKINHN MOTHOTO YTJIOBOTO MOMEHTa. Bo3HuKkaronue npu 3ToM AndhepeHnnaisb-
HbIE ypaBHEHUS PEIICHBI B TEPMHHAX BBHIPOKICHHBIX THIEPTeOMETPUIECKUX (PyHKIUH, HallIeHBl COOTBETCTBYIOILIHE CIIEK-
Tpbl 2Hepruu. BeoanTcst kannbpoBoyHOE NMpeodpa3oBaHUE, KOTOPOE CBSI3BIBAET AEKAPTOBY M LUIMHIPUYECKYIO TETPabl
U T03BOJISIET PpeoOpa3oBaTh CHCTEMY ypaBHEHHUIl B MOJSPHON KOOPIMHATE OT JEKApTOBOH TETPalbl K IMJINHAPHYECKOIL.
OmnpeneneHbl IpaBuia KaluOPOBOYHBIX IPe0Opa30BaHU ISl AUATOHAIN3UPY FOIUXCSI ONIEPATOPOB HOJIHOTO U OpOUTATIBHO-
I'0 YTJIOBOI'O MOMEHTA.

KuroueBble ci10Ba: crivH 3/2, HepeJITHBUCTCKOE TIPUOIMIKEHUE, TETPaHbIA GpopManniM, KaTnOpPOBOYHAS CHMMETPHS,
BHEIITHEE MAarHUTHOE T10JI€, TOYHBIC PELICHUS

© Kuzmich A. M., Ivashkevich A. V., Red’kov V. M., 2026
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Jas nuruposanus. Kyssmud, A. M. HepensTuBucTckoe onucanye 4acTHIIBI CO CITMHOM 3/2 B MAarHUTHOM I10JIe, TeTPas-
HbIe KaTnOpoBouHbIe mpeobpazoBannsi / A. M. Ky3pmuu, A. B. Bamkesud, B. M. Penpkos / Becui HanpistnanpHait akammii
HaByk benapyci. Cepsis ¢izika-MaToMaThIYHBIX HaByK. — 2026. — T. 62, Ne 1. — C. 48-58. https://doi.org/10.29235/1561-2430-
2026-62-1-48-58

Introduction. Spin 3/2 particle, after seminal papers [1-3], attracts steady attention of scientific
community. For instance, see the recent papers [4—13]. In particular, a special attention was given to
the non-relativistic approximation for this theory in electromagnetic and gravitational fields [11, 13].

In Minkowski space-time, one may apply the usual Cartesian coordinates, but in curved space-time
models we should use curvilinear coordinates an tetrad formalism [13]. In Minkowski space, one also may
apply the tetrad approach, when this a substantial role play the local Lorentz gauge transformations related
to freedom in choosing tetrads. In the present paper, we will consider the problem of a spin 3/2 particle in
the external magnetic field, applying cylindrical coordinates and two tetrads: Cartesian and cylindrical.
In the non-relativistic problem appear six different types of 4-component waves functions [12]:

Lcart = LPcaIt N q,cart; Lcyl — [B(¢) ® O(d))]Lcart; Lcyl N chyl N \Tlcyl’

where B(¢) ® O(¢p) stands for the relevant spin-vector gauge transformation, and bar-symbol is
associated with the so-called cyclic basis in which the third spin projection is given by a diagonal matrix.

Equation in Cartesian tetrad basis. The uniform magnetic field along the axis z is described
by relations 4=(1/2)Bxr,Fj; = B; whence after recalculating to cylindrical coordinates we obtain

Ay = —Br? /2. We start with a 4-component for a spin 3/2 particle (in Cartesian tetrad basis)

2 [ A2 2 2]
mlpe- 1|07 10 1 i+ii,4¢ + 9 e _ M pg e )
ot 2M | o ror p2\ 09  hc 0z 2M
in this basis, the spin matrix Sj is not diagonal:
-1/2 0 1 0 Y
0 +1/2 0 -1 . Y32
S3 = , ¥o= . ()
0 0 +3/2 0 w$
0 0 0 -3/2 ¥
We can find a transformation ¥ =SW¢ to a basis in which a new matrix S3 becomes diagonal:
0 0 01 0o -1/2 0 1/2 -3/2 0 0 0
-2 0 1 0 4 720 -1/2 0 — 0 -1/2 0 0
S= ; = . S3= SN E)
0 -2 01 0 0 0 1 0 0 1/2 0
0 0 1 0 1 0 0 0 0 0 0 3/2
the new components of the wave function are given by the formulas
PE=ws, P5=-2¥{+¥5, P5=-2W5+¥5 WP§=Ys. @)

In this diagonal (or cyclic) presentation, the main equation reads as

2 2 2 2
plge- 1| 0” 10 1 i+iiA¢ 2 ‘T‘C—ﬂB@‘T’C, )
ot 2M | o ror p2\0¢ e 0z 2M

and here we have four separated equations.
Quantum numbers m and j, Cartesian tetrad basis. One can search for solutions of two types.

The first variant is associated with the operator of the orbital angular momentum [y = —i0y :
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Ni(r)
_ pict yikz yimo f2(r) ’

Sf3(r)

Sa(r)

In accordance with (5), equations for four components in cyclic basis are not linked to each other, and

v LYS =m¥sS, m=+ i% ©)

four independent solutions exist; all four solutions satisfy the eigenvalue equation —idy'¥ fn)m =m¥Y fn)m;

these solutions \an) relate to different values of the third spin projection: s3 =-3/2,-1/2,+1/2,43/2.
The second variant is associated with the third projection of the total angular momentum,

J 5 =—i0¢+ S5. First, we will consider the eigenvalue problem in cyclic basis

e iqu)g 1

TCHRE — :HC Wyl _ et ikz ei02¢g2 .
J30; = j@j, Vi=e e | (J=J3)- (7)
ezc3¢g3

e i04¢g 4

The function ‘T’; from (7) is eigenvalue one for the operator J§, only if

G1-3/2=j=01=j+3/2, 'V (1)
6r-1/2=j=0,=j+1/2, e prict yike D06, (1) ®
o3+1/2=j=03=j-1/2, / Db g (1)
c4+3/2=j=04=j-3/2; ei(j—3/2)¢g4(r)

. . . . 1=
Let us make inverse transformation to a non-cyclic presentation, @5 =S"®9 :

~i3/20_ijd

l(—e"/z‘j’e"jd’gg +e e g4)

2
L) o
WE = i 5(6+l3/2¢e’]¢g1 _ o-il20

g 3) : ©
¢ 320,

81

o H3/20 it
Let us find four equations corresponding to the equation in non-diagonal basis:

2 2 2
2Mf+a—+l£+i i+ieA¢ +a—+eBS3 Y =0;
ot ror 2\ 0 oz?

making the formal replacements eB = B, ed= A, 8% /82> =k, 2Me—k*> = E, we get

20 1 o [ e e )2
E+i+l£+L i+iA 2+B 0 /2 0 - (ei61¢g1_ei63¢g3)/2 =0;
o2 ror r2\ap Ot 0 0 +3/2 0 oty :
0o 0 0 -3/2 o
e g
2
whence 4 separate equations follow (let us apply the shortening notation A= E + d_2 + 1d ):

dr rdr
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1 1 1 ; 1 1 3 ;
—5|:A—r—2(02 +A¢)2 —EBilelo-zq)gz +EI:A—F—2(G4+A¢)2+EBj|€lG4¢g4:0,
1 1 2 3 ic1d 1 1 2 1 i530
A (014 4g) 2 —2 B |eMg) — | A (03 + Ay)? —~B |3 g5 =0,
2[ rz( 1+4y) > } 817 r2( 3+4y) > g3

1 ; 1 ;
[A——z(cm +4y)° +§B}e’o4¢g4 =0, [A——z(cl +4y)° —LB}»"’I‘*’g1 =0.
r 2 r 2
Let us take into account 6y = j+3/2,06,=j+1/2,63=j-1/2,064 = j—3/2, then we get

{A—iz(j+1/2+,4¢)2 —%B}ei(ﬁl/z)d’gz +{A—L2(j—3/2+A¢)z +§B}ei(j_3/2)¢g4 =0,
r r
[A—iz(j+3/2+A¢)2 %B}"U*”ng —[A—iz(j—l/2+A¢)2 —%B}ei(j_l/2)¢g3 =0,
r r
{A—%(j—3/2+A¢)2 +%B}ei(j_3/2)¢g4 =0, [A—%(j+3/2+A¢)2 —%B:|ei(j+3/2)¢g1 =0;
r r

in each equation, we can eliminate the total multiplier /%, so obtaining

{A—iz(jﬂ/zmq,)z —%B}fﬂ%gz J{A—iz(j—s/zwq,)z +%B}ei(_3/2)¢g4 =0,
r r

[A_Lz(j+3/2+A¢)2 —%B}ei(ﬂ/z)d’gl _[A_iz(j—l/uA(I,)z —%B}ei(l/z)d’gg =0,
r r

[A—iz(j—yzm(b)z +%B}ei(_3/2)¢g4 =0, [A—Lz((j+3/2)+A¢)2 —%B}e"“-””)d’gl =0.
r r

(10)

(1)

(12)

Allowing for the 3-rd and 4-th equations, we can derive 4 unlinked equations (in all equations, we can

eliminate the ¢-dependent multipliers):

1. 3 1. 1
[A—F—Z(J+3/2+A¢)2—53}g1=0, {A—r—z(]+1/2+A¢)2—53}gz=o,

[A—Lz(j+3/2+A¢)2—%B}g3=O, [A—%(j—3/2+A¢)2+%B}g4=O.
r r

(13)

This simple system refers to solutions ¥ in Cartesian tetrad basis and in the non-cyclic presentation of
the spin matrix S;; however, the corresponding substitution is not simple — see (8). In the cyclic pre-

sentation, we get the same four equations, but with the use of a more simple substitution (7).
Solving the 2nd order equations. We start with the equation in cyclic basis for states ‘T’_Cj :
" g1(r)
\?c _ e—ifteikz elmd)gz(r)
™ g3(r)
e gu(r)

setting ¢ =1, =1, eB = B, we arrive at 4 unlinked equations:

2
11d?> 1d 1 Br? 5 B
cgr1=———|—>+ —|m-———| k" |g1+——o01g1,

s j:j?’Em»

2M dr2 ;;_rz 2 2M
2
_Ujd® 1d Af  B?YV 5| B
27 oM@ rdr 2 2 827N 0287

(14)
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OIM\| dr? rdr 2 oM
- - (15)
2 2\2
1| d ld 1 Br ) B
€84 =———— |~ t——F———|m- —k* |ga+-—04g4.

2
1d*> 14 1 Br? ) B
€gy=———|—5t————|m- —k” |g3+——03g3,

2M dr2 rdr r2 2M

In the vicinity of the point =0, we get gx =, a; =+|m|,—|m|; to describe bound states, we should
use the following asymptotic » = #*" For dimensionless variable x = Br%/2, equations take the form

2
ZMf—i-fZBxd—+2Bi—£(m—x)2 —k? +3—B g1=0,
dx? dx 2x 2

2
2Mf+2Bxd—+2Bi—£(m—x)2—k2+£ g2,=0,
dx? dx 2x 2

2
2M€+2Bxd—+2Bi—£(m—x)2 B g3 =0,
dx? dx 2x 2

2
aMer28x 2 vop L - B w22 3B g, 0
dx? dx 2x 2

they have the same general structure

2 2 g2

dxr dx 4 2B 2

note the physical dimensions of the quantities:

1 1 1 1
[x]=1, [M]=—, [kK’]=—=. [2Mcl=—, [B]=—.
L L L L
Let us apply the shortening notations
2 2 2
M—E=B, xd—+i—l 2o x—2m +B|g=0. 17)
2B 2 de? de 4| x
In the vicinity of the point x = 0, the above equation gives g =x%, a=+|m|/2, —|m|/2; atx — o we

get g = e}‘x, A=+1/2,-1/2. Because x = Br*/2, where B > 0, at r-infinity, the variable x — +oo; so the

needed asymptotic is go, ~ e 2. Thus, searching for solutions in the form g = xae_X/zG(x), we derive
xG"+(|m| +1—x)G'+(@—%+BjG =0.

This is an equation of hypergeometric type

2
- 1
xd 2G+(c—x)d—G—aG=0, c=lm|+1, aZ—KM——HL%j.
dx dx 2 2
Imposing the polynomial condition a =-n, n=0,1,2..., we get
m—|m| 1 2Me—k* o 2Me—k? 1 o |m|-m
——+ —— =N =ttt —.
2 2 2B 2 2B 2 2 2
Thus, the transverse motion of the particle is quantized according to the rule
1 - 11
IMe—k?=2B|n, + S Imlzm) g3 113 (18)
2 27222
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In order to describe the energy level degeneration, we should use other notations (recall that m = j; = /)

WMoy —k> =28 N MmN o Ot (19)
2 2

Now let us turn to solutions with fixed quantum numbers c,, —id,®}5 = c,®;. For this case, we
have the substitution

e £i(r) | o1 fi(r)
ico0 ic2¢ ic20
P = it ik eic ¢f2(r)’ _id, eic ¢f2(’”) _ Gzeic ¢fz(r); 20)
e'?3 f3(r) e f3(r)| |o3e 3 f3(r)
e fa(r) ()| Joae ™ fa(r)

correspondingly, from the main equation we get 4 similar equations

Br?

A2 1d 1 ?
5 J -Bo, |g,=0, o=-

ZMf_k2+_+____[c,,_

b

N | W

2°2°2°

N | W

dr* rdr ?

These equations belong to the above examined type, the difference consists only in the replacement of
the parameter m by o,. Therefore, we derive the needed spectra by formal changes:
2M€n—k2=2B(n+l+6—"+M), cz—é,—l,+l,+§. (22)
2 2 2 272 2 2
Cylindrical tetrad basis, the gauge transformation. The task under consideration by means of
a relevant gauge matrix may be transformed to cylindrical tetrad. To this end, let us recall some details
from [11, 13], where the non-relativistic approximation for a spin 3/2 particle was studied. It was shown
that if in the relativistic 16-component wave function for a spin 3/2 particle we preserve only the large
components, as the result we obtain the function with a simpler structure; besides, in the paper [12]
the relevant gauge transformation for six large components from Cartesian to cylindrical tetrad was
derived:

0 L I§ LS
0 LS I§ IS L L5 LS
o= T T =Tt T 09 = (BROYODC, 23)
0 L L§ IS 15 1§ IS
0 L5 L% Lg

where the 2-spinor and 3-vector transformations are determined by the formulas
cos¢p +singp O
, O=|-sin¢ cos¢ O] (24)
0 0 1

. S0
B 0 2

Therefore, the needed gauge transformation is defined according to the rule
Li L5 LS
L5 Ly Ly

oM =(BRO)D =B 0=

o2 (cos OL{ +sin LS ) e'? (—sin OL] + cosdLs ) g o5)
o102 (cos OL3 +sin ¢Li) o102 (—sin ¢L5 + cos (I)Li) e V2L¢

whence it follows
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. 1 . : P ,

L‘fyl =2 Z (e + 7 LS —L(e“1> —e )5 |,
2 2
chyl = 02 l(eid’ + e_i(b)L% —i(ei(b —e_i(b)Li ,
2 2

. P > 1 . >
[ =™ [é(eld’ —e T[S +5(e’¢ p "")ng, (26)
Lf‘yl = 02 (é(eid’ — e_id’)L‘j +%(ei¢ + e_i¢)Lc j,

According to [11, 13], only 4 large components L, L,, Ls, L, are independent; two remaining are

determined by the formulas L§ =i(L{ — Lg), L% =—i(L5 + LS). After eliminating the variables L5, L%,
we obtain the transformation rule for 4 independent variables:

1 . > 1 . i
L<1:yl :_(e3z¢/2 t+e z¢/2)L(1: +_(e3z¢/2 —e 1¢/2)(L(1: —L%),
2 2
1 . _a; 1 . _a:
Lgyl :E(et¢/2 t+e 31¢/2)L3 +5(€l¢/2 —e 31¢/2)(LS -I—L%), (27)

Instead of Lj, let us introduce more convenient variables ¥, for which the structure of Pauli-like
equation is given with the use of the third spin projection [8—10]:

Yil 1 0o o 1L /3 0 1/3 0

e sl o1 -1 ool|zs Lo 13 0 1/3

we=g1c=|" *|= R ,
wel 20 0 -1ge 0 -2/3 0 1/3 (28)
we| 1002 1 0 2/3 0  -1/3 0

Yi=L{+Lg, W5=L5—-L5, WS5=2L{-Ls, W§=2L5+1LS;
the inverse transformation reads as

1 2

1 1 1 1 2 1
Lf=§‘Pf+§‘P§, L3:§W5+§Tia §=—§‘~P§+§‘Pi, L%=§‘Pf—§‘1’§ (29)
For the variables ¥, the formulas (27) take other form
1 ey _io EL 1 @y L _3ie
LM =-Wfe 2 ——Wie 2 +-WSe 2, LY =-Wje2 ——Wie?2 +—¥ie 2,
3 6 2 3 2 (30)

i i} i i$
Lcyl _ l\Pc % 2\Pc % Lcyl _ Z\PC JE l\Pc 7%
5 —5 4€ —5 267, 6 —5 1€ —5 e =

Taking into account (9) — where the multiplier e e is omitted — we can rewrite the relations (30)
differently

Liyl(r,cb)=eff‘"Bg4(r)—égz(r)} L;yl(r,cln=el‘f""Bg1(r)—%g3<r)}
(31
L‘;yl(r,¢)=§g3(r)e"f¢, Lzy1<r,¢)=—§gz(r>e"f¢,

the corresponding inverse transformation reads as
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21N = 208" )+ L8 [ 7, g2(r) = 3L () e,
g()=3L" () e, ga(r)=[ 207 (. 9) - L' () e,
In the cylindrical tetrad basis, the transformation to more convenient variables was performed:

L) =[O )+ ¥ () | LD ) = [ 28 ()~ () .
3 3

1 1
5.0 =[ P70+ ¥ 0 | 1800 = [0 - 295 0)
and inverse formulas read as

PN (r,¢) = LY (r,0) + LY (r,0), P (r,9) = LY (r,0) - L2 (r,0),
P (r,0) = 2L (r, )~ LY (r,0), P (r,0) = 2L (r,¢) + LY (7, 0).

So we find the substitution for ‘Pj-yl

WP ()= 24() £ 82() ~ 1 82() = Sg4() ~ 3221,

6 3
. 1 1 1 1 1
—wbxycyl - _ _ __ - __
e 5 (1) 2gl(r) 6gs(r) 3gs(r) 2g1(7') 2g3(r),

eV ()= g4() - 22+ T 82() = ga(r),

e—"f'¢\Piy1(r>=gl(r)—égg(r)%gg(r):gl(r);

the inverse formulas are
Q=¥ ()=Fi =G, g2(r)=+¥'(rn-2¥P(r)=F-2F =G,
g3 =¥ () -29 (N =F4-2F,=Gs, gi(r) =¥ (1) =F;=Ga.
We can transform the main equation from Cartesian tetrad basis

2 2
omew, + 1A 100 ig2ya| k4B, PS=0;
dr* rdr r*\ 0

to the cylindrical variables ¥*! (see (36)):

oy 1 ar 1 1 i
_Eel(.l+1/2)¢g2+zel(j 3/2)¢g4 _Eel(l+1/2)¢G2+§el(1 3/2)¢G4
ey 1 e .
\Pi _ Eel(j+3/2)(j)g1 _Eel(j 1/2)(1)g3 _ Eez(]+3/2)cI)G1 _Eel(J 1/2)<|>G3 :llﬂ;yl .
ei(j_3/2)¢g4 ei(j—3/2)¢G4
BRI CIIDG,

(32)

(33)

(34)

(35)

(36)

(37)

(39)

In fact, the structures in (38) coincides with each other, up to the formal replacement g;(r) = G;(r).

Therefore, the above resulting equations must be the same:

{A—iz(jn/zm(b)z —%B}ei(l/z)‘l’Gz +{A—L2(j—3/2+A¢)2 %3}"(3/2)4’(;4 =0,
r r

[A—%(ﬂs/zmq,)z —%B}KWMGI —[A—%(j—l/u 4y)? —%B}ei(l/2)¢G3 =0,
r r
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{A—%(j—3/2+ 4y)? +%B}ei(_3/2)¢G4 =0, [A—iz((j+3/2)+ A¢)2 —%B}ei(+3/2)¢G1 =0. (39)
r r

Allowing for the 3-rd and 4-th equations, we can derive 4 unlinked equations:
[A—%(j+3/2+A¢)2 —EB}GI =0, [A—iz(jﬂ/zmq,)z —lB}GZ =0,
r 2 r 2
1 3 1 3 40)
: 2 _ . 2 -
[A—r—2(1+3/2+A¢) —EB}G3 =0, [A—r—z(]—3/2+A¢) +EB}G4 =0.

These equations refer to cylindrical tetrad basis (38) according to the rules:

G(N=¥§'(), G(=[¥§'()-2¢7 ()],
G =| ¥§'("-293' "], Gar) =¥, @

_lei(j+1/2)¢ [\ngl oy fyl:|+lei(j—3/2)¢ \ngl
2 2

1 1 i
\Pcyl _ 5et(]+3/2)¢ \Piyl _Eez(j 1/2)¢ [szl _2\P§yl:| '

i(j—-3/2) 1
el ¢ N7 gy

i(j+3/2 1
PUOARL) \sz

Transition to cyclic basis (in cylindrical tetrad) is reached as follows

ITIICYI _ ei(j+3/2)¢ \szl, q,;yl _ ei(j+1/2)¢ |:III§}’1 . 2\I,1cyl:|,
_ - _ - 42)
‘ngl = ol112)¢ [quyl —2‘}‘53'1], \szl = (I-3/2)0 \ngl_

Operator J$ and the gauge transformation to cylindrical tetrad. Starting with the formulas

-1/2 0 1 0 ¥
e ) 0 +1/2 0 -1 ¥4
J =—16¢+S3, S3: , Y= (43)
0 0 +3/2 0 W
3
0 0 0 -3/2 ¥
and taking into account relationships (30)
| 1 _id _iv 1 3i¢
Lcl:y (r,d))ZE‘Pf(r,d))e 2 _g‘{’g(r,d))e 2 +E\P§(r,¢)e 2 5
| 1 i9 9 1 _3ip
Lzy (7",(1)):5\1}5(1",(1))32 _ELPZ(raq))ez +5‘PZ(7‘,¢)€ 2 5
i i “44)
l e D) c By
L (r,9) =34 9)e 2 =S5 (. )e 2,
2 _i¢ _i¢

L (r,0) =2 W5 (r,d)e 5—§T§<r,¢)e 2,

3
we should examine the following relations
(<i0y +S)¥(r,0) = j¥(r0), LY (r,0) =S¥ (r.9),

[Stiog +85)5™ [y = 7 1.
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whence it follows S(¢)(—i0¢ +S53)S -l (0)= J ;yl, so we get the transformation rule

I =iy —iS 0 g +8838 71, 45)
of
where the matrix S(¢) is determined by (44), so that
1 i 319
le 2 0 _le 2 +le 2 O
3 6 2
1 i@ 3¢
0 —e? 0 ——e? +—e 2
g = 3
L] L]
0 —ze 2 0 le 29y
3 3
_io _io
%e 2 0 —le 2 0
3 3
After performing the needed calculation, from (45) we get
-3/2 0 0 1 3/2 0 0 -1
~e 0 3/2 1 0 0 -3/2 -1 0
J3yl=—i6¢+ + =—i0y.
0 0 -1/2 0 0 0 1/2 0
0 0 0 1/2 |0 0 0 -1/2

Therefore, we arrive at the equation
=i0yL (r,0) = j L' (r,0) = =i0g ¥ ' (r,0) = j ¥ 7' (7, 9). (46)

Without additional calculation one can find the tetrad gauge transformation for orbital momentum
£ = —i04 1n the non-diagonal presentation:

-3/2 0 0 1

7 eyl . ol 0 o1 ) 0 3/2 1 0
Y, LY =-i0y—iS| —S  |=-i0y+ ; @7)
0¢ 0 0 -1/2 0
0 0 0 1/2
correspondingly, in the cyclic (diagonal) basis ¥ we get
-3/2 0 0 0
g o 2+ 0o -1/2 0 0 48)
b = _l :
3 "o o +1/2 0

0 0 0 +3/2

Conclusion. In the present paper, we have examined the non-relativistic problem of a spin 3/2
particle in the external magnetic field, applying two tetrads: Cartesian and cylindrical, following
the concomitant local spin-vector gauge transformation B(¢) ® O(d). We have detailed the tetrad gauge
transformations for diagonalized operators of the total angular momentum and the orbital momentum

Jsut peat — 7 ;yl,j;yl‘ Equivalent substitutions for the wave functions in Cartesian and cylindrical
tetrads are found, for diagonal and non-diagonal bases. The second order equations arising in the non-
relativistic problem are solved in terms of the confluent hypergeometric functions, and the corresponding
energy spectra are found.
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STRUCTURAL APPROACH TO THE ADAPTIVE OPTICS TOMOGRAPHY PROBLEM:
THE VOLUME TURBULENCE RECONSTRUCTION

Abstract. Adaptive Optics as a relatively new trend in the modern optical systems allows correcting the perturbations
related to light propagation in the turbulent atmosphere obtaining the diffraction-limited images. Because it requires computer
processing of large information flow in real time, a key problem lays in finding the mathematical algorithms with reduced com-
putational complexity. The paper proposes the approach, which takes into account structural properties of both atmospheric
turbulence and the most active optical system. The possibility was demonstrated of one-dimensional accounting of sparse
and convolution-like (Toeplitz) structure of adaptive correction in one algorithm. The analysis is made of Multi-Conjucate
Adaptive Optics and the comparison was conducted of the nature complexity of the algorithm induced by this strucute with
the complexity of sparse algorithm. It was demonstrated how the structural approach can be applied to the quite laborious to-
mographic turbulence volume reconstruction phase with obtaining due to this a significant computational speed-up.

Keywords: Multi-Conjugate Adaptive Optics, tomographic phase reconstruction, structured matrices, real-time signal
processing
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II. K. Ilerpos

Hnuemumym ¢usuxu umenu b. U. Cmenanosa Hayuonanvnoti akademuu nayx beaapycu, Munck, Pecnybnuka Berapyce

CTPYKTYPHBIN NOAXO/ K PELIEHUIO TOMOT PAOMUYECKOM 3AJTAYU ATATITUBHOM ONITUKH:
PEKOHCTPYKIUSA TYPBYJEHTHOCTHU B OBBEME

AHHOTanusA. ATanTHBHAS ONTHKA KaK OTHOCHTEIHFHO HOBOE HAINIPABICHWE PA3BUTHUS COBPEMEHHBIX ONTHUYECKHX CH-
CTEeM MO3BOJISIET KOPPEKTHPOBATh UCKaKCHHUS, CBSI3aHHBIE C PaclpOCTPaHEHHEM CBEeTa B TypOyJIeHTHOH aTMocdepe u Io-
JIydJaTh U300parkeHHs AU(PPAKIHOHHOTO KadyecTBa. [10ckoIbKy 3T0 TpebyeT KOMIBIOTEPHOI 00paboTKH OGOJIBIINX OTOKOB
MH(OpPMAIMY B pPeaJIbHOM BPEMEHH, KII0UeBOI IPOOIEMOil SIBISETCSl CHUYKEHHIE BEIYUCINTEIIBHOM CII0KHOCTH COOTBETCTBY-
IOINX MaTeMaTHYEeCKUX aJITOPUTMOB. B cTaThe mpeaioxkeH MoaAXo/, yYUTHIBAIONINH CTPYKTYPHBIE CBOMCTBA Kak aTMocdep-
HOH TypOyJICHTHOCTH, TaK M CAMOW aKTHMBHOW ONTHYECKOH CHCTEMBL. [IpoieMOHCTprpOBaHa BO3MOXKHOCTH OJITHOBPEMEHHOTO
yuyeTa pa3peKeHHOM M CBEPTOUYHOH (TENJIMLEBOH) CTPYKTYpPbl aJallTUBHOW KOPPEKLUH B OJHOM ajroputme. JlaH aHanus
MHOTOCONPS>KEHHON alalTUBHOM ONTUYECKONW CUCTEMBI U CPABHEHUE €CTECTBEHHOM CIIOKHOCTH alrOpuTMa, MUHAYIIUPOBAH-
HOT'O €r0 CTPYKTYPOH, CO CIOKHOCTBIO pa3peskeHHoro anroputma. [lokazaHo mpuMeHeHne CTPyKTYPHOTO MOJAX0Aa K J10CTa-
TOYHO TPYJOEMKOMY aJTOPUTMY TOMOTpapuuecKoll 00BEeMHOI PEKOHCTPYKIINH TYpOyJIEHTHOH (a3bl ¢ modydeHueM O0maro-
Japsi 5TOMY CYIIECTBEHHOT'O YCKOPEHHS BEIYUCICHUH.

KuioueBble €10Ba: MHOTOCONPSKEHHASI afallTHBHAS ONTHKA, TOMOTpadudeckoe (pa3oBoe BOCCTAHOBICHHE, CTPYKTY-
pPHPOBAaHHBIC MaTPHIIBI, 00pPaOOTKa CUTHAJIOB B peabHOM BPEMEHH

Jas nutupoBanus. Ilerpos, I1. K. CTpykTypHBII TOAXOX K PEMICHUIO TOMOTpaduiyeckol 3a1audl agalTHBHON ONTH-
KH: peKOHCTpyKIus TypOysneHTHOcTH B 00beme / 1. K. Tletpos / Becui HatpissHanpHail akanamii HaByk benapyci. Cepbist
¢izika-MaTAIMaTBIYHBIX HaBYK. — 2026. — T. 62, Ne 1. — C. 59-72. https://doi.org/10.29235/1561-2430-2026-62-1-59-72

Introduction. Adaptive Optics (AO) being quite a powerful technology allows overcoming the dy-
namic perturbations caused by the atmospheric turbulence and obtaining diffraction quality images
suffers from a serious problem often called in the signal processing literature the curse of dimentionality
[1]: computational complexity grows too fast with the controlled system scale. The system scale is usu-
ally understood as a number of the system’s degrees of freedom (DoF), i. e. the free parameters under
optimization. For Adaptive Optics systems, which represent a classical example of the automatic control

© Piatrou P. K., 2026
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systems with Multiple Inputs and Multiple Outputs (MIMO), such a set of the DoF is the number of
observation and correction channels, which is normally proportional to the entrance aperture area, in
other words, to the square of the aperture diameter. The problem is also complicated by the fact that, for
tracking the changes in atmosphere on the way of light to the optical system with a characteristic time
on the order of 0.01 second, computer signal processing in hard real time is required, that is, not only
fast but also with stable timing. Owing to this, a key problem in the adaptive optics system design is to
find mathematical algorithms with reduced computational complexity. Because of quite good linearity
the control of MIMO-system can be reduced to a sequence of multiplications of the sensor measurements
vector by some control matrix. Such an approach, however, looks too straightforward because it com-
pletely ignores the internal structure of both atmospheric turbulence and the active optical system itself.

On the other hand, a few structural properties of AO systems leading to complexity reduction are al-
ready known. In a limiting case, taking AO system structural properties into full consideration will ena-
ble to see the natural complexity of the problem, which is expected to be much less than the complexity
of a straightforward solution. The mathematical problem of finding the natural complexity has not been
completely solved at the moment, though even partial solutions taking into account the internal structure
already lead to significant complexity reduction. We can mention the following most important findings
related to the AO system structure.

— That turbulence active compensation can be efficiently performed by /inear control follows from
the fact that the turbulence optical effects are described to a good approximation [2] by the stationary
Gaussian random process.

— The most significant complexity reduction from O(D4) to O(Dz), where D is the telescope
aperture diameter, was achieved when it had been proven [3] that the control matrix is approximately
reducible to a sparse + low rank form, but it was overlooked that the control matrix is not only sparse
but also Toeplitz.

— Convolutional structure of the turbulence-to-image interaction operator following from the at-
mospheric turbulence statistical shift invariance was demonstrated in [4, 5], which allows to transfer
the AO system analysis into Fourier Domain and use the Fast Fourier Transform resulting in computa-
tional complexity O(D?log D?).

— The natural discretization of the convolutional turbulence-to-image interaction operator by a finite
resolution Wave Front Sensor leads to the Toeplitz structure of the control matrix [6], which not only results
in comlexity O(D?*log D?) but also allows presenting the control matrix in an extremely compact form.

As the findings mentioned above and taken by one at a time already lead to notable complexity re-
duction, it appears to be overlooked that the AO system structural properties can be used all together
inside one algorithm resulting in some minimal achievable complexity what we will call natural within
the frame of this work. In particular, it will be shown that taking into account both sparse and Toeplitz
structure of the control matrix in one algorithm allows to achieve unexpectedly significant computa-
tional speed-up, which is demonstrated on the most important and laborious case of an AO system,
the Multi-Conjugate Adaptive Optics (MCAOQO). We however warn that the research on finding the natu-
ral complexity is a work in progress and the results reported here may be improved in the future.

1. MCAO overview. A classical AO system aims to dynamically correct the electromagnetic wave
distortions caused by atmospheric turbulence on the light path through the Earth atmosphere to an astro-
nomical telescope. It is done by measuring the distorted wavefront phase in the telescope pupil by some
or other type of a Wave Front Sensor (WES), processing the WFES data by a Real Time Computer (RTC)
to generate commands for the phase-correcting Deformable Mirror (DM) in order to flatten the wave-
front in the telescope pupil. The more advanced concept of Multi-Conjugate Adaptive Optics was sug-
gested in [7] to address the main limitation of the classical AO: very narrow correctable Field of View
(FoV) in case of correction by a single DM located in (conjugated to) the pupil. It can be shown [8] that
correction by multiple DMs distributed in several conjugated positions within the atmospheric turbu-
lence volume above the telescope extends the corrected FoV from several arcseconds to a few arcmin-
utes at the price of lower average image quality. The MCAO system optical design together with its brief
principle of operation explanation are presented in Fig. 1.
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Fig. 1. Optical scheme of a Multi-Conjugate AO system with (at least) two Deformable Mirrors. Dynamic 3D phase
distortion ¢(t,r,z) is probed by passing through the turbulence volume the light from multiple light sources, the Guide

Stars (GS), natural or artificial. The Wave Font Sensors measure a set of the 2D wavefionts ¢@g4(z,r) |§Sf accumulated
along the paths from multiple Guide Stars to the telescope pupil, which provides information allowing to tomographically
reconstruct ¢(t,r,z) in the volume of turbulent air above the telescope. Multiple Deformable Mirrors optically conjugated

over several altitudes within the turbulence volume generate the phase corrections 8¢ 4(t,r) |52 in an attempt to
compensate the phase distortion not in a plane but in the entire volume, which helps to achieve the turbulence compensation
over a broader FoV containing the Scientific Targets of interest. Phase distortion reconstruction from the WFS measurements
and generation of DM correction commands are performed by the Real Time Computer. Light from the Scientific Targets is
drawn in black, from Guide Stars in grey. Vector r stands for x,y-coordinates in either phase screen, DM or WFS plane

The most difficult part of the MCAO method is an extremely high computational complexity
of the underlying algorithms that need to be run by the RTC. In what follows, mathematical description
of the MCAO tomographic problem is given.

Assume that an object imaged by an optical system is a point source located at infinity. Then, ideal-
ly, the electromagnetic wave or wavefront reaching the telescope entrance pupil without any distortion

induced by some obstacles on the propagation path, such as atmospheric turbulence, should be a plane
A
wave E(r)=A exp[ik(tT r + p)], where 4 is the constant amplitude, t=(t,,t,) is the wavefront direction

vector or tilt, p is the constant phase called piston. Note that neither tilt, nor piston induces any image
corruption [2]. The plane wave results in the ideal diffraction-limited point source image in the telescope
focal plane. In the case of propagation path distortion, the wavefront entering the telescope aperture
is E(r) = A(r)exp[ikp(r)], i. e. A(r) # const. (scintillation), ¢(r)#t'r + p (aberration). In the case of
weak turbulence the scintillation effects are negligible [9], so the main goal of the adaptive correction
is to flatten the wavefront phase, i. €. to minimize ||(p , where || || is some function norm defined on
the telescope pupil. In the context of the MCAO correctlon this minimization problem can be written as
(we drop the time dependence for clarity)
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R =argn}%n<||H¢(|)(r,z)—HaiRs||2>, 1

where s = [sl...s#GS]T is the concatenated vector of the WFS measurements from all Guide Stars, FH ¢
the Propagation Operator mapping the 3D phase distortion ¢(r,z) to the 2D wavefronts
o(r) =[1(r)..pss7(r)]" accumulated in the telescope pupil, H, the propagation operator mapping the
DM phase corrections d@(r) =[0¢@;(r)...004pm (r)]T to the pupil, R is the Reconstruction Operator
Rs=38q(r). The <> brackets stand for averaging over the turbulence phase statistics as turbulence is
a random process.

In the linear approximation, the minimization problem (1) can be presented in a matrix form.
Following [10] the Tomographic Problem can be discretized by approximating all functions involved by
certain basis function sets. In particular, the turbulence-corrupted phase in the pupil can have a finite-
dimensional approximation

N A
o(r)~ 2 0:0:(r)=¢" (e, @

i=1

where ¢(r)=¢;(r) IN7® is a basis, not necessarily orthogonal, which approximates efficiently enough
the turbulence phase in the sense of small approximation error

& =[otr) 4" (0] @)

where the norm || f ||2 =(f, f) is defined via a vector function space scalar product (a,b), for instance,
(a,b) = pa(r)b(r)dr @
for L* space. Note that the very possibility of finite-dimensional approximation (2) follows from the fact

that the turbulence phase ¢(r,z) belongs to a compact subset of functions in a certain function space,
which by itself is an important structural property. The approximation weights ¢ = @; ¥, are found as

9 =(6r).6()") ™ ($(r),0(r)). )

This way a continuous function ¢(#) can be replaced with a vector of its basis approximation
weights @ from (2), (5). Analogously, the 3D volume phase function ¢(r,z) can be transformed into a vec-
tor form in two steps:

1) ¢(r,z) is replaced with a set of 2D turbulence layers (see Fig. 1)

O(r,2) = O() =[O0 ). hirs)] s 6(hp) = [} 6(r,2)dzs ©)

2) given a basis on each layer, ¢(r) is replaced by its approximation weights ¢ = [¢1...¢# Ps]T such
T
as ¢(r) ~ [¢1T ()01..04 ps (r)¢#PS:| :

The DM phase correction in linear approximation is expressed the same way with a difference
that the arbitrary basis functions for phase screens are replaced with a finite set of Actuator Influence

Functions £(r)= f;(r) |24 for DMs that are fixed by design. Thus, the DM phase correction is
So(r)=f" (na, ()

where a=gq;|i4 is a vector of actuator commands. Assuming that a=[a,..azpy ]’ and

f(r)=[f1(r)..fapp (r)]T are concatenations of commands and influence functions from all DMs, the
Reconstruction Operator R from (1) can be written as

Rs =8h(r) = fT(r)aifT(r)]Rs, 8)

where R is just a matrix. It is this MCAO control matrix mentioned above, which will be called the
Recostructor, that is to be found from (1).
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Fig. 2. Geometrical optics propagation from a phase screen (or DM) to the telescope pupil. Function ¢,(x,y") defined in
a coordinate frame (x',),z") on the jth phase screen is central-projected along the rays emitted from the ith point source with
coordinates (x;,);,z)) to the telescope pupil to become ¢ ; (a,»j(r) + b,«j) in the pupil coordinate frame(r,z)

The Propagation Operators H o, from (1) can also be easily presented in a matrix form with
a certain reservation: with an assumption of weak atmospheric turbulence one can accept the Ryfov
Approximation [9] for the light propagation through the turbulence layers to the telescope pupil, which

states that the results of light diffraction by each phase screen ¢, (r) |i£§ can be summed independently
on the pupil. Thus, the Propagation Matrices H, , equivalent to H, , have the block structure

wr Hyp ... wi Hygps wi Hyp ..o wi Higpm
Hy=| T , H,=| : T , Q)

wyst Hysri - wasr Hysraps wast Hysri - wasr Hysrapm

where wy [*5] are the weighting coefficients for each Scientific Target, each block H,, in the geometri-
cal optics approximation (see Fig. 2) can be computed using (5) as

Hsp:(h(r),hT(r))_l(h(r),q)g(asp”bsp)), agp=1=hy/zs, by =hy(x5,y5)/ 25, (10)

where ¢;(x',)") is a basis defined on jth screen, h(r) is a basis defined on the telescope pupil. Product
H,¢, maps the pth screen’s phase function ¢ ,(x’,»") approximation weights ¢ ,(x',y") = ¢£ x", ),
to approximation weights of the same function projected on the pupil: ¢ ,(as,r +by,) ~h(r)" (H,b,).
For H, basis ¢,() is replaced in (10) with the Influence Function set f,() for pth DM, and products
Hy,¢, are replaced with H ,a ,, where a, is the pth DM actuator command vector. Substitution (8)—(10)
into (1) gives

o= <||H¢¢(r,z) - HaRs||2> ~ <(H¢¢ —H,Rs)" W(Hyp- H,,]R{s)>, (11

where W is a block-diagonal matrix with blocks wi(h(r),h” (r))|Z5] . Since (11) presents a quadratic
Sfunction, finding its minimum w.r.t. elements of R is done by setting its first derivative to zero as

0 -

—o =0, 12

R (12)

which, after applying the standard matrix derivative relations [11], gives for the optimal Reconstructor
Matrix

A T T lnp T T r\12
R=(HIWH, + NN7 + al)~ HQWH¢~<¢S ><ss > ~F-E, (13)

where NN + I is a Regularization Term added because, in general, the MCAO Tomography Problem
is ill-posed [12]. Matrix N is usually low-rank. Eq. (13) formally solves the MCAO Tomographic
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Problem. The solution gets separated into two independent parts: the Phase Estimation presented by
matrix F and DM Fitting presented by matrix F. Such a Separation Principle is yet another structural
property. In what follows we concentrate on the efficient solution of the Estimation problem letting the
Fitting problem be a subject for the future work. At this point it should be noted that the Fitting problem,
being nearly the same laborious mathematically, is less demanding computationally. For the same rea-
son we, for the time being, put aside the problem of temporal control involving optimal time filtering and
prediction.

Computing the Estimation Matrix I requires further detalization. In particular, a linearized model
for the WFS needs to be introduced:

s~Go+n, (14)

where G is a Sensor Matrix mapping the 3D turbulence phase to the WFS measurements, n is the
Measurement Noise. Substitution of (14) into (13) gives

E=<¢¢T>GT(G<¢¢T>GT+<nnT>+NNT+a]I)7 (15)

where we used the fact that the turbulence and measurement noise random processes are statistically
independent and thus <¢nT> =0 and added the formal regularization term. The WFS noise covariance
matrix nn’ is known by design.

Computation of the turbulence covariance matrix requires a special attention to the internal struc-
ture of the turbulence phase statistics, as the turbulence theory is well established [2, 13, 14]. For compu-

tation of <¢¢T> the following statistical properties are useful.
— The turbulence-induced phase perturbation is approximately a Gaussian random process with zero

mean and covariance function

2 (Lo /2m) K si6(2mp / Lo)p™'®

Cd(p) =0.033C2(21) T 6)

s p = |r1 —I, (16)

where C,f[m_z/ 3] is the turbulence-induced refractive index fluctuation strength, L [m] the turbulence

outer scale varying from 5 to 100 m, K;(-) the modified Bessel function of second kind and order 5/6,
I'() is a Gamma-function.

— The turbulence strength profiles C 2(h) are measureable with specialized instruments and well
documented [2, 14].

— The turbulence correlation length is on the order of the outer scale L, which implies that the turbu-
lence layers separated by a few hundred meters are statistically independent.

The Sensor Matrix has a block structure similar to that of the Propagation Matrices H:

Gi1 ... Gigps
G=| @ . i |, Gyp=%Z0(apr+by), (17)
Gugsi--Gugsups

where & = [ G.Eus ]T is the WFS measurement operator that maps the phase in the telescope pu-
pil to an sth WFS measurement vector s,. The form of this operator depends on the WEFS type, for the
most popular Shack-Hartmann WFS [15] it is quite simple

ﬁﬂ:%ﬂr):Ldqu)(r_ri)’ i=1...,#S, (18)

y

where S is the sensor subaperture shape, r; is the subaperture center position.

The equations presented to the moment give enough information for what we will consider
the straightforward MCAO Tomographic Problem practical implementation, both Estimation and Fitting
parts, with minimal employment of the problem’s internal structure, for instance, the fact that matrix
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<¢¢T > is block-diagonal. It is assumed that all the involved matrices are fu/l. By computing the matrix
elements and the subsequent matrix multiplication one can get E,F and R =TF-E. Obviously, complex-
ity of the full matrix application is proportional to the product of its dimensions, i. e. O(D*). 1t is in-
formative to estimate the MCAO algorithm complexity for an example of a large-scale AO system. For
this purpose we can take the MCAO system for the Thirty Meter Telescope (TMT) [16]. As our attention
will be concentrated on the E-matrix, its dimension for the 30-meter telescope using, for instance, a
6-layer turbulence profile approximation taken from [14] is expected to be about 18000 x 33600, which
needs to be applied within 1 ms. This well illustrates the difficulty of the problem. It also should be men-
tioned that the [E-matrix has to be recomputed regularly to adjust to the changing atmospheric condi-
tions, so not only the complexity of Es-multiplication is of interest, but also the complexity of I -rec-
omputation, which in case of full matrix is O(D®).

2. MCAQO internal structure. It is clear that the straightforward full-matrix approach described
above has unacceptable complexity and is barelysuitable for use with the large-scale AO systems of
the prospective giant telescopes like TMT. The true complexity of the problem is expected however to
be much smaller thanks to the amenable internal structure the straightforward approach completely
ignores. In what follows, two the most significant facts will be mentioned, which, if used together, give
the dramatic complexity reduction.

Zonal approximation. The computational complexity depends strongly on the choice of the ba-
sis set for the turbulence phase approximation. First of all, it is important to find a basis optimal for
the specific turbulence statistics in the sense of the fastest convergence, a problem that still has no good
solution. A second, more constructive approach, is to use the basis sets that are less computationally
demanding. In particular [17], the basis options get split into two big classes: the global ones such as
Zernike Polynomials [18], when each basis function ¢,(r) covers the entire phase screen, and the zonal
ones, when the basis functions have limited support much smaller than the entire phase screen. The
last option immediately makes the matrices in (13) strongly sparse. The prominent example of zonal
basis functions are B-splines [19], the extremely computationally simple finite-support functions with
an additional critical property: in the case of Cardinal B-spline they are also shift-invariant, which is
the second structural property to be deeply analysed below. It was experimentally discovered [17] that
atmospheric phase can be approximated with the same accuracy by a comparable number of the splines
and Zernike Polynomials resulting, therefore, in the matrices of approximately the same dimensions but
full in the latter and sparse in the former case.

Based on this observation the MCAO Tomographic Problem was completely reformulated in
the sparse form [3] using the simplest, 1st-order bi-linear, shift-invariant spline approximation

(I)(r)zZyd)l/Bl(r_rlj)’ I'Z()C,y), l.ll :d(iaj)a

I-|x/d)1-|y/d|),|x],|yI£d,

iy [ 07151 D0=1p x| )
0, otherwize,

where, ¢; =d(r;), which corresponds to a simple bi-linear interpolation. With the latter property

Eq. (17) for <¢¢T> takes the especially simple form
(007)  =Collry—rip). (20)
B

In Eq. (15) for the Estimation Matrix in the case of bi-linear interpolation the Sensor Matrix be-
comes sparse, the regularization term NN7 +al is low-rank and only <¢¢T > is block-diagonal due to

statistical independence of turbulence layers but with full blocks. This difficulty gets eliminated by
application to (15) Sherman-Morrison Fofmula (Inversion Lemma) [20] to get (we skip the regularization
term for clarity)
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E=(0¢" )G (G(847 )G +<nnT>)_l :(G<nnT>1G+<¢¢>‘1)1GT<nnT>l, Q1)

where each block <¢¢>71 ~cW, LL, p=1..#PS, L is the Laplacian Matrix computed via finite diffe-
p

rences on the r;-grid, W, is the layer’s relative weight, ¢ is the normalization constant. Since L is strong-

ly sparse, the entire Estimation Matrix becomes presented as a combination of sparse and low-rank ma-

. oy . . -1 1) .
trices. To stay within the sparse structure, the inversion of (GT <nnT> G+<¢¢> j is rejected and

solving iteratively the equivalent linear equation system
-1 -1
(G<nnT> GT+<¢¢T> jx=v, 22)

by the Preconditioned Conjugate Gradient Iteration [17] done instead, which, unlike the inversion,
preserves the sparsity. It was shown in [3] that the sparse approach results in about 40x speed-up in
comparison to the straightforward full-matrix approach on a TMT-scale MCAO system even taking
into account that the iterative linear equation system solution is required for each new [Es-product
computation.

Shift-invariance and Toeplitz structure. The sparse reformulation [3] of the MCAO Tomographic
Problem had a significant impact and is currently considered a baseline solution for the practical AO
systems. It is quite surprizing that another obvious and well-known structural property, the shift-
invariance, manifesting itself:

1) in the turbulence covariance function (16);

2) in the spline basis (in case of a uniform grid);

3) in the subaperture pattern of the standard Shack-Hartmann WFS,
was not seriously considered for the purpose of further complexity reduction. It was explicitly used only
recently in, for instance [6, 21] where it was noticed that the shift-invariance results in the convolutional
type Propagation Operators with the Toeplitz matrix representation [22]. That shift-invariance mathe-

matically results in the Toeplitz matrix structure is the most obvious on an example of the <¢¢T >—matrix,

which, according to (20), is constructed from the shift-invariant turbulence covariance function Cy(p).
To see the Toeplitz structure, it is enough to consider just the matrix of distances between the grid points
pi, ;i = 1;j — 1y |. In the case of two 1D grids we can write directly from Fig. 3:

P11 P21 P31 P11P12P13
P12P2P32 | _|P12P11 P12 pir = pyj(symmetric), (23)

P13 P23 P33 P13 P12 P11 pir =pu>if  i—i'=k—k'(Toeplitz).
P14 P24 P34 P14 P13 P12

The case of two 2D grids is analogous with the difference that p;, ;7 has additional block structure
with equal blocks repeating the Toeplitz pattern (Block-Toeplitz with Toeplitz Blocks or BTTB).

r; Iy
Ay 5 Py SO
d 3 o o 22

3
4.TT9 31« o

Fig. 3. Left: 1D grid point distances leading to the Toeplitz matrix. Right: 2D grid point distances leading
to the BTTB matrix. Important limitations: 1) grid spacings should be equal: d, =d%, d, =d';
2) the grids should be parallel (no grid-to-grid rotation!)
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[~ ——spline grid

subaperture — |

-
— \
L_XJ Li» subaperture grid

Fig. 4. The Matched Projection of the phase screen bi-linear spline basis grid to the Shack-Hartmann subaperture grid.
The locations of splines affecting one subaperture marked in grey are also shown in grey. The grey contour shows the single
bi-linear spline support border. The d; is the subaperture grid spacing, d;; is the jth phase screen spacing center-projected
to the telescope pupil along the rays emitted from the ith Guide Star position as on Fig. 2

di]'

P1L11P11,21  P1L12P11,22 P1111P11,21 P1L12P11,22
P21,11P21,21 P2112P21,22 P11,21P11L,11  P11,22P11,12
P31,11P31,21 P3112P31,22 P3111P11,21 P31,12P11,22

Py, = Pij (Symmetric),

P12,11P12,21  P12,12P12,22 P12,11P12,21 P11,11P11,21 .
Pir',jj' = Pk 11 >if

P22.11P2221 P22,12P22,22 | _ | P12.21P12,11 P11.21P1L1 ’ im kL= =k =T (24)
P32,11P32,21 P32,12P32,22 P32,11P12,21 P31,11P11,21 (Block-Toeplitz  with

Toeplitz Blocks or BTTB).
P13,11P13,21  P13,12P13,22 P13,11P13,21 P12,11P12,21
P23,11P23,21 P23,12P23,22 P13,21P13,11  P12,21P12,11
P33,11P33,21 P33,12P33,22 P33,11P13,21 P32,11P12,21

It is less obvious, but the Sensor Matrix G from (17), (18) is also BTTB at least for the Shack-
Hartmann WES. It can be seen from Fig. 4 that the pattern of 9 bi-linear splines projected on the sub-
aperture grid in the telescope pupil repeats itself while being shifted from one subaperture to another,
which is a consequence of the shift-invariance inherent in both basis splines and WFS subapertures.

The same two conditions need to be met as in the case of the covariance matrix:

1) the spline and subaperture grids should be parallel;

2) the spline and subaperture grid spacings should be equal:

dszdij-=d_,/a,]~, a,~j=1—hj/zi, (25)

where £, z; are the jth phase screen and ith Guide Star altitudes, d; is the spline grid spacing right on the
screen, which has to be chosen as d ; = a;;d ;. Because d; should not depend on i, one more requirement
is necessary:

3) all Guide Star altitudes should be the same, i. e. z; = const., which is not very strict and can be
technically met.

Sparse Toeplitz matrices. As a result, all matrices making the Estimation Matrix in (21) can be

-1
made either block-diagonal with (2 x 2)-blocks like the <nnT> -matrix, low-rank like the regulari-

-1
zation term NN | or Toeplitz/BTTB like G and <¢¢T> ~ cLLL (the Laplacian Matrix is also BTTB [3]).

At the same time, because of the Zonal Approximation, these matrices are also sparse. This combination
of sparsity and Toeplitz structure seems to have been overlooked.

An important property of the Toeplitz/BTTB-matrices is their compact representation: to define an
n x m Toeplitz matrix T, because of many equal elements, it is enough to store the values of non-equal
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elements only, for instance, the ones along the first row and the first column (see e.g. Eq. (23)), which are
convenient to keep as a single vector

{(T) =[T1.. T1 1 Ti2. Ty Ty 1 (26)

Analogously, the compact representation of the BTTB-matrix with N x M blocks of n x m size is
a 2D array, columns of which are ordered as

k(T) =[t it yoa1.-titioetiar it 17, (27)

where each column is the representation (26) of the corresponding block.

Moreover, as the product Tv of the Toeplitz/BTTB-matrix by a vector is a discrete convolution,
the key property of the compact representation is that it is exactly the convolution kernel.

In the case of a sparse Toeplitz/BTTB-matrix, the compact representation (or the convolution kernel)
becomes also sparse, i. e. even more compact. For instance, the Laplacian compact representation is [3]

..010...
1-41 (28)
..010...

[T3EE]

where “...” means zero padding to the necessary matrix size. Analogously, compact representation of the
Sensor G -matrix block, as it is seen from Fig. 4, has only 3 x 3 non-zero values. These non-zero parts
are the actual amount of data defining the IL - and G -matrices regardless the actual matrix size. Thus,
in a great contrast with the full matrices requiring a long computation of all their elements, in a compact
Toeplitz case it is necessary to calculate only a hand-full number of values. Returning to the TMT
MCAO System matrix sizes one can make a comparison. Dimensions of one block of the G -matrix are:

2800 x 3000 in the full representation vs;

~2800 x 3 non-zeros in just sparse representation [3] vs;

3 X 3 non-zeros in the sparse BITB compact representation,

and there is approximately the same picture for the IL -matrix. Such a dramatic complexity reduction
allows to think that the described above structural observations approach is very close to the manifested
natural complexity of the MCAO Tomography Problem. This, in particular, completely solves the -
recomputation problem mentioned in Introduction: it takes virtually no time to recompute all matrices
that make the [E-matrix, even in comparison with the Es-multiplication operation, which in turn re-
quires some additional attention.

Another important property of the Toeplitz/BTTB-matrices is that the matrix-vector product be-
ing a convolution can be performed in the Fourier Space. This fact was explicitly used in [5] to reduce

the complexity of the Tomography Problem to (9(D2 logDz). This approach, however, does not employ
the existing matrix sparsity. Moreover, in the Fourier Space full and sparse Toeplitz matrices are indis-
tinguishable w.r.t. computational complexity.

If the matrices are both Toeplitz/BTTB and strongly sparse, as it is the case for the ones in Eq. (21),
the direct matrix-vector multiplication in the Coordinate Space appears to be more efficient, with com-

plexity NZ -O(D2 ), where NZ is the (quite small) number of non-zero elements in the matrix com-
pact representation. Consider a BTTB-matrix T with the sparse compact representation (non-ze-
ros only) K(T) given as a 2D (—d :u,—/:r)-array. Since this array is a convolution kernel, the ma-
trix-vector product Tv can be interpreted as a direct 2D convolution of the k(T)-kernel with a 2D
(1-d:n+u,1—1: M +r)-array presenting vector v to get a 2D (1:n,1: N) -array presenting vector Tv :

TG =S 3 KuB)V(di+i+o,dl+T1+B), i=l.n, I=1..N. 29)
B=—1 a=-d

Note the extended limits of the array v. This is what can be called the Minimal Embedding of Tv
into v: the array v gets broadened to such a minimal extent that the index (i + o, / + ) never falls out
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the array borders. The actual size of the v-array cannot be smaller than the minimal embedding but
can be larger. For instance, for computing G, ,, it is necessary to additionally compute the shift
of the subaperture grid projection (10) onto the pth Phase Screen along the sth Guide Star:

(dl,di)s, { ull } (30)

agpd

where [-] stands for rounding to the nearest integer. There exists another sort of embedding: because the
telescope aperture is never rectangular, both left and right parts of (29) need to be masked by exclusion
the il-indexes of non-active phase/subaperture grid points.

The Es operation also requires the transpose matrix-vector multplication. For a BTTB matrix this
has a form of the reverse convolution, which cannot be written as a single formula but can be expressed
as a recursion

TTv=0,

(TTv)(di+1+a,dl +1+B) =k(a,B)o(LL1), a=—d.u, B=-I..r
(TTv)(di+i+o,dl +1+B)=k(o.B)ol, 1)+ (T v)(di+i—-1+a,dl+1—1+P),
o=-d.u, Pp=—l.r, i=2.n, I1=2..N,

€2)

which looks clumsy in comparison to (29) but is easy to implement as a computer code.
The complete set of actions needed to compute Es contains:
1. Egs. (29) and (31) for multiplication by G - and I -matrices.

-1
2. Multiplications by the block-diagonal <nnT> and the full but low-rank NN7 .

3. Iterative solving Eq. (22), which reduces mostly to matrix-vector multiplications.

With the low-rank, sparse or sparse + BTTB structure of the involved matrices all the listed opera-
tions become extremely fast. A deep difference between the full and even just sparse [E-matrix and its
natural complexity representation and natural operations is that neither explicit matrix allocation in mem-
ory nor explicit matrix operations are involved but replaced by specialized algorithms, which allows to
talk about the matrix-free approach, a term that was firstly introduced, at least in the AO context, in [23].

3. Large scale AO simulations. In this section we present a demonstration of the complexity re-
duction effect comparing real practical computer implementation of the Sparse Toeplitz MCAO Estima-
tor (21) with its classical implementations. Attention is focused on a single-step, open-loop, noiseless
calculation, that is, on testing the

1) correctness of the computer code and

2) computational speedup,

ignoring estimation of an AO system performance as such. A 30-meter telescope AO system with
the following parameters was taken as a large-scale testing case:

— a simple round annular 30-meter pupil;

— 6 Sodium Layer Laser Guide Stars located at finite altitude =90 km above ground, with central
launch at 30" off-axis;

— 5 Scientific Natural Stars at infinite distance, 1 on-axis and 4 at 20" off-axis as it is shown in Fig. 5.

15 : : : LGS p—
LLT
ok sci oo |
[ ] [ ]
st
Eo
=
ST ° °
Fig. 5. 30-meter telescope pupil and the star 0k
constellation for the tested AO system.
LGS is the Laser Guide Star, SCI is the Scientific St

Direction, LLT is the Laser Launch Telescope A5 s 0510 15
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Fig. 6. The active point mask on the highest estimation phase screen obtained by projection
of all sensor subaperture grids along the Guide Stars
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Fig. 7. The Piston,Tip, Tilt-removed turbulent phase in the entrance pupil before and after AO correction. Left:

phase on-axis before correction, the total C2 =7-10"*m™%3 . Center: phase on-axis after correction. Right: phase 20"
off-axis after correction. The Root Mean Square error (RMS) is given in units of the Opical Path Difference (OPD)

— The atmospheric turbulence is presented as a Cerro Tololo 6-layer model [14], with random-
generated high resolution phase screens.

— The AO system is presented as 6 LGS-illuminated Shack-Hartmann WFSs with square suba-
pertures, the subaperture spacing is 0.5 m. Number of active subapertures per sensor is =2800.

— The low-resolution estimation phase screens ¢, coincide with the model ones (the simplest model),
have the same spacing as the sensor subapertures up to the Guide Star Projection (25), which is exactly
the requirement to obtain the Toeplitz Structure. The number of active points on each estimation phase
screen is slightly larger than the number of sensor subapertures to ensure the 1) Minimal Embedding (see
Egs. (29), (31)), 2) projection center shifts (30). Active points corresponding to the sensor subaperture
grid onto the highest estimation phase screen are shown in Fig. 6. The number of active grid points on
average is =3600. These numbers are important for computational complexity comparison.

The computation results on the desrcibed AO system that use the Sparse Toeplitz approach by
iteratively solving the linear system (22) eploying the BTTB representations of the corresponding
matrices and fast matrix-vector multiplications via Egs. (29), (31) are presented in Fig. 7.

The most simple non-predictioned Conjugate Gradient iteration without additional regularization
was used, which led to the large number of 100 iterations for acceptable convergence (Fig. 8), a separate
difficult problem attempted to be solved elsewhere [12, 17] but not a key issue for this work.

Figs. 7, 8 demonstrate correctness of the MCAO Estimation algorithm in its Sparse Toeplitz im-
plementation. As to its efficieny, it can be compared with two other key implementations of the same
algorithm: the Full Matrix and Sparse Matrix ones. We need to take into account that in case of full
matrix iterative solving of Eq. (22) is not necessary. Instead, Eq. (15) is computed as a single [E-matrix.
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Fig. 8. Conjugate Gradients residual error evolution over iterations

Its size is (6 x 3600) x (12 x 2800) = 21600 x 33600. The time for direct multiplication of this matrix by
a vector should be compared with the time of iterative solution of Eq. (22). In the just sparse matrix case
the iterative solution is used, thus it is enough to compare the time needed for one iteration. Given below
are the factual computation timing results obtained on the 64-bit Intel Core i3 2500 MHz processor on
a single core without parallelization:

100 iterations of
Sparse Toeplitz
Algorithm

0.2s

100 iterations of
Sparse
Algorithm

0.6s

Direct matrix-
vector
multiplication
03s

For the direct multiplication a standard BLAS library subroutine SGEM V() was used. For the sparse
matrix-vector multiplication because each block of the involved matrices can be represented as a sparse
band matrix the BLAS SGBM V() was used.

The comparison results are quite interesting. Obvious is that just Sparse approach is slower than
the Sparse Toeplitz one. It is quite surprizing that the difference with the full-matrix approach is not
very profound. The explanation is in the fact that the convergence of the iterative algorithm, which is
driven entirely by the involved matrix condition number, is too slow. If for convergence just ONE iter-
ation was enough, the Sparse Toeplitz algorithm would be more than two orders of magnitude faster,
but slow convergence of the iteration process eliminates this advantage. Apparently, the future work
needs to be concentrated on finding the efficient preconditioner for the Conjugate Gradients and, pos-
sibly, some optimized AO system configuration resulting in lower condition number. It should also be
mentioned that the [ -matrix recomputation in the case of full matrix takes about an hour, whereas
recomputation of BTTB-kernels for the matrices involved in (22) by numerical evaluating the integrals
in Eq. (18) takes less than 0.1 second, thus solving the recomputation problem completely.
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ON THE TENSOR ANALYZING POWER COMPONENT T7,,IN THE REACTION yd — n'd

Abstract. We calculate the tensor analyzing power component 7, for coherent photoproduction of pions on the deuteron
in the framework of the impulse approximation. The sensitivity of the results to the choice of the deuteron wave function is
investigated. We compare the obtained values with the predictions of other models and with experimental data. The noticeable
discrepancy between the theory and experiment was found at the photon energy £, =400 MeV.
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O KOMIIOHEHTE TEH30PHON AHAJIU3UPY IOIIEN CHOCOBHOCTM T,
B PEAKLIUM yd — n’d

AHHOTanus. B paMkax MjI0CKOBOJIHOBOIO MMITYJILCHOTO MPUOIVDKEHHS pacCUMTaHa KOMIIOHEHTa TeH30PHOI aHaIM3H-
pytoteii ciocodHocTH T, B peakIuy KOrepeHTHOro (oTOpOXKICHHUS MHOHOB Ha AeiiTpoHe. MccnenoBana 4yBCTBUTEIBHOCTD
pEe3ybTaToOB K BEIOOPY AeHTPOHHOM BOIHOBOH (hyHKIMH. IIpoBeIeHO cpaBHEHNE MOTYUEHHBIX PE3YIbTAaTOB C MPEACKa3aHuU-
SIMH IPyTHX MOZENEH U ¢ 9KCIIePUMEHTAIbHBIMY AaHHBIMU. HabmionaeTcs 3aMeTHOE pacXokIeHHe MEXAY TEOpPHEH U dKcIe-
puMeHTOM 1pu sHepruu $porona E, = 400 MaB.

KuioueBbie c10Ba: poXKAEHUE ME30HOB, pEaKIINH (POTOPOIKICHHSI, CHCTEMbI HECKOJIBKHX TeJ, IEHTPOH, OJISIPU3aIIHOH-
HBIC SBJICHUS B PEAKIMIX, CHUHOBBIC Ha0JII0aeMble, IT0JIsIPH30BaHHbBIC MUIICHN

Jas uuTupoBanusi. O KOMIIOHEHTE TEH30PHOH aHaIM3upyomel cnocobHoctu 75, B peakuuu yd — n’d / E. C. Ko-
koynunaa, M. W. Jlesuyk, M. H. Hesmepxxuuxuii, P. I. Illynskosckuii / Becui HanpisnaneHaii akagsMmii HaByk bemapyci.
Cepnis ¢izika-MaTIMATBIYHBIX HaBYK. — 2026. — T. 62, Ne 1. — C. 73-77. https://doi.org/10.29235/1561-2430-2026-62-1-73-77

Introduction. Experiments on the pion photoproduction on nucleons and nuclei provide a unique
tool for understanding the internal structure of the nucleons and other strongly interacting systems. The
deuteron is the simplest nucleus that contains the neutron. Its low binding energy and well-known struc-
ture in comparison with heavier nuclei gives great opportunity to study the neutron that is absent for
the study as a free target. In this context, the deuteron researches are of particular interest.

The history of theoretical investigation of the coherent reaction on the deuteron began with the works
[1, 2], where an approximate treatment of Fermi motion was used. Many theoretical studies using more
delicate approaches have been carried out later. Among them are: studies of factorization approximation
to treat the Fermi motion in impulse approximation (IA) [3], different approaches with the final state
rescattering [4—11], dynamical models for nucleon interactions with resonances [12].
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In 2020, the data for unique measurements of the tensor analyzing power component 7,, were pub-
lished in Ref. [13]. The measurements were performed at VEPP-3 electron storage ring at the Budker
Institute of Nuclear Physics in Novosibirsk, Russia.

In the present paper we investigate the capabilities of various models in reproducing experimental
data [13]. Tests on polarization observables impose even more stringent requirements than data on un-
polarized reaction. We construct our approach to calculate the tensor analyzing power component 75, in
the reaction yd — n°d. We use a realistic pion photoproduction operator, based on unitary isobar model
MAIDO7 [14], and parameterizations of the deuteron wave function (DWF) obtained from high-preci-
sion NN potentials. Note that in Ref. [13] our results on 7,, were already shown but they were cited as
a private communication by M. Levchuk dated on 2013. In the present paper we give some details of
the calculations.

1. Kinematics and observables. In the present work, we consider the reaction yd — n’d in the pho-
ton-deuteron (yd) center-of-mass (c.m.) frame. Let us denote by &k =(w,k), p=(E,-Kk), ¢ =(¢,,q), and
p' =(E',—q) the four-momenta of the initial photon, initial deuteron, final pion, and final deuteron, re-
spectively. We use a coordinate system in which z-axis is directed along the photon momentum k and
y-axis is parallel to k x q. A symbol E, stands for the photon energy in the laboratory frame: » = E,M/W

with W = \/M 2 4 2ME y =0+ \/ M? +®* and M being the deuteron mass. Note, that with the 7 mass
p=135.0 MeV the reaction threshold is given by

2
E" =+ ™ 21399 Mev. 1
v TR 1
The pion c.m. momentum is
1
g = AP =1+ w10 ()’ @)

The c.m. emission angle for the pion is 6. Let m,, m};, and A be spin states of the initial deuteron, final
deuteron, and photon, respectively. In practice, we calculated only a half of 18 amplitudes (my |T | Amy),
namely those for A = 1. One has due to the parity conservation [6] that

(=mig | T|=h=mg)=(=1) """ iy | T hamg). §)
In principle, in the case of real photons (A = +£1) this relation can be rewritten in a simpler form
(=mig | T =h=mg) = (=1)"" (miy | T | Jamg). @

The tensor analyzing power component 75, is defined as

Ty = (ma | T|+141) P +[(mg | T|+1=1) P =2[(my | T|+10) ] |/ 3 [y | T +1mg) ] (5)

1
—=2|!
V2 md ( m'qmd
2. The T-Matrix. We restrict ourselves in the present work to the impulse approximation (IA).

The corresponding diagram is shown in Fig. 1.
The reaction amplitude in the [A is given by

d? ot " Kk
(mly | M(@K) [Imgy =] =L > ‘ngm[p+%j<mz|zyn|1m1>\lfmfm[p+—j, ©)

275)3 maymim 2

where 7, is the amplitude of n° photoproduction on the nucleon and ¥"™¢ denotes DWF. The scattering
matrix M, 1, is given by isolating the azimuthal dependence as follows
Moy ging (©,0) =" T, (©), @

where the reduced 7-matrix elements are defined by separating the ¢-dependence from the M -matrix
elements and it is used in Eq. (5) to calculate 7,
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Fig. 1. Diagrammatic representation of the yd — n°d amplitude in IA

The pion photoproduction operator 7, in the photon-nucleon c.m. frame has the well-known form [15]

4TEWYN

(2 [ty | Domy) == (G- €)Fi + (5 @) (0 (k <€) ) Fo +

+i(o k)G - €.)F; +i(c-q)(q-€.)Fa | my). ®)

The amplitudes F;(i =1-4) are taken from the MAID07 model for pion photoproduction on the nucle-

on [14]. Before using Eq. (8) one has to transform the unit vectors q and k and the polarization vector
€, to the yN, cm. frame. This can be done making the use of a boost with the velocity

v=p/(E- \/mz + pz) with m being the nucleon mass.

3. Results and discussion. Figure 2 shows a comparison of results for the angular dependencies of
T,, at three photon energies using different parameterizations of DWF. Black, blue and red curves are
the results obtained using the wave functions corresponding to the potentials CD-Bonn [16], V18 [17]
and Nijm93 [18], respectively. The results obtained for the potential NijmlII [18] coincide with those for
V18 and are not shown in the Figure. As one can see, the difference between the predictions is small.
This is due to the fact that realistic nucleon-nucleon potentials are used in calculations. Yet we consider
CD-Bonn NN potential as the main potential in this work. The )(2/Ndof values are equal to 12.2, 13.8,
12.8, 13.8 for CD-Bonn, V18, Nijm93 and Nijmll, respectively. If the data for £, =400 MeV are not tak-
en into account, the x*/N,,, values are equal to 8.6, 4.4, 4.8, 4.3.

Figure 3 shows the predictions for the angular dependencies of 7, at three photon energies made
with the use of various theoretical models. Black curves as in Figure 2 are obtained in the framework
of the model described in Section 1. Blue curves are the full calculation from work [7]. Red curves are
obtained from a model similar to ours [8, 9]. Cyan lines are the predictions from work [6]. One can see
that our model successfully describes the experimental data for the energies 260 and 340 MeV, but there
is a large discrepancy for photon energy 400 MeV. Moreover, it follows from Figures 2 and 3 that none
of the considered models describes the experimental data at the energy of 400 MeV. It should be noted
that the discrepancy between our calculation and calculations [8, 9] is a separate important issue, since
the models within which the calculations were carried out are identical.

Figures 4 and 5 show energy dependencies of 7,, for fixed angles. Notations as in Figures 2 and 3.
Green lines are calculations from Refs. [13]. One can see that our predictions have some small discrep-
ancies with the experimental data at 6 = 110°. For 6 = 130° we have good agreement with the experiment
up to 325 MeV, but our model does not describe the experimental data for higher energies.
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Fig. 2. The tensor analyzing power component 7, for various parameterizations of the deuteron wave function.
Blue, red, and black lines correspond to DWF from Refs. [17, 18], and [16], respectively. Data are from Ref. [13]
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Fig. 3. Predictions of different models for the tensor analyzing power component T,
Cyan, blue, red and black lines are the results from Refs. [6-9], and the present work, respectively. Data are from Ref. [13]
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Fig. 4. The tensor analyzing power component 75, for various parameterizations of the deuteron wave function.
Blue, red, and black lines correspond to DWF from Refs. [17, 18] and [16], respectively. Data are from Ref. [13]

0.0 ©=110° 1 0.0
0.2 0.2
Q-04 0.4
0.6 06
0.8} 108

0 1 1 1 1 1.0 1 L 1 L
200 250 300 350 400 450 200 250 300 350 400 450

E, MeV

E,. MeV

Fig. 5. Predictions of different models for the tensor analyzing power component 7,,. Cyan, blue, red, green,
and black lines are the results from Refs. [6-9, 13], and the present work, respectively. Data are from Ref. [13]

Conclusions. In the framework of the plane-wave impulse approximation using the unitary isobaric

model MAIDO07 and various parameterizations of the deuteron wave function based on realistic nucle-
on-nucleon potentials, the tensor asymmetry component 75, in the reaction of coherent photoproduction
of neutral pions on the deuteron in the framework of the impulse approximation is obtained. We have
shown that the difference between predictions based on different NN potentials is small. Comparison of
our model’s predictions with experimental data shows that our model adequately describes the data for
photon energies of 260 MeV and 340 MeV, but fails for energies of 400 MeV. It should be noted that all
models presented in the literature have predictions close to ours at 400 MeV and, accordingly, the same
problems. We do not have yet an explanation for this discrepancy.
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AJITOPUTMBI U IPOI'PAMMHOE OBECIHEYHEHMUE U151 OIPEAEJEHUA
B3AWUMOCBSI3EN 2JJIEMEHTAPHBIX YYACTKOB PA3SHBIX TYPOB
ATPOXUMHYECKOI'O OBCJEJOBAHU S CEJIbCKOXO3SMCTBEHHBIX 3EMEJIb

AnHOTanms. PaccMOTpeHO pelieHHe 3ajaud ONpeAeIeHUs] TreorpadUuecKoil B3aMMOCBSI3H JJIEMEHTapHBIX y4acT-
koB (DY) pasiu4HBIX TYpOB arpOXMMHYECKOI'0 OOCIIEIOBAHUS CEIbCKOXO3SMCTBEHHBIX 3eMenb PecrnyOnunku bemapyce.
[IpennoxkeH BBIYUCIUTEIBHBIA aJITOPUTM JUISI ONPEACIICHNUSI B3aUMOCBs3el DY pa3HBIX TYypOB arpoXMMHYECKOro obcie-
JIOBaHUS 3eMelb, OCHOBAaHHBII Ha MPUMEHCHHHN allTOpPUTMa Yaiiiepa — ATepTOHA, KOTOPBIH ITO3BOJISIET HAXOAUTH O00JIACTH
NIePeCceUeHUs TPaHHIl YJICMEHTAPHBIX YYaCTKOB M BBIIIONHSTH PAcUeT IIPOLEHTHOI0 BXOXKICHHS IuTomaneit DY mpensiye-
ro Typa B DY TEKymIero Typa, 4TO JeaeT BO3MOXKHBIM YCTAHOBICHHE MEKIY HUMH CBSI3€H THIIA «POJUTETH — IIOTOMOK.
Pa3paboTaHHOE Ha OCHOBE MPEIJIOKEHHOT0 aJITOPUTMA IPOrpaMMHOE 00eCIIeYeHHE Pean30BaHo C UCIOJIb30BaHHEM COBpE-
MeHHBIX BeO-TexHonoruil (PHP, Drupal, MySQL, Bootstrap, Leaflet), uTo obecneunBaeT nmakeTHyto o0paboTKy OOJBIIIX
MacCHBOB I'€O/IaHHBIX, BU3yaJIH3alUIO TPaHUIl DY Ha MHTEPAKTHBHOH KapTe M CO3/aHHME YAaJEHHOrO JI0CTYIIa K MOoJyydae-
MBIM pe3yibTaTaM. AnpoOaius MeToAa Ha MaTepraiax MpeArnonaraeMbix 15-ro u 16-ro TypoB arpoXxuMmu4eckoro odciaeno-
BaHMS MOKa3aja ero 3Q(GEeKTHBHOCTb AJIS BBIABICHHS IPOCTPAHCTBEHHBIX COOTBETCTBHI Mexkay DY. PazpaboTaHHbIE BbI-
YUCIUTENbHBII aJITOPUTM U IPOrpaMMHOE 00ECHEeYeHHEe OTKPBIBAIOT HOBBIE BO3SMOJKHOCTHU JUISL BEACHUS MCTOPUH IOJICH,
pacueTa 103 yI00peHU U OIICHKH MX 3(PPEKTUBHOCTH, a TAKXKE ISl PEIICHUS HHHOBAIIMOHHBIX 33/1a4 TOYHOTO 3EMJICICIIUSI
Y KOMITJICKCHOU OIIEHKU COCTOSIHHS OHOC(hEpBhI.

KuroueBble cJ10Ba: dJI€MEHTAapHBIH Y4YacTOK, alrOPUTMBI IE€PECEUeHHs] MHOIOYI'OJIBHUKOB, aJTOPHTM Yaiiepa —
ATepToHa, aHAJHU3 I'eOlaHHbIX, HCTOPHS 1o, reoudHopmarmonnas cucrema, ['IC, arpoxuMundeckoe obciienoBanue, Mo-
HUTOPHHT OKPY>KaIOIIEeH CpeIb

Jas uutupoBanus. [llaxskesny, I1. K. Anroput™sl n nmporpamMmHoe oOecriedeHue AJisl OIpeesICHIs B3anMOCBsI3eit
9JIEMEHTApPHBIX yYaCTKOB Pa3HbIX TYPOB arpOXHMUYECKOTO 00CIIeIOBaHUS CelIbCKOX03siicTBeHHbIX 3emenb / I1. K. lanb-
keBud, E. C. Epomunok // Becui HanpistHanbHali akanamii HaByk bemapyci. Cepbis ¢izika-MaTIMaThHIYHBIX HaBYK. — 2026. —
T. 62, Ne 1. — C. 78-88. https://doi.org/10.29235/1561-2430-2026-62-1-78-88
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ALGORITHMS AND SOFTWARE FORDETERMINING INTERRELATIONS BETWEEN AGRICULTURAL
MANAGEMENT ZONES IN DIFFERENT TOURS OF AGROCHEMICAL SURVEYS

Abstract. The study considers the problem of determining geographical relationships between agricultural management
zones (MZs) across different rounds of agrochemical surveys of agricultural lands in the Republic of Belarus. A computation-
al algorithm is proposed for identifying relationships between MZs from successive survey rounds, based on the application
of the Weiler — Atherton polygon clipping algorithm. The algorithm enables the detection of intersection areas between MZ
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boundaries and the calculation of the percentage of overlap between MZs of the previous and current survey rounds, there-
by allowing the establishment of hierarchical “parent — child” relationships among them. Software developed on the basis
of the proposed algorithm was implemented using modern web technologies (PHP, Drupal, MySQL, Bootstrap, Leaflet).
The system provides batch processing of large volumes of geospatial data, interactive visualization of MZ boundaries on
digital maps, and remote access to analytical results. Experimental validation using geodata from the supposed 15th and 16th
agrochemical survey rounds demonstrated the effectiveness of the proposed approach in identifying spatial correspondences
between MZs. The developed computational algorithm and software offer new opportunities for the field history maintaining,
optimization of fertilizer application rates, and evaluation of their agronomic efficiency, as well as for addressing advanced
challenges in the precision agriculture and comprehensive biosphere assessment.

Keywords: agricultural management zone, polygon intersection algorithms, Weiler — Atherton algorithm, geospatial da-
ta analysis, field management history, geo-information system, GIS, agrochemical survey, environmental monitoring
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BBenenne. Jlanupie 0 pe3yipratax MPOBEACHHUS MOHHUTOPHUHIA COCTOSHHUS MOYBEHHOTO MOKPOBA
U TUJIOIOPOJIHS CEIIbCKOXO3SIUCTBEHHBIX 3eMelb PecnyOnuku benapych HakariuBarOTCS Ha pa3iind-
HBIX HEPaAPXUUYECKUX yPOBHSIX, MEPBBIM U3 KOTOPBIX SIBJISIETCS YPOBEHB DJIEMEHTAPHBIX y4acTKoB [1].
DV mpeacraBiaseT co00il TEOPETHUESCKU HEACTUMYIO YacTh 36MJIM, HA OCHOBAHUHU arpOXHUMHYECKOTO
00cIIeIOBaHUS TTOUYBBI KOTOPOH pacCUUTHIBACTCS KOJMIECTBO H3BECTKOBOTO MaTepraia, OpraHuIeCKuX
1 MHUHEPAJIBHBIX yIOOpEeHHH, HEOOXOMUMBIX IJIsS BHECCHHS B ATy IOYBY, ompenensercs dhdexTus-
HOCTHh BHECEHHBIX y00peHuH, OalaHC 3JIeMEHTOB MUTAHUS, PaJHallMOHHas 0OCTAaHOBKAa HA CEIhCKO-
XO3SUCTBEHHBIX 3eMJIAX [2]. ATpOXHMUYECKOE 00CIIeIOBaHNE CEITLCKOX03IUCTBEHHBIX 36MeITh B HAIIIEH
CTpaHe MPOBOIUTCS 10 DIIEMEHTAPHBIM Y4YacTKaM OJIMH pa3 B YCTAHOBJICHHBIH MEPUOJ], HA3bIBAEMBIH
typoM [3]. Ha mpoTsikennn 6omee uem 50 neT [4] pe3ynbTarThl KaXJI0TO Typa 00CIeOBaHHS aHATU3HU-
PYIOTCS Ha YpOBHE PailOHOB B COIIOCTABJICHHH C PE3yJIbTaTaMU MPEIbIAYIIUX TYPOB U MyOIUKYIOTCS
B OTKPBITOH 1eyaTH [5]. DT JaHHBIE MOTYT OBITh HCIIOJIB30BAHBI JUISI CO3JITaHUS UCTOPUU TIOJICH, OJHA-
KO Ha ypOBHE PallOHOB OHU HE JAIOT JIOCTATOYHO HH(POPMAIIMH JIJIs NPUHATUS 3P (DEKTHBHBIX PEIICHHM
10 Pa3BUTHIO CEIILCKOXO3SIHCTBEHHBIX 3€MEJIb HA YPOBHE MOJICH U XO35UCTB, UTO HMEET 0COOYI0 3HAYU-
MOCTbH B YCIIOBHUSIX BHEAPCHUS TEXHOIOTUM TOYHOT'O 3eMIICICTHUS.

WNudopmanusi 0 COCTOSHMM arpOXMMHUYECKUX IMOKA3aTeseH IJIOAOPOAMS [OYB HA YPOBHE MOJICH
1 XO35UCTB (DOPMUPYETCS HA OCHOBAHHMHM JJAHHBIX 00CJICIOBAHMS 3JICMEHTAPHBIX YUACTKOB, PETPOCIICK-
THBHBIN aHAJIN3 KOTOPBIX MTOMOXKET CO3/1aTh HanmboIee TOYHYIO BEPCHUIO UCTOPUU TOJICH B pecmyOn-
ke. OTHAKO TTPOBEJICHUE TAKOTO aHaJIM3a TPeOyeT PEIICHHS psiia TPoOIeM, OHa 3 KOTOPBIX CBs3aHA
C HEMOCTOSTHCTBOM TpaHull JY. Ha mpakTuke rpaHUIlBl TOCIEAHNX MOTYT H3MEHATHCS B KAXKIAOM Type
obcnenoBanus [6], kK Tomy ke B 2020 1. ObLIIM W3MEHEHBI AMAa30HBI Pa3MEPOB dJIEMEHTAPHBIX y4acT-
koB ¢ 3—20 no 0,5-10 ra [3]. CnenoBaTenbHO, KOTUYECTBO, IPAHUIIBI U IJIOMAAM DY B paMKax OJHOTO
Y TOT'O K€ TIOJISl B KaK/IOM HOBOM Type 00CIIeZIOBaHUsI MOTYT OBITh pa3HbIMU. Kpome Toro, coOuroneHmne
B MIPOBOJIMMOM Type OOCIEZIOBaHUs TaKOH ke HyMepallud AJIEMEHTApHBIX yYaCTKOB, KaK U B TIPEIbI-
IyLIEM, HOCUT PEKOMEHIaTeIbHbIN XapakTep [6], U3 Yero cielyeT, UTO Ja)e IPU COBMaJACHUU I'PAHULL
OJIUH U TOT k€ DY B KaXKJIOM HOBOM TypE€ MOXET UMETh HOBBII HOMEp. B Takux ycloBUSIX BO3MOKHA
CUTYyaIusi, KOTjJia, HalpuMep, B TEKYIIeM Type 00ciieoBaHus OyaeT COPMUPOBAHO 3 AJIEMEHTAPHBIX
y4acTka ¢ Homepamu 1, 23 u 38 COOTBETCTBEHHO, TOT/Ia KaK B MPEABIIYIIIEM Type Ha UX MecTe ObLI BCe-
r0 OJIMH dJIEMEHTAPHBIN ydacTok ¢ HoMepoMm 17. [lomydaeTcs, 4TO y4acCTKH TEKYIIETo Typa ¢ HoMepa-
mu 1, 23 u 38 He 00CIe10BaIUCh B TAKOM K€ BUJIC B TYPE MPEABIIYIIEM, OJHAKO HEJIb3s CKa3aTh, YTO UX
TEPPUTOPUHU HE ObLITH 00CIIeI0BaHbI BOBCE — OHM ObLIM 00CIICIOBAHBI B TPAHUIIAX yUacTKa 17 mpeasiay-
IIEeTo Typa. 3HAYHT, TaHHbIe o0cienoBanus DY 17 mpenpIaymero Typa sBiasioTca HCTOPHIECKIMH JTaH-
HBIMH IJTg ydacTkoB 1, 23 u 38 Texymero Typa. PazymeeTcs, XxapakTep yueTa dTHX JaHHBIX €Ile Mpe/l-
CTOWT BBISICHUTH, HO OYEBHIHO, UYTO 3ajJlada OMpeeNieHUs reorpaduveckoil B3anMOCBS3H MeXIy DY
Pa3HBIX TYpOB 00CTIEIOBAHUS MPEACTABISET COO0I BRICOKYIO HAYYHYIO M TPAKTHYECKYIO0 3HAYUMOCTb.

VYuauteiBas TOT (haKT, 4TO PE3yNBTaThl KPYITHOMACIITAOHOTO ar pPOXUMHYECKOTO 00CIIeIOBaHUS TI0YB
M0 KaXKJIOMY TYPYy XpaHSTCS B BUJE ONU(PPOBAHHBIX KapT C T€OJIAHHBIMU 10 KaXKIOMY AIIEMEHTapHO-
MYy y4acTky [5], reorpaduueckasi B3auMOCBS3b TpaHuI] DY pa3lInyHbIX TYPOB 00CIIEIOBAaHUS CEIbCKO-
XO3SIICTBEHHBIX 3€MeNIb MOXKET OBITh OMpeiesieHa ITyTeM MPUMEHEHUS K JTaHHBIM 3THX KapT METOJIOB
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KOMITBIOTEPHOH T'padMKH, HCHONB3YEMBIX JUIsl HAXOXKACHUS 00JIacTel epeceyeHns ABYMEPHbBIX MHO-
TFOYTOJBHUKOB (KOTOPBIMHE SIBISFOTCS Tpanuiibl DY). [loaTomMy Halle uccieqoBaHue MOoCBSIICHO pelle-
HUIO 3a[a4¥ OIpeieIeHns reorpaudeckoil B3anMOCBsI3H DY Pa3HBIX TYPOB arpOXUMHUUYECKOT0 00ce-
JIOBaHMS CENTbCKOXO3SHCTBEHHBIX 3€Meb.

MupoBasi mTpakTHKA pelIeHusT 3a1a4, CBI3AaHHBIX ¢ 00pa0oTKOii reoJaHHBIX dJIeMeHTAPHbBIX
y4acTKOB. B MUPOBOI TpakTHKE COBPEMEHHBIC UCCIICIOBAHUSI ¢ IPUMEHEHHEM T€OMaHHBIX DY B OC-
HOBHOM TIOCBSIIIICHBI pa3paboTKe KpUTepreB M0 (POPMUPOBAHUIO TpaHUIl DY IS penieHus 3aaad pa-
[[MOHAJIFHOTO WCIOJIb30BaHUA yI0OpEeHMH, MOBbIMIEeHNs ypoxaitHocTh [7—10] u npuHATHS perieHui
B oOsactu skojioruu [7, 11]. Tak, B [7—10] ObliIu peIJIORKEHBI METO/IbI 110 (POPMUPOBAHUIO IpaHUI] DY
Ha OCHOBE T'€OJaHHBIX, a B [11] — METOABI KOPPEKIIUU UX TPAHUIL AJIsI TOUHON OIEHKU MOCICACTBUI
BHECEHMsI TlecTULUI0B. Kpome TOro, CylecTBYIOT HCCIIEIOBaHM, B KOTOPBIX T€OMH()OPMAIIOHHbBIE
TEXHOJIOTMH MPUMEHSIOTCS ISl pEHIeHUsl 3a7jad arpo’KOJIOrH4ecKoro MOHUTOPUHIA U ONTHUMHU3ALHH
3eMJICTIONB30BAHUSI B KOHTEKCTE YKe yCcTosABIINXCs rpanul OV [12, 13].

CrnemyeT Tak)ke OTMETHTB, YTO AJIEMEHTApHbBIE YYaCTKA B MHUPOBOH MPaKTHKE HCIIONB3YIOTCS Kak
OCHOBA TSI BEACHHS TOYHOTO 3emuenenus [14, 15]. DTo 0OBICHICT TEHICHIINIO K MUHUMH3AINH UX
pa3mepoB. Tak, B CIIIA, KOTOpbIe CIMUTAIOTCS MHPOBBIM JIUACPOM B OOJIACTH TOYHOTO 3EMIICICITHS,
romans DY He mpeBbimaeT 2 ra [16], k TakoMy ke mokaszaTtento crpemsates u B Kurae [17]. B EBporme
CUTYaIHs OTIMYAETCS I KaXKJJOM CTPaHbl, HO B CPEIHEM ILIomaas DY He mpeBbIaet 4 ra (Ha mpume-
pe Toxsmu)'. OueBnsHo, uTo 1 B Bemapycn yMmenbinenne miomazeii DY 10 0,5-10 ra [3] cBsi3aHo ¢ He-
00XOAMMOCTBIO BHEIPEHH S TEXHOJIOTHI TOUHOTO 3eMIICICIHS, TaK KaK MPeabI Iy X pa3MepoB B 20 ra
OBLJIO SIBHO JJIs1 ATOr0 HenocTarodHo [18]. OqHako YHMKaJbHBIN OINBIT HAIICH CTPAHbI 3aKJIHOYACTCS
B TOM, YTO, HECMOTPS Ha CPaBHUTEJIBHO OOJbIINE pa3Mepy DY, UX arpOXMMHUECKUN COCTaB METOAMY-
HO otcaexuBaincs ¢ 1960-x rr. [4]. Takum oOpa3om, pelieHHe 3a/1aun oNpeaesieHus reorpaduyeckon
B3aUMOCBSI3U T'paHuIl DY pa3HbIX TyPOB arpOXHUMHUYECKOT0 00CIEeIOBAHMS CEIbCKOXO35HCTBEHHBIX 3€-
MeJb CTAaHEeT TIEPBBIM IIaroM JUIS CO3[JaHUsI HanOoJee TOCTOBEPHOH, MAaTEMaTHUECKHA TOYHON UCTOPHUH
oJieil, KOTopas B MOCIEAYIOIEM o0ecriednT Hanboee 3¢ (heKTHBHBINA MEPEX0 ] K TEXHOJIOTHAM TOYHO-
T'0 3eMJIE/IETUS B PECITYOIIHKe.

AJIrOpUTMBI MOKCKA NepecevyeHnii rPaHuIl JIeMeHTAPHBIX YYacTKoB. bosee yem 3a 60-neTHIO0
MPaKTUKY KPYITHOMACIITaOHOTO arpOXMMHUYECKOTO U PAIMAIMOHHOTO 00CIEIOBAHMS TIOYB CEIHCKOXO-
3sIICTBEHHBIX 3eMenb B PecnyOnuke Benapych, B kKaxaoi 00jacTH ObIJIO BBIIOJHEHO HE MEHEE, YeM
12 typoB obcnenoBanwmii [3]. [Ipu Hanwunu nHboOpManuu o rpaHunax DY B KaXJIOM M3 3THX TYpOB
B Buje BeKTOpHBIX opmaroB SHP, GeoJSON, KML unu ux aHanoroB u mpu COOJIOACHUU YCIIOBUS
0 TOM, YTO I'PaHULBI KaXXKIOTO OTIAENBHO B3siToro DY OyAayT MMeTh (JOPMY MHOTOYTOJIBHUKA, MOTYT
ObITH HaliieHbl Bce o0nacTu nepecedeHuss DY CMEKHBIX TYpoB. TakuMm o0pa3oM, 2 OTIEIBHO B3ATHIX
OV B CMEXKHBIX Typax MOTYT OBITh IIPEJCTABJICHBI B BHJI€ MHOTOYTOJILHUKOB S U P:

P=1{pisDis>Puts Q=459 005} (M

riae P — MHOTOYroJIbHHUK, ONUCHIBAIOIINAN TpaHUIBI DY B OHOM Type o0ciieioBanusi; ) — MHOTOYTOJIb-
HUK, ONUCHIBAIOLIMH TpaHuLbl DY B IpyroM Type 00Caea0BaHus; p; — i-1 BEPIINHA MHOIOYTOJIbHUKA P;
g; —Jj-s1 BepIIMHA MHOIOYTOJbHUKA (); 1 — KOJIMYECTBO BEPLUINH MHOTOYTOJIIBHUKA P; m — KOIMYECTBO
BepuIH MHoroyronsHuka Q. Torma pedpa MHOTOYToNbHUKOB P 1 Q MOTYT OBITH 33aHBI CIIENYIOIUM
o0Opazom:

¢ =[ppils Poi=p> € =14,q0) 4 =5 2

P .
rae e, — i-e pebpo MHOrOyrojabHUKA P, COeIUHSAIOIEE BEPUIMHEL p; U P, s P, = P) — YCIIOBUE 3aMbIKa-
L0 . -
HUsl MHOTOYTOIIBHUKA P; € — j-¢ peOpo MHOroyronbHuIKa (), COCIUHSIONIEE BEPIIMHBL §; M 115 §11 =
= @, — ycJloBUE 3aMblKaHUsI MHOTroyrojabHuka (). CienoBaTellbHO, 3a/1aua HaXoXkIeHus ob1acTel nepe-
cedeHns DY CMEXHBIX TYpOB CBOJIUTCSA K HAXOKJICHHIO IepecedyeHnid pedep MHOTOyroJbHUKOB, OIH-
CBHIBAIOUINX IpaHMIbI ATHX DY. J{ns pemenus nanHoi 3anaun B coBpeMeHHbIX [ IC MoryT ObITH mpu-

1 Analiza chemiczno-rolnicza gleby. Pobieranie probek. PN-R-04031:1997. Warszawa: Polski Komitet Normalizacyjny,
1997.5s.



Becui Hanpisinanpnaii akagowmii HaByk benapyci. Cepsis dizika-maramarsraabix HaByk. 2026. T. 62, Ne 1. C. 7888 81

DT

WY

9,

s

s

A3

P;

Puc. 1. [Ipumep npumMeHeHus: anroputMa Yaiiaepa — ATepTOHa IS pEIICHUS 3a0a4l HaX0KICHUS 00IacTeit
nepecedenus DY ¢ rpanunamu P u Q

Fig. 1. An example of the Weiler — Atherton algorithm application to solve the task of detecting
the intersection of managing zones with the boundaries of P and O

MEHEHBI CIIELUAJIbHbIE aJITOPUTMbI, HAUOOJBIIYIO HOMYJISPHOCTh U3 KOTOPBIX MOJYUHIIH CICAYIOLIUE
[19, 20]: anroputm VYaiinepa — Ateptona [21], anroputm Bartu [22] n anroput™m I'paiinepa — XopmaHHa
[23]. M3BecTHO, YTO JUIST KOMITBIOTEPHOHN peainu3alliy ABa MOCICAHNX aJITOpUTMa TPEOYIOT MpUMEHe-
HUS JBYCBSI3HBIX CIIMCKOB, YTO OOYCJIOBJIEHO OOJNBIIMMU 3aTpaTaMy MaMsITH IIPU BBIIIOJTHEHUN BBIUNC-
TUTENbHBIX omeparuil [20]. YauThiBas, 4TO 3eMJIM CEIBCKOXO3SIIICTBEHHOrO Ha3Ha4deHus B bemapycu
3anuMaroT 9050,0 Teic. ra [24], a momane DY coctaBisier 0,5-10 ra [3], konudecTBO DY B KakJI0M
Type obcnenopanust HaunHas ¢ 2020 r. Oyzaet npesbimars 900 Toic. CiiegoBaTenbHO, TPUMEHEHUE aJITo-
PHUTMOB, peaJin3anusi KOTOPBIX TpeOyeT BEICOKUX 3aTpaT MaMATH, HeKeNaTebHO JJIsI PEIICHHS 3a1a4H
HaxXOXAeHUs obnacTel mepecedeHust DY CMEXHBIX TYPOB arpOXUMHUYECKOT0 00CIIEIOBAHMSI CEIIbCKO-
XO3HUCTBEHHBIX 3eMmellb PecnyOnuku benapych, uTo 00OCHOBBIBaeT BBIOOp alropuTMa Yaijepa —
ATepToHa B KauecTBe HauboJiee MpearnoYTHTEIHHOTO.

[Ipumenenue anroputma Yaitnepa — Ateprona [21] anst penieHus MOCTaBICHHON 3a/laud TpeOyeT
pelIeHns CleyoMuUX NoA3a1a4: IOUCK IepeceyeHnit pedep MHOTOyroiabHUKOB P 1 Q (OCYLIECTBISETCS
10 YaCOBOH CTpEJIKe); Kilaccu(pukanns HalJeHHBIX [IEPECEeUYCHUI Ha BXOJHBIC U BBIXOHBIE; (hOPMHUPO-

BaHHE 00JacTell mepecedeHnsl o HalACHHBIM TOYKaM TiepeceueHus. Berancnenue nepeceueHnii pedep
0
J

pi+}\'(pi+1_pi):qj""“(qj‘ﬂ_qj')a NMG[OJ], 3

P
MHOT'OYT'OJIBHUKOB Pu Q JUIA KaXXK10Ir0 pe6pa € U € MOXCT OBITH OIKCAHO CJICAYIOIUM YPAaBHCHUCM!

o P
rzie A — mapaMeTp, ONpeaessIouIril MoJ0KeHHe TOYKH TiepeceyeHnst Ha pedpe e, ; |\ — mapameTp, ompe-

1
TIETISFOIINH TIOJIO’KEHNE TOYKH TIepeceueHus Ha pedpe ejQ. Pemenune ypaBuenus (3) mo3BOJHUT TOJTY-
YUTHh MHOXKECTBO R TOYEK MEPECCUYCHM I'paHUI] MHOT'OYTOJIbHUKOB Pn Q:

R={r 1, rshi}, @)

rjae R — MHOXKECTBO TOYEK I1€PECEUEHUs TPAHUL] MHOTOYTOIbHUKOB P u Q; 1, — k-51 TOuKa MHOKeCTBa K;
| — xonnuecTBO ToYeK MHOKecTBa R. Jlanee, HailiileHHBIE TOYKH HEOOXOOUMO KJacCH(DUIMPOBATh HA
BXOJIHBIE U BBIXOHBIE. HanmpumMep, TOUKH 7| U 75, IOKa3aHHBIE HA PUC. 1, ABIAIOTCA BXOAHBIMH, & TOUKH
75 U ¥y — BBIXOTHBIMH.

Ilocne Toro Kak TOYKH TIEPECEUCHHS Hal/IeHbI, OHU JIOJDKHBI OBITH JOOABJICHBI B CIIUCKH BEPIIHH
KaXJO0T'0 U3 pacCMaTPUBAEMbBIX MHOT'OYTOJIBHIKOB. 3aTeéM HEOOXOIUMO IMTPOM3BECTH 00XOM 10 pedpam
MHOTOYTOJIFHUKOB P 1 ) OT BXOJITHOM TOYKH JI0 BBIXOAHON M 00paTHO. YUHUTHIBAS, YTO KaXK/I0W BXOIHOM
TOYKe OyJIeT Bceraa COOTBETCTBOBATH BEIXOAHAS [21] M UTO KOTMYECTBO TMap TOYEK BXOJIA U BBIXOJA BO
MHOXecTBe R OyJeT B 2 paza MEHBIIIE KOJINYECTBA TOUYEK B 9TOM MHOKECTBE, PE3yJIbTATOM BBIITOJTHEHHUS
anroputMma Yaiiepa — Ateptona ans DY OyaeT § MHOTOYyTrOJbHUKOB S:
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s, =G, 6)

rae S — MHOTOyTOJIbHUK, ONUCHIBAIOLIMM T'PAaHUIb] IEPECEUEHUs MHOTOYTroIbHUKOB P 1 O; G, — 3aM-
KHYTBIH MapmipyT (IIUKJI) IO pedpam el.P u ejQ, MOCTPOCHHBIM OT TOYKH BXOJA ¥, © COOTBETCTBYIOLICH
el TOUKH BBIXOJA 7, ;; § — KOJTMUECTBO Map TOYEK BXOJA U BBIXOJA.

Pa3paboTka BBIYMCIUTEJBHOIO AJTrOPUTMA ONpedeeHHs B3aNMOCBA3eH 3JeMEeHTAPHBIX
YYaCTKOB Pa3HbIX TYPOB arpoXUMHYECKOr0 00c/IeI0BAaHUS CEJIHCKOX03HCTBEHHBIX 3eMeib. Jis
pELIeHHS 3aJaud OIpeesieH!s] TeorpadMuecKoil B3aMMOCBSI3U AJIEMEHTApHBIX YYaCTKOB Pa3HbIX TY-
POB arpOXMMHUYECKOro OOCIIEHOBaHHS CEIbCKOXO3SICTBEHHBIX 3eMellb, KpOME MOMCKa MepeceueHuit
WX TPaHHIl, HeOOXOIMMO YCTAHOBUTH MPOIEHT BXOXKACHHUS DY Mpeablayliero typa B Y TeKyIlero.
YuuTeIBas, 4TO TPAHUIIBI OTAEIBHO B3ATOTr0 DY TEKYIIEro Typa MOTYT UMETh IepecedeHust C HECKOIb-
KuMH DY NpeabllyLIero Typa, IpeajiaraeTcs yCTaHaBIMBATh MEXKIY TakKUMU DY CBs3b THUIA «PO-
IuTeNh — moToMok». Tak, DY mpeasiaymiero Typa oOCiIe0BaHUs, TPAHUIIBI KOTOPBIX MEePECeKaAl0TCs
¢ DY Tekymiero Typa obclemoBanus, OyAyT POAUTEISIMA TOCIETHETO. A 3HAas TUIOIIANH Iepecede-
HUS TPAHUIl, OyAET HECIOKHO YCTAHOBUTH IPOIEHT COBMAJCHUS IUIOMANCH POAUTENCH C TIOTOMKOM.
CrnemoBaTenbHO, CPaBHUB DY BCEX CMEKHBIX TYPOB OOCIICOBAHUS CEIHCKOXO3SIMCTBEHHBIX 3EMEIb,
MBI TIOJYYHUM HEpapXHUECKUE CBI3H MEXay DY, HaYMHas ¢ MEpBOro Typa o0cieoBaHus. DTH CBS3H
U CIICJIAI0T BO3MOXKHBIM (POPMHUPOBAHUE JIOCTOBEPHON MCTOPUU TIOJICH, HEOOXOMMMOM sl 1eJIei ToY-
Horo 3emMuenenus [25, 26].

Takum oOpazom, mocie ompeneneHus nepeceueHuil rpanun DY pasinyHBIX TYpOB arpoXxuMHue-
CKOTO 00cCIeoOBaHUs HEOOXOJUMO BBHITIOJHUTH KOJIWYECTBEHHYIO OIEHKY CTENEHW WX POJICTBA, YTO
ITO3BOJIUT YCTAHOBUTH JIOTHUECKYIO TIPEEMCTBEHHOCTh MEXAy DY, KOTOphle HE UMEIOT SIBHOW HJICHTH-
(PMKAITMOHHON CBSI3H, HO TPAHUIBI KOTOPHIX COBMAJAIOT HJIM YAaCTUYHO HaKIJaJbeIBatoTcs. Jlis sToro,
MIPU HATHYHUHA TEOMETPUIECKOTO TIepeceYeHH s TPaHuIl ABYX DY (MPeAbIIyIIero U TEKYIIeTo TypoB 00-
CJIEZIOBAaHMS), IPEJIJIaraeTCs BBITIOIHATD PacyeT OTHOMICHHS TIOIIAI! TIepecedeHns K 00Ie miomanm
DY texymero (bonee HOBOro) Typa oOcienoBanus. PaccunTanHoe 3HaUCHUE MpeIaracTcsl BRIPaKaTh
B MpOIEHTaX ¥ 0003HaYaTh KaK MPOIEHT BXOXKJICHHS IO POAUTEIHCKOTO 3JIeMEHTa B TLIONIA/lb
nouepHero. Takoii OAX0/1 TO3BOJIUT BBISIBUTH MOJTHOE UM YAaCTHYHOE COBNajieHUe DY, 3aUKCHPOBAThH
clly4au AeJICHUs 0JHOT0 DY Ha HECKOJBKO M 00bEIMHEHHS HECKOIBKUX DY B OAHH.

Juist mocnenyomei nporpaMMHON peain3aiy BBIYUCIUTENBHOTO aJropuTMa Ofpeae/ieHus B3au-
MocBs3el DY pasHBIX TYpPOB arpOXMMHUYECKOro 00CIeJOBaHUS CEIbCKOXO3SUCTBEHHBIX 3€MENb Mpel-
JaraeTcs BBECTHU I 0003HaYeHHsT DY MpOorpaMMHBIC CYITHOCTH, B KOTOPBIX OyJeT yKa3bIBaThCsl WH-
dhopmarus o Type obcnenoBanust DY u reoganHbie DY. [loydeHHBIN BEIYUCIUTEIBHBIA aITOPUTM TIO-
Ka3aH Ha puc. 2.

IIporpaMmmHuasi peaju3amus aJropuTMa onpeneieHusi B3aUMOCBsi3eil JY pa3HbIX TYPOB arpo-
XHMHYECKOro 00cC/eI0BAaHUS CEJILCKOX03AHCTBEHHBIX 3eMenb. JlJIsi mporpaMMHON pearn3anuu
pa3pabOTaHHOTO aJropuTMa ObLITM BBIOPAHBI XOPOIIIO 3aPEKOMEHI0BABIINE CeOsl TEXHOJIOIUU BeO-pa3-
paboTku, npumeHsembie B [ IC KOMIIIIEKCHOW OIEHKU COCTOsTHUSI Ouocdephl [27]: sS3bIK MporpaMMu-
poBanus PHP, cucrema ynpasnenus copepxxkumbiM Drupal u CYBJl MySQL. Beibop CYBJ] MySQL
00YCIIOBIICH TaKke TeM, uTO B He Ji1s peanuzauun Gpynkuuid ['MC ncnonb3yercst dubnuoreka Boost.
Geometry', B KOTOPOH IS BHITIOJHEHHS ONEPALHMil MOMCKA MEPECEUCHHMIT UCIONb3YeTCS aarOPUTM
Vaiinepa — Arteprona’. I'paduuecknii mons3osarenbeknii natepdeiic (I'TIH) mporpaMmHOro obecrre-
YeHUS ISl OTIPEICTICHHST B3aUMOCBsI3el DY pa3HBIX TypOB arpOXUMHUYECKOT0 00CIIEIOBAHUS CEITbCKO-
XO3SIICTBEHHBIX 3eMeNb ObLI pa3paboTaH mpu momoriu gpeiimBopka Bootstrap 5. Jlns oToOpakeHus
rpanui DY Ha HHTEPaKTUBHOM KapTe OBLIN UCTIOIb30BaHkl Ononmmoreku Leaflet 1 OpenStreetMap.

Jlns mMIiopTa TeoJaHHBIX OblTa pa3paborana ¢hopma, KOTopasl MOAISPKUBACT 3arpy3Ky TeofaH-
HbIX B (hopmarax SHP, DBF unu SHX (puc. 3). Ilocne naxarus knonku «llorck poguTenel yqacTKOBY

"' MySQL: Making Use of Boost Geometry in MySQL GIS. Cambridge, 2025. URL: https:/dev.mysql.com/blog-archive/
making-use-of-boost-geometry-in-mysql-gis/ (date of access: 14.09.2025).

2 Barend’s Blog: Intersections (1) / Barend Gehrels / Barend’s Blog. 2010. URL: https:/barendgehrels.blogspot.
com/2010/12/intersections-1.html (date of access: 14.09.2025).
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DopMUpOBaHUE
NpOrpaMmMHeIX
cywHocTen 3Y no n-my
Typy oGcnenosaHus

Wmnopt reopanHbix 3Y
no n-my Typy
oBcnegosanus

HaxoxaeHve obnacren
nepece4eHns
Y Typa n n JY Typa n+1
(BbINONHEHWE anropuTMa
Yannepa-AtepToHa)

O6nactn
nepecedeHus
anaeHsI?,

HeT

[Pacyer npoueHTa BXOXOESHUS
Y Typanse
nepeceKkarLUMecs C HuMK 3Y
Typa n+1

Puc. 2. BeluucnuTenbHbIN aJITOPUTM ONPEACICHUS B3aUMOCBsI3ei DY pa3HbIX TYyPOB
arpoOXMMHUYECKOro 00CIIeJOBAaHHS CEJIbCKOXO3SHCTBEHHBIX 3€MeIb

Fig. 2. Computational algorithm for determining interrelations between agricultural management
zones in different tours of agrochemical surveys

HAYMHAETCs BBINOJIHEHUE BBIUYNCIIUTEIBHOIO aJITOPUTMa, IPEICTaBIeHHOro Ha puc. 2. [lakeTHas oOpa-
00TKa maHHBIX BBIMONHAETCS pu oMoty Drupal Batch API. B xadectBe cepBepa ObLIT HCIIONB30BAH
NepCoOHaIbHBIN KOMIIbIOTEp Ha 0a3e mporeccopa Intel Core 13-9100 3.60GHz, 00bem onepaTuBHOM ma-
MsATH cocTaBui 16 6.

Beuiun uMmopTupoBaHbl TeogaHHble DY 1Mo npeanonaraeMeiM 15-my u 16-My Typam o0ciienoBa-
HUS TECTOBOT'O XO3sIMICTBA, OTHOCAIIErocsi K MuHckoMy paiioHy MuHckoit obmactu. Konudecrso DY
B 15-m Type coctaBuno 100 Teic., B 16-m — 80 ThIc. Ilonck nepeceduennii BoinmonHsIcs 38 MuH 49 c.
OTtobpaxenue DY 15-ro u 16-ro TypoB B pa3paboTaHHOM MPOrPaMMHOM 00ECHEUEHHUH IS OIpeesie-
HUSL B3aUMOCBSI3eH OY pasHBIX TYpOB arpOXUMHUYECKOTO OOCIIEIOBAHUS CEIBCKOXO3SHCTBEHHBIX 3€-
MeIb NTOKa3aHo Ha puc. 4.
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Bawa ofnacTe Typ Paiion XosmitcTRO

Munckan o6nacte v Typ 15 v MuHCKuiA ~ gis test

SHP daiin DBF gain SHX dain
Choose File |No fi...osen Choose File |No fi..osen Choose File | No fi..osen

Mouck poguTenei yuacTkos

Puc. 3. ®opma uMnopTa reoJaHHEIX DY B IPOrpaMMHOM 00€CIEUCHNH JUISI ONIPE/IeTICHNUs B3aUMOCBsI3ei DY
Pa3HBIX TyPOB arpOXMMHUYECKOT0 00CIEIOBAHHS CEITbCKOXO3IHCTBEHHEIX 3eMelTb

Fig. 3. Agricultural management zones geodata import form in the software for linking agricultural
management zones across different tours of agrochemical surveys

Baus ofnacr. Paiion XoamAcTeo Typ (ocHomseo) * Typ (cpamarrenmunsi)

MusHckan oGnacTs v Mukckuin v gis test Typ 16 v Typ 15 v

Puc. 4. Oto6paxenune DY 15-ro u 16-ro TypoB B mporpaMMHOM 00ECICUCHUH TSI OTIPEIeTICHUsT B3aUMOCBsI3el DY
Pa3HbIX TypOB arpOXMMHUYECKOr0 00CIEI0BAHNS CEIbCKOX03AHCTBEHHBIX 3€MEIb

Fig. 4. Visualization of agricultural management zones from the 15th and 16th tours in the software for linking
agricultural management zones across different tours of agrochemical surveys

Pe3ynbTaThl U X 00cy:kaeHHe. B pe3ynbprare BHITIOTHEHUS pa3paOOTAaHHOTO BBIYUCIHTEIEHOTO
anNTOpUTMa ONpEeNeHNs B3auMOCBI3el DY pasHBIX TYpOB arpoXUMHUYECKOT0 OOCIeOBaHMS CElb-
CKOXO3SIICTBEHHBIX 3€MEINb ISl TPeaIoaaraeMeix 15-ro u 16-ro TypoB o0cieoBaHusl TECTOBOTO XO-
3siictBa MUHCKOTO paiioHa MUHCKONW 00JIacTH OBLIM YCTAHOBJICHBI POIIEHTH BXOXICHUS TPAHHIT
DY 15-to typa B BY 16-ro Typa. Co3gaHHOE HA OCHOBE MPEITI0KECHHOTO BHIUYUCIUTEIEHOTO aJITOPHT-
Ma mporpamMmHoe o0ecrieueHue mo3BossieT uepe3 TN BbIIenUTh y4acTOK U MTHOBEHHO OTOOpa3HTh
€Tro I'paHUIbl U I'paHUIBI €TO nepecequI/H‘i C ydJaCTKaMMu INpeAbIAylEero Typa, nojJIy4dmB BU3YyaJIbHOC
MOATBEPKACHUE CTENCHN MPOCTPAHCTBEHHOTO CXOJCTBA MeXay DY pa3nuyHbIX TYpoB (pHC. 5, a—c).
Kpome Toro, yepes cnennaibHy0 GOpMY TOJIB30BATENb MOKET YBUIACTh BCEX POJUTEINCH BEIOPAHHOTO
QY (puc. 5, d).

PesynbraTel ompeneneHuss B3auMMOCBsi3eld DY pPa3HBIX TYpPOB arpOXMMHUUYECKOTO OOCIEIOBAHUS
CEJIbCKOXO03SMCTBEHHBIX 3eMellb IS MpeArnonaraeMbix 15-ro u 16-ro TypoB oOcienoBaHus, MOKa3aH-
Hble Ha ipuMepe DY 533 15-ro typa u DY 922 u 390 16-ro Typa (cM. puc. 5), CBUIETEIBCTBYIOT O TOM,
YTO pa3paboTaHHOE MpOorpaMMHOE oOecrieueHne MPEACTABISIeT COO0H aHANUTHYECKHI WHCTPYMEHT
¢ THOKUMHU BO3MOKHOCTSIMHU BH3yalim3anuu. Kpome Toro, co3maHHbIe B MPOIIECCe pean3alii BEIYHIC-
JIUTEJIBHOTO allTOPUTMA OIPEJICIICHUST B3aNMOCBsI3eit DY pasHbIX TypOB 00CIIEIOBAHUS TIPOTPAMMHBbIE
CymHOCTH DY MOryT OBITH JIETKO PAcIIMPEHBI JIIOOBIMUA aTPUOYTUBHBIMH M METaJaHHBIMH, YTO IIO-
3BOJIUT pelIaTh HE TOJBKO CTAHAAPTHBIEC 3aJa4d B CEIBCKOM XO3SHCTBE, CBSI3aHHBIE C PacyeTOM JI03
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SNemMeHTapHbIi yyacTok
533

P15

XsaiteTae: gis 125t

3
'j 2nemMeHTapHbIi y4acTok
4 390

T e

Xoanhcreo: gs test |

T DnemeHTapHbIi yuacTtok ik
922 A d
Ty

Xosmficran: gis test

10 54179

.

N
/!

b

Poautenu 3Y 533 (15 Typ)

SnemeHTapHbIN y4acTok 390
MpoueHT BxoxaeHus: 93,37

OnemeHTapHbIA y4acTok 922
MpoueHT BXoxaeHUA: 313

85

| 052882

c d

Puc. 5. Oro6paxenue Ha kKapte DY 533 15-ro Typa obcnenoBanus (a), OV 922 16-ro Typa obcnenoBanus (b),
3V 390 16-ro Typa obOcienoBaHus (¢) U pe3ybTaThl pACYETOB HX B3aUMOCBS3eH ()

Fig. 5. Visualization of agricultural management zone 533 from the 15th tour of agrochemical survey (a), agricultural
management zone 922 from the 16th tour of agrochemical survey (b), agricultural management zone 390 from
the 16th tour of agrochemical survey (c) and the calculation results for linking these management zones

BHECEHUS YJIOOpEHHH U OoleHKOH MX 3(pQeKTUBHOCTH, HO U MHHOBAIIMOHHBIC aHAJIUTUYECKHUE 3a7a4H,
oOecnieunBaromue 3PQPEKTUBHOE BHEAPCHHE TEXHOJOTUH TOYHOTO 3emiieenusi. TakyKe MOTydYeHHBIE
pe3yJbTaThl MO3BOJAT HCIOIb30BaTh AaHHBIE KPYMHOMACIITAOHBIX arpOXMMHYECKUX 00CIeIoBaHUH
B coctaBe ['IC KOMIJIEKCHOH OLIEHKH COCTOSHHUSI OMoCcdephl.

BaxXHO OTMETHTB, UTO TEXHOJIOTHH, NMPUMEHEHHBIC AJ MPOrPaMMHON pealn3aluu ajiropuTMma
oTpezieNieH s B3aUMOCBsI3eil DY pasHbBIX TYpOB arpOXUMHUYECKOTO 00CIIEIOBAHUS CEbCKOX03SHCTBEH-
HBIX 3€Mellb, IPEAOCTABIISIIOT BO3MOXHOCTh YJAJIEHHOI'O AOCTYINA K PEeaJin30BaHHOMY HHTepdeicy
Y TIOJTy9eHHBIM pesynbratam. CriefoBaTenbHo, B oTiaudue oT crannoHapHbeix [ MIC, xoTs n obecnednBa-
IONIMX NIMPOKUE BOBMOXKHOCTH IO paboTe ¢ reolaHHbIMK Ha JIOKaJIbHOM TIEPCOHAIIBHOM KOMITBIOTEpE,
pazpaboTaHHOE TIpOrpaMMHOE OOeCIeueHHEe MOKET OBITh aJallTUPOBAHO JUJIsi paOOThl OHJIAWH aHaJIU-
THYECKHX, arPOXUMUYECKUX U MPOEKTHO-CMETHBIX OT/IEJIOB Pa3IMYHBIX OpraHU3alli, KaKk HayYHO-HC-
cienoBaTeabCkuX HHCTUTYTOB (MHCTUTYT nouBoBeaeHus u arpoxumun HAH Benapycu, UncturyT cu-
cremubix uccnenoBannii B AIIK HAH benapycu u np.) mnmu ob6aacTHBIX NMPOEKTHO-U3BICKATEIBCKUX
CTaHIIMM XMMM3AIUHM CEIBCKOrO XO3SHMCTBA, TaK M JIIOOOT0 CEeNbCKOXO3SHCTBEHHOTO MPEANPUSTHS
Pecniybnuku benapycs. Kpome Toro, noctyn k pa3andHoil (yHKIHOHAJIBHOCTH MPOrPaMMHOT0 o0ec-
MEYCHUS] MOKET OBITh pasrpaHUYeH MO POJISIM: aHAJTUTHYECKUN OTHEN MOXKET padoTaTh TOJIBKO C Ieo-
JaHHBIMHU, arpOXUMHUYECKUN — faBaTh MHPOPMALUIO 00 arpoXMMHUUYECKUX OOCIEeIOBAaHUAX U aHAJIU-
3UpOBAThH PE3YJIbTATHI, IOJIyUEHHBIE 10Ce 00Pa0OTKH I'€0aHHbIX, IPOCKTHBIH — (OPMUPOBATH IJIaH
BHECEHUS yIOOPEHHI 1 CMETHI HAa OCHOBE JTAHHBIX, BHECEHHBIX JByMS APYTUMH OTICIaMU.

B kauecTBe mepcrieKTHB 1Mo pa3BUTHIO Pa3pabOTaHHBIX alTOpUTMa M IPOTPAMMHOT0 00eCIICUeHMS
MOJKET OBITh PACCMOTPEHO MPUMEHEHNE TEXHOJIOTUH MapasiiebHbIX BEIYUCIEHUH [28] MiIu cronb30-
BaHME APEBOBUHBIX CTPYKTYP JaHHBIX [29] 11151 yCKOpeHUs BRIUHUCICHUM nepeceueHuii rpaHur OY.

3aks0uenue. BriepBrie pa3padoTaHbl BHIYUCIUTENBHBIA aICOPUTM M POTPAMMHOE 00ecIieueHUe
JUTSL ONIpEICTICHH s B3aUMOCBSI3EH AJIEMEHTAPHBIX YYaCTKOB Pa3HbIX TyPOB arpOXUMHYECKOro 00cieno-
BaHUs CEIbCKOX03AMCTBEHHBIX 3eMenb Pecriybnuku benapyce. [IpenioskeHHbIi anropuTM OCHOBaH Ha
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MPUMEHEHHUH alropuT™Ma Yaiiiepa — ATepToHa ISl HaXOXKASHUS o0sacTeil mepecedenus DY U Ha pac-
YeTe MPOIECHTOB BXOXKICHUS IUIomaneid JY mpenpIayIero Typa B DY TeKyIero Typa o0caeIoBaHus,
YTO JIEJIaeT BO3MOXKHBIM YCTAHOBJIEHUE CBA3EH THIA «POAUTENb — IOTOMOK» MEXAYy DY pa3HBIX TYpOB
oOcnenoBanus. [IporpammHas peanuzanusi pa3pabOTaHHOTO alTOPUTMAa BBITIOJIHEHA Ha 0a3e coBpe-
MEHHBIX BEO-TEXHOJOTHH, 00ECIIeUnBAIONINX TPUMEHEHHE aKeTHOH 00pabOTKM OONBIINX MAacCHBOB
reofgaHbIX U coznanue I'TIM ¢ dyHKIusaMy BU3yalu3allMyi U aHaJn3a pe3ynbTaToB. PazpaboTaHHbIe
BBIYHCIUTEIBHBIN aJITOPUTM U MPOTrPAMMHOE 00ECIIEUeHHE OTKPHIBAIOT HOBBIE BOZMOXXHOCTH ISl Be-
JICHHUSI UCTOPHUH TOJICH, pacyeTa 703 YA0OpEeHUN 1 OLEHKH UX 3PPEKTUBHOCTH, a TAKKe JJIs PEIICHUS
WHHOBALMOHHBIX 3374 TOYHOTO 3€MJICACIHS M KOMIUIEKCHON OLEHKH cOCTossHUs Onocdepsl. Kpome
TOI'0, IMOJYYCHHBIC PE3YJIbTAaThl CBUACTCIBCTBYIOT O NEPCHEKTUBHOCTU NIPUMECHCHUA NTaHHBIX MHOI'O-
JCTHUX arpoXMMHUYECKUX OOCIICIOBAHMI Ha yPOBHE 3JIEMEHTApHBIX YYaCTKOB JUJISl TMOBBIIICHUS Kaye-
CTBA arpodKOJIOTMYECKOrO MOHUTOPUHTA U (P (DEKTUBHOCTHU YIIPABJICHUS 3eMEIbHBIMU PECypCamH.
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